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Preface: A Tribute To Faraday
Paradise is a world without interpretations, a world where every mind agrees with every other
mind about everything. Our world, however, is a world full of interpretations, where many minds
disagree with many other minds about so many things. One of the peculiar aspects of our world is
that, when properly exercised, our intuitive faculties permit us to catch a glimpse of paradise now
and then, but such glimpses are beyond the reach of any mind for which intuition is a lost art.
In the entire history of the subject matter of this monograph, perhaps no one has demonstrated
the eectiveness of intuition as a living art in a more fruitful and a more engaging way than
M. Faraday. His thoughts, work and interpretation of electromagnetic phenomena occupied the
most capable thinkers in and beyond his generation, and to this day, they continue to inspire us
as they have inspired J. C. Maxwell, H. Hertz and many others. We shall take it upon ourselves
in this series of monographs to study certain problems raised by the work of H. Hertz regarding
the optics of accelerated systems (with the understanding that Hertz’s theory is Hertz’s system
of equations), because solutions to these problems appear to have many unexplored applications
relevant to science and technology, and at the same time represent an unnished chapter in the
history of the investigations begun by Faraday.
Our rst problem arises from the fact that a ray of light propagating relative to a moving observer
can be associated with two directions in space. One is the true direction the ray would have if the
observer were stationary, the other is the apparent direction the ray is actually observed to have. If
the apparent direction is the same for two observers moving relatively to each other, then the true
direction is likely to be dierent for the observers, and we may refer to this eect as aberration.
Likewise, if the true direction is the same for the observers, then the apparent direction is likely to
be dierent for the observers, and we may refer to this eect as obliquation. We shall show that
while the wavefront of light is tilted in aberration, there is no such tilt in obliquation, and for an
observer in accelerated translational, rotational or gravitational motion, we shall give a rigorous
treatment of the apparent angular displacement of a light source due to obliquation, the rate of
change of this displacement with the observer’s velocity, the apparent path traced by the light
source, the apparent geometry of a light ray from the source to the observer, and the apparent
frequency of the ray. Readers with only a casual interest in the subject are advised that Part II
may be omitted without an appreciable loss of continuity.
My thanks and gratitude go to Dr. T. E. Phipps Jr. for bringing the aberration problem in Hertz’s
electrodynamics to my attention many years ago. It gives me great pleasure to dedicate this series
to all those whose minds are hardly ever at rest, and for whom, therefore, P − C , N .
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Part I: Foundations
It is true, however, that it is not customary to pull down all the houses of a town with
the single design of rebuilding them differently, and thereby rendering the streets more
handsome; but it often happens that a private individual takes down his own with the
view of erecting it anew, and that people are even sometimes constrained to this when
their houses are in danger of falling from age, or when the foundations are insecure.
Rene´ Descartes (1596-1650)
1 Introduction
Art 1. Review of previous results.
We have studied elsewhere [?] the problem of light propagation for accelerated observers in a
stationary, homogeneous and isotropic medium using Hertz’s version of Maxwell’s theory. We
showed in that work that a linearly polarized regular plane ray propagates relative to a translating,
rotating or gravitating observer with a velocity υ given by
υ = cd+ w− u; c = cbκ (1.1)
where c is determined by the permittivity and the permeability of the medium in the usual way,
u(r; t) is the velocity of the observer at position r and time t, bκ is the unit or normalized wave
vector, and the quantities d;w depend on the wave vector, the wave polarization, and the observer’s
acceleration a = _u in a fairly complicated way. It was shown, more precisely, that if bp is a unit








; w = a− κ + e (1.2a)
where (all square roots being nonnegative),
 = =(4d!o);  = #=(1 + #2)1/2; # = =(γ!o)2;  = κ  a; !o = c (1.2b)
and the quantities γ, a,  and e are given for each type of motion as follow. For an observer
translating with acceleration a,
γ = 1; a = a(t);  = 2−2; e = 0 (1.3a)
where
u = u(t); bκ  bp = 0: (1.3b)
For an observer rotating with angular velocity Ω(t),
γ =
1 + s0!2o
1/2 6= 0; a = Ω u +  r = (Ω  r)Ω− Ω2r +  r (1.4a)
 = 2(− s2)−2; e = s2(bpΩ) + s3Ω− s4bp (1.4b)
where
u = Ω r;  = κ  (bpΩ) 6= 0;  = _Ω
 = 2(Ω  bp)(Ω  κ)− Ω2(κ  bp);  = (κ  bp)(Ω )− (  bp)(Ω  κ) (1.4c)
and
s0 =  − (2=); s1 = 2− d!o2(s0 + !2o)
; s2 = s0s1
s3 =

(  bp) + 4(Ω  bp)}s1; s4 = 2Ω2 + (Ω )}s1: (1.4d)
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For an observer gravitating with acceleration a due to gravity,
γ =
1− f22
1/2 ; a = a(r) = −qr=r3 (1.5a)
 = (2− nf2f0)−2; e = f1(r h) + f2bp (1.5b)
where, if br be a unit vector in the direction of r,
u = h−2(z h + qbr h); h = u r; z = h u− qbr
m = κ  (r h); n = bp  (r h) 6= 0; f2 = (m=n)(κ  bp) 6= 2 (1.5c)











For the three types of motion to be studied in this work, it is convenient to introduce the angles
shown in Figure 1 as well as the quantities
β = u=c 6= 0; σ = a=c;  = =!o; Y = cd− : (1.6)
We recall that the conditions for a linearly polarized plane ray to be regular (i.e., to propagate
with a velocity that depends on c) are κ  bp = 0 for a translating observer,  6= 0 and γ 6= 0
for a rotating observer, and f 6=  for a gravitating observer [?]. When these conditions are
not satised, the ray may either propagate with a velocity that is independent of c or cease to
propagate altogether. Furthermore, for a gravitating observer, the ray propagates only if n 6= 0;










Figure 1: Common angular parameters. Rectilinear motion is defined to be such that the velocity u and the
acceleration a are parallel ( = 0;  = ), radial motion to be such that the velocity u and the wave vector κ are
parallel ( = 0;  = ), and coradial motion to be such that the acceleration a and the wave vector κ are parallel
( = 0;  = ). Note that all three angles may change with time.
Art 2. Scope of this work.
Our purpose in this work is to apply the above results to the phenomenon of light aberration. This
work is motivated in part by the need to correct the widespread misconception that light aberration
is inconsistent with Hertz’s electrodynamics [?, ?], with Fresnel’s wave theory of light [?], or more
generally, with classical physics [?, ?]. The practical motivations are to develop new imaging
and visualization techniques for optical systems in accelerated motion [?, ?, ?, ?], to study the
1This implies for example that a gravitating observer cannot perceive the ray if the ray is linearly polarized
along the position vector r or along a normal vector h to the plane of the observer’s orbit. We note here that our
vector h points to the south ecliptic pole instead of pointing to the more customary north ecliptic pole.
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possibility of designing integrated accelerometers based on the eects of acceleration on obliquation
or aberration [?, ?, ?], and to understand the corrections that must be applied in software for high-
precision astrometric measurements due, for example, to the rotational and the orbital motion of
the earth or a satellite [?, ?], if possible without using solar system barycentric velocity [?, ?, ?]
or elliptic e-terms [?]. We illustrate the dierence between aberration and obliquation in the
next section by showing that what Bradley reported in 1729 was not aberration but obliquation.
A rigorous treatment of obliquation for an observer in accelerated translational, rotational or
gravitational motion is given in subsequent sections.
The treatment begins with a general theory of obliquation in Section x3. We apply the theory
to a translating observer in Section x4, to a rotating observer in Section x5, and to a gravitating
observer in Section x6. In each case, we study the apparent angular displacement of a light source
due to obliquation, the rate of change of this angular displacement with the observer’s velocity,
the apparent path traced by the light source, the apparent geometry of a light ray from the source
to the observer, and the apparent frequency of the ray. The remaining sections in the third part
of the work illustrate the types of problems that can be solved by our methods and calculations
with a number of interesting results that may be of practical importance.
2 Bradley obliquation
Art 3. The ferryman’s problem.
Consider a ferry travelling from south S to north N at right angles across a river as shown in
Figure 2(a). If the river flows due east, the ferry will drift away from SN and will reach the other





















(a) Obliquation of a ferry. The ferry is aimed along SN
(true direction) but drifts along SW or SE (apparent
directions) due to the river. It is parallel or untilted





























(b) Aberration of a ferry. The ferry is aimed along SX
or SY (true directions) but drifts along SN (apparent
direction) due to the river. It is inclined or tilted to SN
on arrival at N.
Figure 2: Aberration and obliquation of a ferry.
reach the other side of the river at some point W west of N. But as the ferry drifts along SW
or SE, it will be pointing in a direction parallel to SN. Similarly, as two light rays aimed in the
same direction drift in dierent directions relative to two relatively moving observers, the normal
to their wavefronts will be pointing in the same direction for both observers. We refer to this
phenomenon as obliquation. Suppose now that the ferry is to arrive at N in spite of the river,
Figure 2(b). If the river flows due west, then one must aim the ferry at some point Y east of N
so that the river will compel it to drift along SN, while if the river flows due east, one must aim
the ferry at some point X west of N to compel it to drift along SN. In both cases, as the ferry
drifts along SN, it will be pointing in a direction inclined to SN. Similarly, as two light rays aimed
in dierent directions drift in the same direction relative to two relatively moving observers, the
normal to their wavefronts will be pointing in dierent directions for both observers. We refer to
this phenomenon as aberration.
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Art 4. Aberration versus obliquation.
Several things follow from the above illustration. We see clearly that obliquation describes a
situation in which one assumes the true direction of a light ray to be the same for two observers in
relative motion, and consequently infers that the apparent direction of the ray must be dierent
for the observers. Aberration on the other hand describes a situation in which one assumes
the apparent direction of a light ray to be the same for two observers in relative motion, and
consequently infers that the true direction of the ray must be dierent for the observers. We
see further that while the wavefront of a light ray is not tilted in obliquation, a telescope that is
intended to perceive the ray must be tilted from one direction (SW) to another (SE) when the
motion of the observer is reversed. For aberration, on the other hand, we see that although the
wavefront of a light ray is tilted, a telescope that is intended to perceive the ray must be pointed





Figure 3: Tilted and untilted wavefronts. When a ray of light aimed along SN drifts relative to a moving observer
along SE, its wavefronts remain perpendicular to SN. If the wavefronts were tilted, they would be perpendicular to
SE as shown by the dotted lines.
considerations that Bradley’s observations [?] correspond to obliquation instead of aberration.
This conclusion is historically evident because in Bradley’s time, there were no practical means of
observing a tilt (illustrated in Figure 3) in the wavefront of light. Hence, as Fresnel [?, ?] pointed
out, what Bradley observed was not aberration but obliquation 2.
Art 5. Formulae for classical aberration and obliquation.
Let us investigate the above conclusion with some rigour. We consider linearly polarized regular
plane light rays from a star at points P and Q relative to an observer at points S and R as shown
in Figure 4. If us;ur are respectively the velocity of the observer at S and R, and if we assume the
observer to be translating with negligible acceleration, then by (1.1), (1.2) and (1.3), the velocity
of the rays relative to the observer at these points will be
υs = cs − us; cs = cbκs (2.1a)
υr = cr − ur; cr = cbκr (2.1b)
where cs; cr are the velocities the rays would have if the observer were stationary at S and R




υs  υr : (2.2)
If we refer to the directions of cs; cr as true and to the directions of υs;υr as apparent, then the
angle dened by (2.2) represents a change in the apparent direction of the star. We can also dene
an aberration angle Ψ
tanΨ =
jcs  crj
cs  cr (2.3)
2What we call obliquation may also be called “ray aberration” while what we call aberration may also be called
“wave aberration”. In this terminology, Bradley’s observation as well as all modern devices such as those used in
adaptive optics measure ray aberration rather than wave aberration. The distinction is vital for any optical system
in which the direction of a ray does not coincide with that of a wave normal, although both terms are often used
interchangeably or even in different senses by others. We shall continue to use our preferred terminology for clarity.












Figure 4: Aberration and obliquation of light. Light rays from a star at P that would have propagated along
PM relative to an observer at R propagate instead along PR due to the observer’s motion. Rays from the star at
Q that would have propagated along QN if the observer were stationary at S propagate instead along QS due to
the observer’s motion. The angle between PR and QS describes obliquation while the angle between PM and QN
describes aberration.
which represents a change in the true direction of the star.
Art 6. Obliquation of starlight viewed from the earth.
As a concrete example, suppose that S and R correspond to the positions of the earth at a six
months interval, when the earth must have reversed its direction of motion, so that
us = −ur = −u (say): (2.4)
Suppose also that the true direction of the star remains unchanged, so that
cs = cr = c = cbκ (say): (2.5)
Then by (2.1) one has υsυr = (c + u)(c− u) = 2uc and υs υr = (c + u)(c − u) = c2−u2.




where  is the angle between c and u (see Figure 1). In particular if the true direction of the star




which agrees with Bradley’s observations. The origin of the second order term in this equation is
easy to explain [?]. As shown in Figure 5(a), when the observer is at positions S and R, the star
is displaced from its true direction by angles s and r such that
tan s = tanr = : (2.6c)
Equation (2.6b) results from applying the trigonometric identity
tan(A+B) =
tanA+ tanB
1− tanA tanB (2.7)
with A = s; B = r.







(a) Transverse obliquation. The true direction of the
star is assumed to be unchanged (PM kQN) as the earth
reverses its direction of motion. As a result, the ap-








(b) Transverse aberration. The apparent direction of
the star is observed to be unchanged (PR kQS) as the
earth reverses its direction of motion. As a result, the
true direction of the star is assumed to have changed
(PM∠QN).
Figure 5: Transverse aberration and obliquation.
Art 7. Aberration of starlight viewed from the earth.
Let us calculate the angle of aberration for the star. For this purpose the apparent direction of
the star is kept unchanged, as described earlier, so that
υs = υr = υ (say): (2.8)
From (2.1), (2.4) and (2.8), one has cs  cr = (υ − u) (υ + u) = 2υ  u and cs  cr = (υ − u) 




where  is the angle between υ and u. Writing (2.1b) as υ + u = cr and squaring gives, after





1− 2 sin2  
−1
: (2.9b)






1− 2 sin2  

1 + 2(1− 2 sin2  )− 2 cos 
p
1− 2 sin2  
(2.10a)
as the aberration angle for the star. In particular if the apparent direction of the star is at right
angles to the earth’s motion, so that  = 90, then
tan Ψ =
2p
1− 2 : (2.10b)
As shown in Figure 5(b), this corresponds to a displacement of the star from its true directions at
S and R by angles Ψs and Ψr such that [?, ?]
tanΨs = tan Ψr =
p
1− 2 : (2.10c)
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Art 8. Bradley observed obliquation, not aberration.
Equations (2.6) and (2.10) show that obliquation and aberration are not only distinct phenomena
but also, generally speaking, are of dierent magnitudes. Moreover, while both (2.6c) and (2.10c)
agree with Bradley’s observation, (2.6c) describes a change in the apparent direction of a star while
(2.10c) describes a change in the true direction of the star. Therefore, since Bradley’s observations
demonstrate a displacement in the apparent direction of a star, they correspond to (2.6c) rather
than (2.10c). We shall conne our attention to phenomena related to obliquation in the remainder
of this work.
Art 9. Obliquation for accelerated observers.
Equation (2.6c) is somewhat inaccurate because it requires the observer to be translating with a
negligible acceleration. To obtain a more accurate equation that does not neglect the observer’s
acceleration, let us generalize (2.1) by using (1.1) to get
υs = csds + ws − us; υr = crdr + wr − ur (2.11)
and consider the situation when the motion of the observer at S and R is such that
κs = κr = κ (say); us = −ur = −u (say); as = −ar = −a (say): (2.12)
Equations (1.2) and (1.3) show that for a translating observer in this situation,
cs = cr = c (say); ds = dr = d (say); ws = wr = w (say): (2.13)
Substituting (2.11), (2.12) and (2.13) into (2.2) gives
tan  =
j(cd+ w + u) (cd+ w− u)j
(cd+ w + u)  (cd+ w− u) (2.14)
which can be simplied as follows. Let ;  and  be the angles shown in Figure 1. Then, from
(1.2) and (1.3),
 = a cos; w = (a− 2bκa cos) (2.15)
and from these equations, we derive
w w = w2 = 2(a− 2bκa cos)  (a− 2bκa cos)
= 2(a2 − 4(bκ  a)a cos+ 4a2 cos2 )
= 2(a2 − 4a2 cos2 + 4a2 cos2 ) = 2a2 (2.16a)
w  c = (a− 2bκa cos)  c
= (ac cos− 2ac cos) = −ac cos (2.16b)
w  u = (a− 2bκa cos)  u
= (au cos  − 2(bκ  u)a cos)
= (au cos  − 2au cos cos)
= au(cos  − 2 cos cos): (2.16c)
Using these equations, the denominator of (2.14) becomes
(cd+ w + u)  (cd+ w− u) = c2d2 + 2dw  c + w w− u2
= c2d2 + 2d(−ac cos) + 2a2 − u2
= c2(d2 − 2 + 22 − 2d cos): (2.17)
Expanding the numerator of (2.14) directly, we have
(cd+ w + u) (cd+ w− u) = 2du c + 2uw: (2.18a)
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We square this equation to get, in view of (2.16) and (A.2),
(2du c + 2uw)2 = 4(uw + du c)  (uw + du c)
= 4[(uw)  (uw) + 2d(uw)  (u c) + d2(u c)  (u c)]
= 4[fu2w2 − (u w)2g+ 2dfu2(w  c)− (u  c)(u w)g + d2fu2c2 − (u  c)2g]
= 4[u2w2 − (u w)2 + 2du2(w  c)− 2duc(u w) cos+ d2u2c2 sin2 ]
= 4[2a2u2 − 2a2u2(cos  − 2 cos cos)2 + 2du2(−ac cos)
− 2dacu2(cos  − 2 cos cos) cos+ d2u2c2 sin2 ]
= 42c4[22 − 2d cos− 22(cos  − 2 cos cos)2
− 2d(cos  − 2 cos cos) cos+ d2 sin2 ]: (2.18b)




"a + d2 sin2 − "2b − 2d"b cos
1/2
"a + d2 − 2 (2.19a)
where












; # =  cos (2.19c)
as the complete set of equations describing obliquation for an observer in accelerated translational
motion.
Art 10. Effects of acceleration on obliquation.
We note that (2.19a) reduces to (2.6a) for a nonaccelerated observer (a = 0) or for an observer
whose acceleration is perpendicular to the true direction of light (cos  = 0). We note also that
the eect of acceleration on the obliquation angle is extremely small and is determined to a large
extent by the quantity 2. For an observer moving with a  10ms−2 and for visible light with
  107m−1 and c  3 108ms−1, we get 2  10−46. This shows that for all practical purposes,
translational acceleration has no eect on the obliquation of visible light. Despite the smallness
of , there are three respects in which (2.19a) diers signicantly from (2.6a) from a theoretical
viewpoint. First, according to (2.19a), the obliquation angle is a function of wavelength, which
means that the apparent direction of a star depends on the wavelength of light emitted by the
star, or loosely speaking, on the spectral type of the star [?]. This dispersive eect does not exist
for a nonaccelerated observer according to (2.6a). Second, (2.19a) implies that light from a star
may be obliquated even when the true direction of the star is parallel to the observer’s velocity
( = 0). A look at (2.6a) shows that this radial eect does not exist for a nonaccelerated observer.
Third, (2.19a) shows that if the true direction of a star can be such that 3
"a + d2 sin2 − "2b − 2d"b cos = 0; "a + d2 − 2 6= 0; (2.20)
then light from the star will not be obliquated. This means that the apparent direction of the star
as observed on the earth will not change when the earth reverses its direction of motion. All these
eects may be observed with reasonable certainty if an astronomical object with a measurable 
can be found. Such will be the case, for example, if the object emits waves with   a=c2 which,
for small values of a, implies that the waves must be infraradio waves. At present, the implied
frequency of these waves is a great many orders of magnitude below the range of existing and
proposed low frequency radio arrays such as LOFAR [?]. It is also well below the ionospheric
cuto frequency and the range of detectable LF radio waves.
3We shall sometimes refer to the true direction of light as the line of incidence or loi, and to the apparent
direction of light as the line of sight or los. We emphasize that for an accelerated observer, the direction in which
a light ray is incident differs from the direction in which the ray is sighted. Failure to grasp the full implications
of this distinction has resulted in many errors being committed by those who are eager to find inadequacies in the
classical treatment of the subject.
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3 Obliquation theory
Art 11. Apparent direction to a light source.
The method of quantifying obliquation described in the previous section is noninstantaneous be-
cause it depends on the velocity of light relative to an observer at two separate instants. To develop
a method that depends only on the instantaneous velocity υ of light relative to an observer, we
note that one only needs to have a standard direction with respect to which the direction of υ can
be compared. We note further that for practical reasons, it is essential that this standard direction
be observable while the observer is moving. This practical requirement rules out the possibility
of using the true direction of light as a standard since this direction is not always observable by
a moving observer. If we take the direction of the observer’s velocity u as standard under the
assumption that the observer can (in principle) determine this velocity by methods that assume
nothing regarding the optical properties of light, then we may compare this direction with that of
υ at any instant by calculating the angle  dened by
tan =
ju υj
u  υ : (3.1)
This denition implies that at any instant, the apparent direction of light is inclined at angle  to
the observer’s velocity u at that instant. For this reason we shall call  the instantaneous angle
of obliquation.
For the three types of motion that are of interest to us in this work, we can develop (3.1) by
using (1.1) and (1.2) as follow. Let ; ;  be the angles shown in Figure 1. Let also
B = e  c; D = e  u; A = e  a; H = e  κ; E = e  e (3.2a)
L0 = D − u cos; L1 = a cos  −  cos; L2 = L1 + a cos  (3.2b)
N1 = 2du2(B − !o); N2 = 2ducL0 cos; N3 = u2[E + 2(A− H)] (3.2c)
N4 = u2( − 2a cos); N5 = u2L2 cos; N6 = D(D + 2uL1) (3.2d)
L = L0=(c2) (3.3a)
P = [N1 +N3 +N4 − 2u2(D + uL1)]=(2c4) (3.3b)
N = (N1 −N2 +N3 +N4 +N5 −N6)=(2c4) (3.3c)
G = L −  + d cos+  cos  (3.3d)
R = [P + d2 + 2 + 22 + 2d( cos−  cos)]1/2 (3.3e)
F = [N + d2 sin2 + 22 sin2  + 2d(cos− cos cos )]1/2: (3.3f)
Using (1.2a), we derive
c w = c  [a− κ + e]
= c(a cos− ) + B (3.4a)
u w = u  [a− κ + e]
= u(a cos  −  cos) +D (3.4b)
w w = [a− κ + e]  [a− κ + e]
= (a− κ)2 + 2e  (a− κ) + E
= 2a2 − 2a cos+ 22 + 2(A− H) + E : (3.4c)
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Similarly, using (1.1), we obtain4
2 = (cd+ w− u)  (cd+ w− u)
= c2d2 + u2 − 2d(u  c) + 2d(w  c)− 2w  u + w2
= c2d2 + u2 − 2duc cos+ 2d[B + c(a cos− )]− 2[D + u(a cos  −  cos)]
+ 2a2 − 2a cos+ 22 + 2(A− H) + E by (3.4)
= c2d2 + u2 + 2a2 + 2dc(a cos− u cos) + 2d(B − c)− 2(D + uL1)
+ ( − 2a cos) + 2(A− H) + E by (3.2b)
= c2d2 + u2 + 2a2 + 2dc(a cos− u cos) + u−2N1 − 2(D + uL1)
+ u−2N4 + u−2N3 by (3.2c) & (3.2d)
= c2[d2 + 2 + 22 + 2d( cos−  cos) + P ] by (3.3b)
∴  = cR by (3.3e): (3.5a)
The denominator of (3.1) becomes
u  υ = u  (cd− u + w) by (1.1)
= duc cos− u2 + u(a cos  −  cos) +D by (3.4b)
= duc cos− u2 + au cos  + (D − u cos)
= duc cos− u2 + au cos  + L0 by (3.2b)
= c2(d cos−  +  cos  + L) by (3.3a)
= c2G by (3.3d): (3.5b)
Squaring the numerator of (3.1) using (1.1), we have
(u υ)2 = [u (cd+ w− u)]  [u (cd+ w− u)]
= d2(u c)  (u c) + 2d(u c)  (uw) + (uw)  (uw)
= d2[u2c2 − (u  c)2] + 2d[u2(c w)− (u w)(u  c)] + [u2w2 − (u w)2] by (A.2)
= d2u2c2 sin2 + 2du2(c w)− 2duc(u w) cos+ u2w2 − (u w)2
= d2u2c2 sin2 + 2du2[c(a cos− ) + B]− 2duc[u(a cos  −  cos) +D] cos
+ u2[2a2 − 2a cos+ 22 + 2(A− H) + E ]
− [u(a cos  −  cos) +D]2 by (3.4)
= d2u2c2 sin2 + 2dacu2 cos+ 2du2(B − !o)− 2dacu2 cos cos 
− 2duc(D − u cos) cos+ 2u2a2 + u2( − 2a cos) + u2[E + 2(A− H)]
− 2u2a2 cos2  + u2(2a cos  −  cos) cos−D[D + 2u(a cos  −  cos)]
= d2u2c2 sin2 + 2dacu2 cos+N1 − 2dacu2 cos cos  −N2
+ 2u2a2 +N4 +N3 − 2u2a2 cos2  +N5 −N6 by (1.2b), (3.2c) & (3.2d)
= d2u2c2 sin2 + 2dacu2(cos− cos cos ) + 2u2a2 sin2  + 2c4N by (3.3)
= 2c4[d2 sin2 + 2d(cos− cos cos ) + 22 sin2  +N ]
∴ ju υj = c2F by (3.3f): (3.5c)
We also have
u22 = (u  υ)2 + (u υ)2 by (A.3)
u2c2R2 = 2c4G2 + 2c4F2 by (3.5a); (3.5b); & (3.5c)
∴ R2 = F2 + G2: (3.5d)
4Equation (3.5a) shows that one may regard 1=R as an effective refractive index for the accelerating observer.
This suggests an obvious and reasonably comprehensive formalism for solving some problems in classical kineoptics,
including in particular, problems of kineoptic refraction or acceleration-induced “light bending”. We shall suppose
throughout this work that the case R = 0 is to be excluded from general consideration.
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Substituting (3.5b) and (3.5c) into (3.1) leads to
tan = F=G = [N + d
2 sin2 + 22 sin2  + 2d(cos− cos cos )]1/2
L −  + d cos+  cos  (3.6)
which, together with (3.3), allows  to be calculated for an observer in accelerated translational,
rotational or gravitational motion.
Art 12. Apparent drift of a light source.
In general, we are interested not only in  but also in the rate at which  is changing with u. To
quantify this rate, we introduce a quantity X dened by
X = ru (3.7a)
where the subscript on r signies that the gradient operation is to be performed with respect to u.
This denition implies that when the observer’s velocity changes from u1 to u2, the corresponding




X  du: (3.7b)
Moreover, the apparent motion or drift (dened as the total time derivative of  ) per unit accel-
eration of the observer is given by
 = _ =a; _ = X  a: (3.7c)
We shall refer to X as the slope or gradient of obliquation, and to  as the variation of obliquation.
To develop (3.7) for the three kinds of motion we are investigating, let
1 = =!o; 2 = (!oγ)−2; 3 = 22γ−1; 4 = (1 + #2)1/2; 5 = (4d!o4)−1














g1 = (κ  ru)a; g2 = ru  a; g3 = (u  ru)a; g4 = (υ  ru)a; g5 = ruγ
g6 = g1 + κ g2; g7 = 2g6 − 3g5; g8 = 1g6 − 6g5; g9 = 7g6 − 8g5
(3.8b)
1 = ru  e; 2 = (u  ru) e; 3 = (υ  ru) e; 4 = 1 + g2; 5 = 2 + g3
6 = 3 + g4; 7 = ru; 8 = (u υ)=ju υj; 9 = 8  u; 0 = G9 −Fu:
(3.8c)
We derive
ru = ru(κ  a) by (1.2b)
= κ (ru  a) + (κ  ru)a + (a  ru)κ + a (ru  κ) by (A.19)
= κ (ru  a) + (κ  ru)a = g1 + κ g2 by (3.8b)
= g6 by (3.8b) (3.9a)
ru# = ru(γ−2!−2o ) by (1.2b)
= !−2o ru(γ−2)
= !−2o (ruγ−2 + γ−2ru) by (A.16)




−2(g6 − 2γ−1g5) by (3.9a) & (3.8b)
= g7 by (3.8b) (3.9b)
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rud = ru
24γ(1 +p1 + #2
2
)1/235 by (1.2a)







by (A.16) & (1.2a)




= dγ−1ruγ + !oγ2ru# by (1.2b)
= dγ−1g5 + !oγ2[!−2o γ
−2(g6 − 2γ−1g5)] by (3.8) & (3.9b)
= !−1o [g6 − γ−1(2− d!o)g5]
= g8 by (3.8b) (3.9c)
ru = (4!o)−1ru[d−1#(1 + #2)−1/2] by (1.2b)
= (4!o)−1f#(1 + #2)−1/2rud−1 + d−1ru[#(1 + #2)−1/2]g by (A.16)




















by (1.2b) & (3.8a)
= 5[−(#=d)g8 + (1=24)g7] by (3.9b) & (3.9c)
= 5[(#=d)(−1g6 + 6g5) + (1=24)(2g6 − 3g5)] by (3.8b)
= 5[(2=24)− (#1=d)]g6 − 5[(3=24)− (#6=d)]g5
= g9 by (3.8a) & (3.8b) (3.9d)
ru w = ru  (a− κ + e) by (1.2a)
= ru  e +ru  (a)−ru  (κ)
= ru  e + (ru  a)− aru− (ru  κ) + κru by (A.12)
= 1 + g2 − a g9 + κ 7 by (3.8b) & (3.8c)
= 4 + κ 7 − a g9 by (3.8c) (3.10a)
(u  ru)w = (u  ru) (a− κ + e) by (1.2a)
= (u  ru) e + (u  ru) (a)− (u  ru) (κ)
= (u  ru) e + a(u  ru) + (u  ru)a− κ(u  ru)− (u  ru)κ by (A.22)
= 2 + a(u  g9) + g3 − (u  7) by (3.8b); (3.8c) & (3.9d)
= 5 + a(u  g9)− κ(u  7) by (3.8c) (3.10b)
∼ (υ  ru)w = 6 + a(υ  g9)− κ(υ  7) (3.10c)
ru  υ = ru  (cd+ w− u) by (1.1)
= ru  (cd) +ru w−ru  u
= d(ru  c)− c (rud) +ru w by (A.9) & (A.12)
= ru w− c (rud)
= 4 + κ 7 − a g9 − c g8 by (3.9c) & (3.10a) (3.11a)
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(u  ru) υ = (u  ru) (cd+ w− u) by (1.1)
= (u  ru) (cd) + (u  ru)w− (u  ru)u
= c(u  rud) + d(u  ru) c + (u  ru)w− u by (A.21) & (A.22)
= −u + (u  ru)w + c(u  g8) by (3.9c)
= −u + 5 + a(u  g9)− κ(u  7) + c(u  g8) by (3.10b) (3.11b)
∼ (υ  ru) υ = −υ + 6 + a(υ  g9)− κ(υ  7) + c(υ  g8) (3.11c)
ru(υ  u) = υ + (u  ru)υ + u (ru  υ) by (A.17)
= υ − u + 5 + a(u  g9)− κ(u  7) + c(u  g8)
+ u (4 + κ 7 − a g9 − c g8) by (3.11)
= υ − u + 5 + g9(u  a)− 7(u  κ) + g8(u  c) + u 4 by (A.1) (3.12a)
ju υj(ruju υj) = u2(ru) + 2u− (υ  u)ru(υ  u) by (A.20)
= 2u + u2[υ  (ru  υ) + (υ  ru) υ]− (υ  u)ru(υ  u) by (A.18)
= 2u + u2υ  [4 + κ 7 − a g9 − c g8]
+ u2[−υ + 6 + a(υ  g9)− κ(υ  7) + c(υ  g8)]
− (υ  u)[υ − u + 5 + g9(u  a)− 7(u  κ)
+ g8(u  c) + u 4] by (3.11) & (3.12a)
= 2u + u2(υ  4) + u2[−υ + 6 + g9(υ  a)− 7(υ  κ) + g8(υ  c)]
− (υ  u)[υ − u + 5 + g9(u  a)− 7(u  κ) + g8(u  c) + u 4] by (A.1)
= u26 − (υ  u)5 + (2 + υ  u)u− (u2 + υ  u)υ
+ [u2υ − (υ  u)u] 4 + [u2(υ  a)− (υ  u)(u  a)]g9
− [u2(υ  κ)− (υ  u)(u  κ)]7 + [u2(υ  c)− (υ  u)(u  c)]g8
= u26 − (υ  u)5 + (2 + υ  u)u− (u2 + υ  u)υ
− [u (u υ)] 4 + [(u υ)  (u a)]g9
− [(u υ)  (u κ)]7 + [(u υ)  (u c)]g8 by (A.1) & (A.2)
(3.12b)
ruju υj = (=F)6 − (G=F)5 + [(R2 + G)=(F)]u − [( + G)=F ]υ + 4  (u 8)
+ [8  (u a)]g9 − [8  (u κ)]7 + [8  (u c)]g8 by (3.12b); (3.5) & (3.8c)
= (=F)6 − (G=F)5 + [(R2 + G)=(F)]u − [( + G)=F ]υ









































u  υ −




= (u)−2[(u  υ)ruju υj − ju υjru(u  υ)]
= (uR)−2[Gruju υj − Fru(u  υ)] by (3.5): (3.12d)
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F ; X2 =
R2 + G
F ; X3 =
G
F ; X4 =
R2
F ; F 6= 0 (3.13b)
which, together with (3.3) and (3.8), allows X (and hence  as well as _ ) to be calculated for an
observer in accelerated translational, rotational or gravitational motion.
Art 13. Apparent path of a light source.
If we draw several arrows from a xed point in space to represent the ray velocity υ in magnitude
and direction at various instants, it is clear that the locus of the endpoints of these arrows will
represent the apparent trajectory or path of the light source as viewed by the observer. By treating
this locus or hodograph [?] as a curve in velocity space (which amounts to treating υ as the position
vector of the observer from the light source), the curvature K and torsion T of the apparent path
of the light source can be calculated from the formulae
K =
j _υ  υ¨j
j _υj3 ; T =
...
υ  ( _υ  υ¨)
j _υ  υ¨j2 ; R = 1=K (3.14a)
where R is the radius of curvature of the path for K 6= 0. If the apparent path is smooth or
regular, so that _υ and υ¨ are nonzero everywhere on the path, then the curvature and torsion
determine the path up to geometric congruence, or up to a rigid translation and rotation. It is
easy to determine the path uniquely by evaluating υ at an initial instant and by computing the
Frenet frame at that instant 5. The tangent vector `t, the normal vector `n, and the binormal
vector `b of the instantaneous Frenet frame at any point on the apparent path of the light source
can be computed from the formulae
`t =
_υ
j _υj ; `b =
_υ  υ¨
j _υ  υ¨j ; `n = `b  `t; `c = R `n (3.14b)
in which `c gives the instantaneous center of curvature of the path, while according to (1.1), (1.2a)
and (1.6), υ can be evaluated at any instant from
υ = Ybκ + a− u + e: (3.14c)
To develop the above equations for the three kinds of motion we are investigating, it is convenient
to introduce the quantities
b1 = _− 1; b2 = 2 _− 1; b3 = 3 _− 1
_Y = c _d−  _ ; Y¨ = cd¨− ¨ ; ...Y = c...d − ...
b4 = ¨ _Y− Y¨b1; b5 = _Yb2 − Y¨; b6 = b1b2 − ¨
(3.15a)
Ja = bκ a; Jb = bκ _a; Jc = bκ a¨; Jd = bκ _e; Je = bκ e¨
Jf = a _a; Jg = a a¨; Jh = a _e; Ji = a e¨
Jj = _a a¨; Jk = _a _e; Jl = _a e¨; Jn = _e a¨; Jo = _e e¨
(3.15b)
Jp = b4Ja + b5Jb +  _YJc − Y¨Jd + _YJe + b6Jf + b1Jg
Jq = −¨Jh + b1Ji + 2Jj − b2Jk + Jl + Jn + Jo
Jr = _Ybκ + b1a +  _a + _e
(3.15c)
5One can also determine the apparent path of the light source by deriving an equation for the hodograph of the
ray velocity υ. This approach is not taken here because it is less formal and also because it requires the introduction
of a coordinate system. Interested readers will find examples of this approach in [?, ?].
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@1 = bκ  (Jp + Jq); @2 = a  (Jp + Jq); @3 = _a  (Jp + Jq)
@4 = a¨  (Jp + Jq); @5 = ...a  (Jp + Jq); @6 = ...e  (Jp + Jq):
(3.15d)
Using primes to indicate the total time derivatives of complicated expressions for convenience, we
derive
_υ = (Ybκ + a− u + e)0 by (3.14c)
= _Ybκ + _a +  _a− a + _e
= _Ybκ + b1a +  _a + _e by (3.15a)
= Jr by (3.15c) (3.16a)
υ¨ = [ _Ybκ + ( _− 1)a +  _a + _e]0 by (3.16a); (3.15a) & (3.15c)
= Y¨bκ + ¨a + ( _− 1) _a + _ _a + a¨ + e¨
= Y¨bκ + ¨a + b2 _a + a¨ + e¨ by (3.15a) (3.16b)
...
υ = [Y¨bκ + ¨a + (2 _− 1) _a + a¨ + e¨]0 by (3.16b) & (3.15a)
=
...
Y bκ + ...a + ¨ _a + 2¨ _a + (2 _− 1)a¨ + _a¨ + ...a + ...e
=
...
Y bκ + ...a + 3¨ _a + b3a¨ + ...a + ...e by (3.15a) (3.16c)
_υ  υ¨ = [ _Ybκ + b1a +  _a + _e] [Y¨bκ + ¨a + b2 _a + a¨ + e¨] by (3.16a); (3.16b) & (3.15c)
= _Ybκ [Y¨bκ + ¨a + b2 _a + a¨ + e¨] + b1a [Y¨bκ + ¨a + b2 _a + a¨ + e¨]
+  _a [Y¨bκ + ¨a + b2 _a + a¨ + e¨] + _e [Y¨bκ + ¨a + b2 _a + a¨ + e¨]
= ¨ _Y(bκ  a) + _Yb2(bκ _a) +  _Y(bκ a¨) + _Y(bκ e¨) + Y¨b1(a bκ) + b1b2(a _a)
+ b1(a a¨) + b1(a e¨) + Y¨( _a bκ) + ¨( _a a) + 2( _a a¨) + ( _a e¨)
+ Y¨( _e bκ) + ¨( _e a) + b2( _e _a) + ( _e a¨) + ( _e e¨)
= (¨ _Y− Y¨b1)(bκ a) + ( _Yb2 − Y¨)(bκ _a) +  _Y(bκ a¨)− Y¨(bκ _e) + _Y(bκ e¨)
+ (b1b2 − ¨)(a _a) + b1(a a¨)− ¨(a _e) + b1(a e¨) + 2( _a a¨)
− b2( _a _e) + ( _a e¨) + ( _e a¨) + ( _e e¨)
= b4Ja + b5Jb +  _YJc − Y¨Jd + _YJe + b6Jf + b1Jg − ¨Jh + b1Ji
+ 2Jj − b2Jk + Jl + Jn + Jo by (3.15a) & (3.15b)
= Jp + Jq by (3.15c) (3.16d)
...
υ  ( _υ  υ¨) = (...Y bκ + ...a + 3¨ _a + b3a¨ + ...a + ...e )  (Jp + Jq) by (3.16c) & (3.16d)
=
...
Y [bκ  (Jp + Jq)] + ... [a  (Jp + Jq)] + 3¨[ _a  (Jp + Jq)]
+ b3[a¨  (Jp + Jq)] + [...a  (Jp + Jq)] + [...e  (Jp + Jq)]
=
...
Y@1 + ...@2 + 3¨@3 + b3@4 + @5 + @6 by (3.15d): (3.16e)
From (1.2b), we have



































































































































































































_ = [#(1 + #2)−1/2]
0
by (1.2b)
= _#(1 + #2)−1/2 + #[(1 + #2)−1/2]
0
= _#(1 + #2)−1/2 − #2 _#(1 + #2)−3/2
= _#(1 + #2)−3/2 (3.19a)
¨ = [ _#(1 + #2)−3/2]
0
by (3.19a)
= #¨(1 + #2)−3/2 + _#[(1 + #2)−3/2]
0
= #¨(1 + #2)−3/2 − 3# _#2(1 + #2)−5/2
= (1 + #2)−5/2[#¨(1 + #2)− 3# _#2] (3.19b)
...
 = f(1 + #2)−5/2[#¨(1 + #2)− 3# _#2]g0 by (3.19b)
= [(1 + #2)−5/2]
0
[#¨(1 + #2)− 3# _#2] + (1 + #2)−5/2[#¨(1 + #2)− 3# _#2]0
= −5# _#(1 + #2)−7/2[#¨(1 + #2)− 3# _#2] + (1 + #2)−5/2[...# (1 + #2)− 4# _##¨− 3 _#3]
= (1 + #2)−7/2f−5# _#[#¨(1 + #2)− 3# _#2] + (1 + #2)[...# (1 + #2)− 3 _#3 − 4# _##¨]g
= (1 + #2)−7/2f−5# _##¨− 5#3 _##¨+ 15#2 _#3
+
...
# (1 + #2)2 − 3 _#3 − 4# _##¨− 3#2 _#3 − 4#3 _##¨g
= (1 + #2)−7/2[
...
# (1 + #2)2 − 3 _#3 − 9# _##¨+ 12#2 _#3 − 9#3 _##¨]
= (1 + #2)−7/2[
...
# (1 + #2)2 − 9# _##¨(1 + #2)− 3 _#3(1 − 4#2)]: (3.19c)
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We have also that
_d =




















= _γ(d=γ) + γ(γ=d)
"





































































































































































































































































































d _ −  _d
0
= −














































































 − _d¨− ...d

=








 − _d¨− ...d
4!od2
: (3.21c)
From (3.14) and (3.16), we get
K =
jJp + Jqj
jJrj3 ; T =
...
Y@1 + ...@2 + 3¨@3 + b3@4 + @5 + @6
jJp + Jqj2 (3.22a)
`t =
Jr
jJrj ; `b =
Jp + Jq
jJp + Jqj ; `n = `b  `t (3.22b)
which, together with (3.15), is the complete set of equations describing the apparent path of the
light source. To use these equations, one should rst compute the quantities _a; a¨; ...a and _γ; γ¨;
...
γ
for the type of observer’s motion in question, followed by a computation of the quantities given
by (3.17) through (3.21). Then _ ; ¨ ;
...
 and _e; e¨; ...e as well as the quantities dened in (3.15) can
be computed, after which (3.22) can nally be evaluated.
Art 14. Apparent geometry of obliquated rays.
Regarding a light ray as the curve described by a point moving with the ray velocity υ in cong-
uration space, we see that the curvature K, the torsion T and the radius of curvature R of the ray
can be computed from the formulae
K =
jυ  _υj
jυj3 ; T =
υ¨  (υ  _υ)
jυ  _υj2 ; R = 1=K (3.23a)
while the tangent vector `t, the normal vector `n, and the binormal vector `b of the instantaneous
Frenet frame at any point on the ray can be computed from the formulae
`t =
υ
jυj ; `b =
υ  _υ
jυ  _υj ; `n = `b  `t; `c = R `n (3.23b)
where `c gives the instantaneous center of curvature of the ray 6. To develop these equations, we
introduce
Sa = bκ u; Sb = bκ a; Sc = bκ e; Sd = bκ _a; Se = bκ _e
Sf = a u; Sg = a e; Sh = a _a; Si = a _e
Sj = u _a; Sk = u _e; Sl = e _a; Sm = e _e
(3.24a)
Sn = Sd + Se; So = Sh + Si; Sp = Sa − Sc
Sq = Sf − Sg; Sr = Sl − Sj ; Ss = Sm − Sk
St = (Yb1 −  _Y)Sb + YSn + So; Su = _YSp + b1Sq + Sr + Ss
(3.24b)
6Let x˙ = υ. Then in order to determine the ray uniquely, one needs to evaluate x at an initial instant and to
compute the Frenet frame at that instant. When this is not done, the ray is determined up to geometric congruence,
which is good enough for our purposes here. We note that due diligence requires the position vector x of a point
on the ray to be distinguished from the position vector r of the point of observation.
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<1 = bκ  (St + Su); <2 = a  (St + Su)
<3 = _a  (St + Su); <4 = a¨  (St + Su); <5 = e¨  (St + Su)
(3.24c)
where b1 is given by (3.15a), and we derive
υ  _υ = (Ybκ + a− u + e) ( _Ybκ + b1a +  _a + _e) by (3.14c) & (3.16a)
= (Yb1 −  _Y)(bκ  a) + Y(bκ _a) + Y(bκ  _e) + 2(a _a) + (a _e)
− _Y(u bκ)− b1(u a)− (u _a)− (u _e) + _Y(e bκ) + b1(e a)
+ (e _a) + (e _e)
= (Yb1 −  _Y)Sb + Y(Sd + Se) + (Sh + Si) + _Y(Sa − Sc) + b1(Sf − Sg)
+ (Sl − Sj) + Sm − Sk by (3.24a)
= St + Su by (3.24b) (3.25a)
υ¨  (υ  _υ) = (Y¨bκ + ¨a + b2 _a + a¨ + e¨)  (St + Su) by (3.16b) & (3.25a)
= Y¨[bκ  (St + Su)] + ¨[a  (St + Su)] + b2[ _a  (St + Su)]
+ [a¨  (St + Su)] + e¨  (St + Su)
= Y¨<1 + ¨<2 + b2<3 + <4 + <5 by (3.24c): (3.25b)
Substituting (3.25), (3.14c) and (3.5a) into (3.23) yields
K =
jSt + Suj
c3R3 ; T =
Y¨<1 + ¨<2 + b2<3 + <4 + <5
jSt + Suj2 (3.26a)
`t =
Ybκ + a− u + e
cR ; `b =
St + Su
jSt + Suj ; `n = `b  `t (3.26b)
as the complete set of equations describing the apparent geometry of obliquated rays.
Art 15. Apparent frequency of obliquated rays.
A change in the velocity of a light ray can be interpreted as a change in the frequency of the ray,








!0 = R!o; !0 =  (3.28)
















which, with the help of (3.3), allows z and !0 to be calculated for an observer in accelerated
translational, rotational or gravitational motion 7.
7It may be worthwhile to emphasize here that all the quantities calculated in this work are due to the motion
of the observer and not to any kind of motion of the light source. Kineoptic effects of moving light sources will be
treated when we study the nature of the intrinsic redshifts advocated by our very own Galileo, the most eminent
Dr. Halton C. Arp, and his coworkers.
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Part II: Calculations
The investigations and calculations of astronomers have taught us much that is wonderful;
but the most important lesson we have received from them is the discovery of the abyss
of our ignorance in relation to the universe — an ignorance the magnitude of which
reason, without the information thus derived, could never have conceived.
Immanuel Kant (1724-1804)
4 Translational obliquation
Art 16. Apparent direction to a light source.
To evaluate (3.6) for an observer in accelerated translation, we have from (1.2b) that  = a cos,
whence  = 2a cos by (1.3a). Moreover, since e = 0 by (1.3a), we have in (3.2) that
B = 0; D = 0; A = 0; H = 0; E = 0
L0 = −2au cos cos; L1 = a(cos  − 2 cos cos); L2 = 2a(cos  − cos cos)
N1 = −4dacu2 cos; N2 = −4dacu2 cos cos2 ; N3 = 0; N4 = 0
N5 = 42a2u2 cos cos(cos  − cos cos); N6 = 0
(4.1)
from which we obtain, by (3.3),
L = −2 cos cos
P = −2[2d cos+ (cos  − 2 cos cos)]
N = 422 cos cos(cos  − cos cos)− 4d cos sin2 
(4.2a)
G = − + d cos+ (cos  − 2 cos cos)
R2 = d2 + 2 − 2d cos+ [ − 2d cos− 2(cos  − 2 cos cos)]
F2 = d2 sin2 + 22[sin2  + 4 cos cos(cos  − cos cos)]
+ 2d(cos cos 2− cos cos )
(4.2b)
and by (3.6),
tan = F=G (4.2c)

















=  cos; Y = c(d− 2 cos); κ  bp = 0: (4.2d)
Equation (4.2) gives a complete prescription for calculating  for a translating observer. For an
observer in radial motion ( = 0;  = ), we have from (4.2b),
F = jj sin; G = d−  −  cos




d−  −  cos ( = 0;  = ): (4.3b)
Similarly, for an observer in rectilinear motion ( = 0;  = ), (4.2b) yields
F = jd− 2 cosj sin; G = d cos−  −  cos 2
R2 = d2 + 2 − 2d cos+ ( − 2d cos+ 2 cos 2) (4.4a)
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which, when substituted into (4.2c), yields
tan =
jd− 2 cosj sin
d cos−  −  cos 2 ( = 0;  = ): (4.4b)
Finally, for an observer in coradial motion ( = 0;  = ), (4.2b) gives
F = jd− j sin; G = − + (d− ) cos
R2 = (d− )2 + 2 − (2d+ ) cos (4.5a)
so that, from (4.2c), we get
tan =
jd− j sin
− + (d− ) cos ( = 0;  = ): (4.5b)
These results establish once again that the eect of translational acceleration on obliquation is of
second and higher orders in , which implies that it is of practical signicance only in situations
involving infraradio waves or ultrahigh accelerations or both.
Art 17. Apparent drift of a light source.
To evaluate (3.13) for a translating observer, it is necessary to know the acceleration a as a
function of the velocity u. In the simplest case when a is independent of u, we have from (1.3a)
and (3.8) that
g1 = 0; g2 = 0; g3 = 0; g4 = 0; g5 = 0; g6 = 0; g7 = 0; g8 = 0; g9 = 0
1 = 0; 2 = 0; 3 = 0; 4 = 0; 5 = 0; 6 = 0
(4.6a)
7 = ru by (3.8b)
= ru(2−2) by (1.3a)
= 2−2(ru+ ru) by (A.16)
= 2−2(g6 + g9) by (3.9a) & (3.9d)
= 0 by (4.6a): (4.6b)
Substituting (4.6) into (3.13) yields
X = (uR)−2(X1u−X2υ)
= (uR)−2[X1u−X2(cd+ a− κ − u)] by (1.1); (1.2a) & (1.3a)
= (uR)−2[(X1 + X2)u−X2a−X2(cd− )bκ]
= (uR)−2[(X1 + X2)u−X2a−X2(cd− 2a cos)bκ] by (1.3a) (4.7)
which, in view of the values of X1 and X2 from (3.13b), may be rewritten as
X = {0bκ + {1u− {2a (4.8a)
where, with F ;G;R given by (4.2b) and Y; ; d given by (4.2d),
{0 = −{4Y; {1 = {3 + {4; {2 = {4; {3 =  + GFu2 ; {4 =
(R2 + G)
FR2u2 : (4.8b)
From (3.7c) and (4.8a), we get the variation of obliquation (or the apparent drift of the light source
per unit acceleration of the observer) as
 = {0 cos+ {1u cos  − {2a: (4.9)
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Art 18. Apparent path of a light source.
Equation (3.22) can be evaluated for a translating observer as follows. With ; ; d; # and  given
by (4.2d), we introduce
&a = κ  _a; &b = κ  a¨; &c = κ  ...a ; &d = a  _a; &e = a  a¨; &f = a  ...a
&g = _a  _a; &h = _a  a¨; &i = _a  ...a ; &j = a¨  a¨; &k = a¨  ...a ; &l = ...a  ...a
&m = bκ  (a  _a); &n = bκ  (a a¨); &o = bκ  ( _a a¨); &p = a  ( _a a¨)
&q =
...
a  (bκ a); &r = ...a  (bκ  _a); &s = ...a  (bκ a¨)
&t =
...a  (a  _a); &u = ...a  (a a¨); &v = ...a  ( _a a¨)
(4.10a)



















































































































































%n = %i%k − %l%d; %o = %k(1 + 2%d)− %l; %p = %d(1 + 2%d)− %i
%q =








%r = %n(a2 − −22) + %o(&d − −2&a) + %k(&e − −2&b) + %p−1(&d − &aa2)
+ %d−1(&e − &ba2) + 2−1(&a&e − &b&d)
%s = %n(&d − −2&a) + %o(&g − −2&2a) + %k(&h − −2&b&a) + %p−1(&g − &a&d)
+ %d−1(&h − &b&d) + 2−1(&a&h − &b&g)
%t = %n(&e − −2&b) + %o(&h − −2&a&b) + %k(&j − −2&2b ) + %p−1(&h − &a&e)
+ %d−1(&j − &b&e) + 2−1(&a&j − &b&h)
(4.10e)
%u = %n−1(&d − a2&a) + %o−1(&g − &d&a) + %k−1(&h − &e&a) + %p(a2&g − &2d)
+ %d(a2&h − &e&d) + 2(&d&h − &e&g)
%v = %n−1(&e − a2&b) + %o−1(&h − &d&b) + %k−1(&j − &e&b) + %p(a2&h − &d&e)
+ %d(a2&j − &2e ) + 2(&d&j − &e&h)
%w = %n−1(&a&e − &d&b) + %o−1(&a&h − &g&b) + %k−1(&a&j − &h&b) + %p(&d&h − &g&e)
+ %d(&d&j − &h&e) + 2(&g&j − &2h)
(4.10f)
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%x = [%n%r + %o%s + %k%t + %p%u + %d%v + 2%w]1/2
%y = %m(%p&m + %d&n + 2&o) + %j(−%o&m − %k&n + 2&p) + 3%i(%n&m − %k&o − %d&p)
+ (2 + 3%d)(%n&n + %o&o + %p&p) + (%n&q + %o&r + %p&t) + 2(%k&s + %d&u + &v):
(4.10g)
Art 18a. Development of equations (3.17) through (3.21).
From (1.3a), (3.17), (3.18) and (4.10a), we have
_γ = 0; γ¨ = 0;
...
γ = 0; _ = &a; ¨ = &b;
...
 = &c




# = &c=!2o :
(4.11)
It is easy to see that
_ = _#(1 + #2)−3/2 by (3.19a)
= &a=(!2o%
3
a) by (4.10b) & (4.11) (4.12a)





a − 3#(&a!−2o )2] by (4.10b) & (4.11)
= %e by (4.10b) (4.12b)
...
 = (1 + #2)−7/2[
...





a − 9#(&a!−2o )(&b!−2o )%2a − 3(&a!−2o )3%b] by (4.10b) & (4.11)










































































































































































































































































































































































= %h by (4.10b) & (4.10c) (4.13c)
_ =





































































































= %i by (4.10b) & (4.10c) (4.14b)
...
 =



























































































+ d%f − %h






















































































































= %j by (4.10c): (4.14c)
Art 18b. Derivatives of  and e.
From (1.3a), we derive
_e = 0; e¨ = 0; ...e = 0
_ = (2−2)
0
= 2−2( _+ _)
(4.15a)
¨ = 2−2( _+ _)0 by (4.15a)
= 2−2( _ _+ ¨+ ¨+ _ _)
= 2−2(¨+ 2 _ _+ ¨) (4.15b)
...
 = 2−2(¨+ 2 _ _+ ¨)0 by (4.15b)
= 2−2( _¨+ 
...
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Art 18c. Development of equation (3.15a).
We are now ready to evaluate the quantities dened by (3.15). We start with



































= %k by (4.10d) (4.17a)
Y¨ = cd¨− ¨ by (3.15a)
























d − ... by (3.15a)
























= %m by (4.10d) (4.17c)




− 1 by (4.14a)
= %d by (4.10b) (4.18a)
b2 = 2 _− 1 = 1 + 2b1 by (3.15a)
= 1 + 2%d by (4.18a) (4.18b)
b3 = 3 _− 1 = 2 + 3b1 by (3.15a)
= 2 + 3%d by (4.18a) (4.18c)
b4 = ¨ _Y− Y¨b1 by (3.15a)
= %i%k − %l%d by (4.14b); (4.17) & (4.18a)
= %n by (4.10d) (4.18d)
b5 = _Yb2 − Y¨ by (3.15a)
= %k(1 + 2%d)− %l by (4.17) & (4.18b)
= %o by (4.10d) (4.18e)
b6 = b1b2 − ¨ by (3.15a)
= %d(1 + 2%d)− %i by (4.18a); (4.18b) & (4.14b)
= %p by (4.10d): (4.18f)
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Art 18d. Development of equations (3.15b) and (3.15c).
Substituting the derivatives of e from (4.15a) into (3.15b), we get
Ja = bκ a; Jb = bκ _a; Jc = bκ a¨; Jd = 0; Je = 0
Jf = a _a; Jg = a a¨; Jh = 0; Ji = 0
Jj = _a a¨; Jk = 0; Jl = 0; Jn = 0; Jo = 0
(4.19a)
from which we obtain, by (3.15c),
Jp = b4Ja + b5Jb +  _YJc + b6Jf + b1Jg; Jq = 2Jj ; Jr = _Ybκ + b1a +  _a: (4.19b)
Consequently, we have
Jr = _Ybκ + b1a +  _a by (4.19b)
= %kbκ + %da +  _a by (4.17a) & (4.18a) (4.20a)
Jp + Jq = b4Ja + b5Jb +  _YJc + b6Jf + b1Jg + 2Jj by (4.19b)
= b4Ja + b5Jb + %kJc + b6Jf + b1Jg + 2Jj by (4.17a)
= %n(bκ a) + %o(bκ _a) + %k(bκ a¨) + %p(a _a) + %d(a  a¨)
+ 2( _a a¨) by (4.18) & (4.19a) (4.20b)
which in turn leads to
(bκ a)  (Jp + Jq)
= (bκ a)  [%n(bκ a) + %o(bκ _a) + %k(bκ a¨) + %p(a _a) + %d(a a¨) + 2( _a a¨)]
= %n[(bκ a)  (bκ a)] + %o[(bκ a)  (bκ _a)] + %k[(bκ a)  (bκ a¨)]
+ %p[(bκ a)  (a _a)] + %d[(bκ a)  (a a¨)] + 2[(bκ a)  ( _a a¨)]
= %n[a2 − (bκ  a)2] + %o[(a  _a)− (bκ  _a)(a  bκ)] + %k[(a  a¨)− (bκ  a¨)(a  bκ)]
+ %p[(bκ  a)(a  _a)− (bκ  _a)a2] + %d[(bκ  a)(a  a¨)− (bκ  a¨)a2]
+ 2[(bκ  _a)(a  a¨)− (bκ  a¨)(a  _a)] by (A.2)
= %n(a2 − −22) + %o(&d − −2&a) + %k(&e − −2&b) + %p−1(&d − &aa2)
+ %d−1(&e − &ba2) + 2−1(&a&e − &b&d) by (4.10a) & (1.2b)
= %r by (4.10e) (4.21a)
(bκ _a)  (Jp + Jq)
= (bκ _a)  [%n(bκ a) + %o(bκ _a) + %k(bκ a¨) + %p(a _a) + %d(a a¨) + 2( _a a¨)]
= %n[(bκ _a)  (bκ a)] + %o[(bκ _a)  (bκ _a)] + %k[(bκ _a)  (bκ a¨)]
+ %p[(bκ _a)  (a _a)] + %d[(bκ _a)  (a a¨)] + 2[(bκ _a)  ( _a a¨)]
= %n[( _a  a)− (bκ  a)( _a  bκ)] + %o[ _a2 − (bκ  _a)2] + %k[( _a  a¨)− (bκ  a¨)( _a  bκ)]
+ %p[(bκ  a) _a2 − (bκ  _a)( _a  a)] + %d[(bκ  a)( _a  a¨)− (bκ  a¨)( _a  a)]
+ 2[(bκ  _a)( _a  a¨)− (bκ  a¨) _a2] by (A.2)
= %n(&d − −2&a) + %o(&g − −2&2a) + %k(&h − −2&b&a) + %p−1(&g − &a&d)
+ %d−1(&h − &b&d) + 2−1(&a&h − &b&g) by (4.10a) & (1.2b)
= %s by (4.10e) (4.21b)
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(bκ a¨)  (Jp + Jq)
= (bκ a¨)  [%n(bκ a) + %o(bκ _a) + %k(bκ a¨) + %p(a _a) + %d(a a¨) + 2( _a a¨)]
= %n[(bκ a¨)  (bκ a)] + %o[(bκ a¨)  (bκ _a)] + %k[(bκ a¨)  (bκ a¨)]
+ %p[(bκ a¨)  (a _a)] + %d[(bκ a¨)  (a a¨)] + 2[(bκ a¨)  ( _a a¨)]
= %n[(a¨  a)− (bκ  a)(a¨  bκ)] + %o[(a¨  _a)− (bκ  _a)(a¨  bκ)] + %k[a¨2 − (bκ  a¨)2]
+ %p[(bκ  a)(a¨  _a)− (bκ  _a)(a¨  a)] + %d[(bκ  a)a¨2 − (bκ  a¨)(a¨  a)]
+ 2[(bκ  _a)a¨2 − (bκ  a¨)(a¨  _a)] by (A.2)
= %n(&e − −2&b) + %o(&h − −2&a&b) + %k(&j − −2&2b ) + %p−1(&h − &a&e)
+ %d−1(&j − &b&e) + 2−1(&a&j − &b&h) by (4.10a) & (1.2b)
= %t by (4.10e) (4.21c)
(a _a)  (Jp + Jq)
= (a  _a)  [%n(bκ  a) + %o(bκ _a) + %k(bκ a¨) + %p(a _a) + %d(a a¨) + 2( _a a¨)]
= %n[(a _a)  (bκ  a)] + %o[(a _a)  (bκ _a)] + %k[(a _a)  (bκ a¨)]
+ %p[(a _a)  (a  _a)] + %d[(a  _a)  (a a¨)] + 2[(a _a)  ( _a a¨)]
= %n[(a  bκ)( _a  a)− a2( _a  bκ)] + %o[(a  bκ) _a2 − (a  _a)( _a  bκ)] + %k[(a  bκ)( _a  a¨)− (a  a¨)( _a  bκ)]
+ %p[a2 _a2 − (a  _a)2] + %d[a2( _a  a¨)− (a  a¨)( _a  a)] + 2[(a  _a)( _a  a¨)− (a  a¨) _a2] by (A.2)
= %n−1(&d − a2&a) + %o−1(&g − &d&a) + %k−1(&h − &e&a) + %p(a2&g − &2d)
+ %d(a2&h − &e&d) + 2(&d&h − &e&g) by (4.10a) & (1.2b)
= %u by (4.10f) (4.21d)
(a a¨)  (Jp + Jq)
= (a  a¨)  [%n(bκ  a) + %o(bκ _a) + %k(bκ a¨) + %p(a _a) + %d(a a¨) + 2( _a a¨)]
= %n[(a a¨)  (bκ  a)] + %o[(a a¨)  (bκ _a)] + %k[(a a¨)  (bκ a¨)]
+ %p[(a a¨)  (a  _a)] + %d[(a  a¨)  (a a¨)] + 2[(a a¨)  ( _a a¨)]
= %n[(a  bκ)(a¨  a)− a2(a¨  bκ)] + %o[(a  bκ)(a¨  _a)− (a  _a)(a¨  bκ)] + %k[(a  bκ)a¨2 − (a  a¨)(a¨  bκ)]
+ %p[a2(a¨  _a)− (a  _a)(a¨  a)] + %d[a2a¨2 − (a  a¨)2] + 2[(a  _a)a¨2 − (a  a¨)(a¨  _a)] by (A.2)
= %n−1(&e − a2&b) + %o−1(&h − &d&b) + %k−1(&j − &e&b) + %p(a2&h − &d&e)
+ %d(a2&j − &2e ) + 2(&d&j − &e&h) by (4.10a) & (1.2b)
= %v by (4.10f) (4.21e)
( _a  a¨)  (Jp + Jq)
= ( _a a¨)  [%n(bκ a) + %o(bκ  _a) + %k(bκ  a¨) + %p(a _a) + %d(a a¨) + 2( _a  a¨)]
= %n[( _a  a¨)  (bκ a)] + %o[( _a  a¨)  (bκ _a)] + %k[( _a  a¨)  (bκ a¨)]
+ %p[( _a a¨)  (a _a)] + %d[( _a a¨)  (a a¨)] + 2[( _a a¨)  ( _a  a¨)]
= %n[( _a  bκ)(a¨  a)− ( _a  a)(a¨  bκ)] + %o[( _a  bκ)(a¨  _a)− _a2(a¨  bκ)] + %k[( _a  bκ)a¨2 − ( _a  a¨)(a¨  bκ)]
+ %p[( _a  a)(a¨  _a)− _a2(a¨  a)] + %d[( _a  a)a¨2 − ( _a  a¨)(a¨  a)] + 2[ _a2a¨2 − ( _a  a¨)2] by (A.2)
= %n−1(&a&e − &d&b) + %o−1(&a&h − &g&b) + %k−1(&a&j − &h&b) + %p(&d&h − &g&e)
+ %d(&d&j − &h&e) + 2(&g&j − &2h) by (4.10a) & (1.2b)
= %w by (4.10f): (4.21f)
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Using (4.20) and (4.21), we derive
jJrj2 = (%kbκ + %da +  _a)  (%kbκ + %da +  _a) by (4.20a)
= %2k + 2%d%k(bκ  a) + 2%k(bκ  _a) + %2d(a  a) + 2%d(a  _a) + 2( _a  _a)
= %2k + 2%d%k
−1(κ  a) + 2%k−1(κ  _a) + 2%d(a  _a) + %2da2 + 2 _a2
= %2k + 2%d%k
−1 + 2%k&a−1 + 2%d&d + %2da
2 + 2&g
= a2%2d + (&g + 2%d&d) + %k[%k + 2
−1(%d + &a)]
∴ jJrj = %q by (4.10d) (4.22a)
jJp + Jqj2 = (Jp + Jq)  (Jp + Jq)
= (Jp + Jq)  [%n(bκ a) + %o(bκ  _a) + %k(bκ  a¨) + %p(a _a) + %d(a a¨)
+ 2( _a a¨)] by (4.20b)
= %n[(Jp + Jq)  (bκ a)] + %o[(Jp + Jq)  (bκ  _a)] + %k[(Jp + Jq)  (bκ a¨)]
+ %p[(Jp + Jq)  (a _a)] + %d[(Jp + Jq)  (a a¨)] + 2[(Jp + Jq)  ( _a a¨)]
= %n%r + %o%s + %k%t + %p%u + %d%v + 2%w
∴ jJp + Jqj = %x by (4.10g): (4.22b)
Art 18e. Development of equation (3.15d).
For the quantities dened in (3.15d), we derive
@1 = bκ  (Jp + Jq) by (3.15d)
= bκ  [%n(bκ a) + %o(bκ  _a) + %k(bκ a¨) + %p(a _a) + %d(a a¨)
+ 2( _a a¨)] by (4.20b)
= bκ  [%p(a  _a) + %d(a  a¨) + 2( _a a¨)]
= %p&m + %d&n + 2&o by (4.10a) (4.23a)
@2 = a  (Jp + Jq) by (3.15d)
= a  [%n(bκ a) + %o(bκ _a) + %k(bκ a¨) + %p(a _a) + %d(a a¨)
+ 2( _a a¨)] by (4.20b)
= −%o[bκ  (a _a)]− %k[bκ  (a a¨)] + 2[a  ( _a a¨)] by (A.4)
= −b5&m − %k&n + 2&p by (4.10a) (4.23b)
@3 = _a  (Jp + Jq) by (3.15d)
= _a  [%n(bκ a) + %o(bκ _a) + %k(bκ a¨) + %p(a _a) + %d(a a¨)
+ 2( _a a¨)] by (4.20b)
= %n[bκ  (a _a)]− %k[bκ  ( _a a¨)]− %d[a  ( _a a¨)] by (A.4)
= %n&m − %k&o − %d&p by (4.10a) (4.23c)
@4 = a¨  (Jp + Jq) by (3.15d)
= a¨  [%n(bκ a) + %o(bκ _a) + %k(bκ a¨) + %p(a _a) + %d(a a¨)
+ 2( _a a¨)] by (4.20b)
= %n[bκ  (a a¨)] + %o[bκ  ( _a  a¨)] + %p[a  ( _a a¨)] by (A.4)
= %n&n + %o&o + %p&p by (4.10a) (4.23d)
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@5 = ...a  (Jp + Jq) by (3.15d)
= ...a  [%n(bκ a) + %o(bκ  _a) + %k(bκ  a¨) + %p(a _a) + %d(a a¨)
+ 2( _a a¨)] by (4.20b)
= %n&q + %o&r + %p&t + (%k&s + %d&u + &v) by (4.10a) (4.23e)
@6 = ...e  (Jp + Jq) by (3.15d)
= 0 by (4.15a) (4.23f)
...
Y@1 + ...@2 + 3¨@3 + b3@4 + @5 + @6
= %m@1 + %j@2 + 3%i@3 + (2 + 3%d)@4 + @5 + @6 by (4.17c); (4.14) & (4.18c)
= %m(%p&m + %d&n + 2&o) + %j(−%o&m − %k&n + 2&p) + 3%i(%n&m − %k&o − %d&p)
+ (2 + 3%d)(%n&n + %o&o + %p&p) + (%n&q + %o&r + %p&t)
+ 2(%k&s + %d&u + &v) by (4.23)
= %y by (4.10g): (4.24)
Art 18f. Results of the computations.
















%n(bκ  a) + %o(bκ _a) + %p(a _a) + %k(bκ a¨) + %d(a a¨) + 2( _a a¨) (4.25)
as the set of equations that, together with (4.10), completely describes the apparent path of the
light source.
Art 19. Apparent geometry of obliquated rays.
To evaluate (3.26) for a translating observer, we introduce, in addition to (4.10),
Ha = bκ  (a u); Hb = bκ  ( _a u); Hc = a  ( _a u); Hd = a¨  (bκ u)
He = a¨  (a u); Hf = a¨  ( _a  u); Hg = bκ  _a; Hh = _a  u (4.26a)
Ka = Y%d − %k; Kb = %dHa + (Hb + &m); Kc = (Hc − Y&m)− %kHa
Kd = Ka&m − %kHb − %dHc; Ke = Ka&n + %kHd + %dHe + (Hf + Y&o + &p)
(4.26b)
Kf = a2K2a sin
2 + 2YKa(&d − aHg cos) + 2a2Ka(&d cos− aHg)
+ 2Y2(&g − H2g) + 23Y(a&g cos− Hg&d) + 4(a2&g − &2d)
Kg = 2(u2&g − H2h) + u2[%2k sin2 + a2%2d sin2  + 2a%d%k(cos− cos cos )]
+ 2u[%k(uHg − Hh cos) + %d(u&d − aHh cos )]
(4.26c)
Kh = uKa[(aHg cos  − &d cos) + a%k(cos  − cos cos) + a2%d(cos cos  − cos)]
+ Y[%k(Hh − uHg cos) + %d(aHh cos− u&d cos)]
+ a2[%k(Hh cos− uHg cos ) + %d(aHh − u&d cos )]
+ 2[Y(HgHh − u&g cos) + (&dHh − ua&g cos )]:
(4.26d)
Art 19a. Development of equation (3.24).
Using (1.3a) and (4.15a) in (3.24a), we have
Sa = bκ u; Sb = bκ a; Sc = 0; Sd = bκ _a; Se = 0
Sf = a u; Sg = 0; Sh = a _a; Si = 0
Sj = u _a; Sk = 0; Sl = 0; Sm = 0
(4.27a)
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so that by (3.24b), (4.27a), (4.17a), (4.18a) and (4.26b),
Sn = (bκ _a); So = (a _a); Sp = bκ u; Sq = a u; Sr = _a u; Ss = 0
St = Ka(bκ a) + Y(bκ  _a) + 2(a _a); Su = %k(bκ  u) + %d(a u) + ( _a u) (4.27b)
from which we obtain
St + Su = %k(bκ u) + Ka(bκ a) + Y(bκ  _a) + 2(a _a) + %d(a u) + ( _a u): (4.27c)
We then derive
<1 = bκ  (St + Su) by (3.24c)
= bκ  [%k(bκ u) + Ka(bκ a) + Y(bκ  _a) + 2(a _a) + %d(a u) + ( _a u)] by (4.27c)
= 2[bκ  (a _a)] + %d[bκ  (a u)] + [bκ  ( _a u)]
= 2&m + %dHa + Hb by (4.10a) & (4.26a)
= Kb by (4.26b) (4.28a)
<2 = a  (St + Su) by (3.24c)
= a  [%k(bκ u) + Ka(bκ  a) + Y(bκ _a) + 2(a _a) + %d(a u) + ( _a u)] by (4.27c)
= −%k[bκ  (a  u)]− Y[bκ  (a _a)] + [a  ( _a u)] by (A.4)
= −%kHa − Y&m + Hc by (4.10a) & (4.26a)
= Kc by (4.26b) (4.28b)
<3 = _a  (St + Su) by (3.24c)
= _a  [%k(bκ u) + Ka(bκ  a) + Y(bκ _a) + 2(a _a) + %d(a u) + ( _a u)] by (4.27c)
= −%k[bκ  ( _a  u)] + Ka[bκ  (a _a)]− %d[a  ( _a u)] by (A.4)
= −%kHb + Ka&m − %dHc by (4.10a) & (4.26a)
= Kd by (4.26b) (4.28c)
<4 = a¨  (St + Su) by (3.24c)
= a¨  [%k(bκ u) + Ka(bκ  a) + Y(bκ _a) + 2(a _a) + %d(a u) + ( _a u)] by (4.27c)
= %k[a¨  (bκ u)] + Ka[bκ  (a a¨)] + Y[bκ  ( _a a¨)] + 2[a  ( _a a¨)]
+ %d[a¨  (a  u)] + [a¨  ( _a u)] by (A.4)
= %kHd + Ka&n + Y&o + 2&p + %dHe + Hf by (4.10a) & (4.26a)
= Ke by (4.26b) (4.28d)
<5 = e¨  (St + Su) by (3.24c)
= 0 by (4.15a): (4.28e)
Art 19b. Magnitude of the vector St + Su.
We also have
jStj2 = [Ka(bκ  a) + Y(bκ _a) + 2(a _a)]  [Ka(bκ a) + Y(bκ _a) + 2(a  _a)] by (4.27b)
= K2a[(bκ  a)  (bκ a)] + 2YKa[(bκ a)  (bκ _a)] + 22Ka[(bκ a)  (a _a)]
+ 2Y2[(bκ  _a)  (bκ _a)] + 23Y[(bκ  _a)  (a _a)] + 4[(a _a)  (a _a)]
= K2a[bκ2a2 − (bκ  a)2] + 2YKa[bκ2(a  _a)− (bκ  _a)(bκ  a)] + 22Ka[(bκ  a)(a  _a)− (bκ  _a)a2]
+ 2Y2[bκ2 _a2 − (bκ  _a)2] + 23Y[(bκ  a) _a2 − (bκ  _a)(a  _a)] + 4[a2 _a2 − (a  _a)2] by (A.2)
= a2K2a sin
2 + 2YKa(&d − aHg cos) + 22Ka(a&d cos− Hga2) + 2Y2(&g − H2g)
+ 23Y(a&g cos− Hg&d) + 4(a2&g − &2d) by (4.10a) & (4.26a)
= Kf by (4.26c) (4.29a)
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jSuj2 = [%k(bκ  u) + %d(a u) + ( _a u)]  [%k(bκ u) + %d(a u) + ( _a u)] by (4.27b)
= %2k[(bκ  u)  (bκ u)] + 2%d%k[(bκ u)  (a u)] + 2%k[(bκ u)  ( _a u)]
+ %2d[(a u)  (a  u)] + 2%d[(a u)  ( _a u)] + 2[( _a  u)  ( _a u)]
= %2k[bκ2u2 − (bκ  u)2] + 2%d%k[(bκ  a)u2 − (bκ  u)(a  u)] + 2%k[(bκ  _a)u2 − (bκ  u)( _a  u)]
+ %2d[a
2u2 − (a  u)2] + 2%d[(a  _a)u2 − (a  u)( _a  u)] + 2[ _a2u2 − ( _a  u)2] by (A.2)
= u2%2k sin
2 + 2%d%k(u2a cos− u2a cos cos ) + 2%k(u2Hg − uHh cos)
+ a2u2%2d sin
2  + 2%d(&du2 − auHh cos ) + 2(u2&g − H2h) by (4.10a) & (4.26a)
= 2(u2&g − H2h) + u2[%2k sin2 + a2%2d sin2  + 2a%d%k(cos− cos cos )]
+ 2u[%k(uHg − Hh cos) + %d(u&d − aHh cos )]
= Kg by (4.26c) (4.29b)
St  Su = [Ka(bκ a) + Y(bκ  _a) + 2(a _a)]  [%k(bκ u) + %d(a u) + ( _a u)] by (4.27b)
= Ka%k[(bκ u)  (bκ a)] + Y%k[(bκ u)  (bκ _a)] + 2%k[(bκ u)  (a _a)]
+ Ka%d[(a  u)  (bκ a)] + Y%d[(a  u)  (bκ _a)] + 2%d[(a u)  (a _a)]
+ Ka[( _a u)  (bκ a)] + 2Y[( _a u)  (bκ _a)] + 3[( _a  u)  (a _a)]
= Ka%k[bκ2(u  a)− (bκ  a)(bκ  u)] + Y%k[bκ2(u  _a)− (bκ  _a)(bκ  u)]
+ 2%k[(bκ  a)(u  _a)− (bκ  _a)(a  u)] + Ka%d[(a  bκ)(u  a)− a2(bκ  u)]
+ Y%d[(a  bκ)(u  _a)− (a  _a)(u  bκ)] + 2%d[a2(u  _a)− (a  _a)(a  u)]
+ Ka[( _a  bκ)(u  a)− ( _a  a)(bκ  u)] + 2Y[( _a  bκ)(u  _a)− _a2(bκ  u)]
+ 3[( _a  a)(u  _a)− _a2(a  u)] by (A.2)
= uaKa%k(cos  − cos cos) + Y%k(Hh − uHg cos) + a2%k(Hh cos− uHg cos )
+ ua2Ka%d(cos cos  − cos) + Y%d(aHh cos− u&d cos) + a2%d(aHh − u&d cos )
+ uKa(aHg cos  − &d cos) + 2Y(HgHh − u&g cos)
+ 3(&dHh − ua&g cos ) by (4.10a) & (4.26a)
= uKa[(aHg cos  − &d cos) + a%k(cos  − cos cos) + a2%d(cos cos  − cos)]
+ Y[%k(Hh − uHg cos) + %d(aHh cos− u&d cos)]
+ a2[%k(Hh cos− uHg cos ) + %d(aHh − u&d cos )]
+ 2[Y(HgHh − u&g cos) + (&dHh − ua&g cos )]
= Kh by (4.26d) (4.29c)
jSt + Suj2 = jStj2 + 2(St  Su) + jSuj2
= Kf + 2Kh + Kg by (4.29) (4.30a)
Y¨<1 + ¨<2 + b2<3 + <4 + <5
= Y¨Kb + ¨Kc + b2Kd + Ke by (4.28)
= %lKb + %iKc + Kd(1 + 2%d) + Ke by (4.14b); (4.17b) & (4.18b): (4.30b)
Art 19c. Results of the computations.
Substituting (4.27c), (4.30) and (1.3a) into (3.26), we obtain the equations describing the apparent
geometry of the rays as
K =
(Kf + 2Kh + Kg)1/2
c3R3 ; T =
%lKb + %iKc + Kd(1 + 2%d) + Ke
Kf + 2Kh + Kg
; `t =
Ybκ + a− u
cR
`b =
%k(bκ u) + Ka(bκ  a) + %d(a  u) + [( _a  u) + Y(bκ  _a) + (a _a)]
(Kf + 2Kh + Kg)1/2
(4.31)
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where R is given by (4.2b), Y is given by (4.2d), and all other quantities are given by (4.26) or
(4.10).
5 Rotational obliquation
Art 20. Apparent direction to a light source.
To evaluate (3.6) for a rotating observer, it is convenient to introduce the quantities
"a = Ω  bκ; "b = Ω  r; "c = Ω  bp; "d = bκ  r; "e = bκ  bp; "f = r  bp
"g = Ω ; "h = r ; "i = bp ; "j = bκ  (bpΩ) 6= 0; "k = bκ  (Ω r)
"l = bp  (Ω r); "m = Ω  ( r); "n = bκ  ( r); "o = bp  ( r) (5.1a)
’a = (Ω2r2 − "2b)1/2 6= 0; ’b = (Ω2’2a + 2"b"m + 2r2 − "2h)1/2; ’c = r2"g − "b"h
’d = "a"b − Ω2"d + "n; ’e = "c"a − Ω2"e; ’f = "e"g − "i"a; ’g = ’f − 4(’2e="j)
’h = (2’d − cd)=[2"j(’g + "j!2o)]; ’i = ’h("i"j + 8’e"c); ’j = ’h(4’eΩ2 + "j"g)
’k = 2(’d − "j’g’h); ’l =
1 + [’g=("j!2o)]1/2 6= 0; ’m = ’g’h"j + ’i"a − ’j"e
(5.1b)
’n = ’g’h("c"b − Ω2"f )− ’j"l; ’o = ’g’h"j + ’i"a − ’j"e




2 − "2c) + ’2iΩ2 − 2’i’j"c + ’2j ]1/2
(5.1c)
’r = [’n + 2(’c − ’k"k)]=’2a; ’s = [’k(2’c − ’k"k)− 2cd(’n − ’k"k)]=’2a
’t = "k=’a; ’u = ’d=’b; ’v = ’c=(’a’b):
(5.1d)
Art 20a. Development of equation (1.4).
With the above quantities in view, we derive
u2 = (Ω r)  (Ω r) by (1.4c)
= Ω2r2 − (Ω  r)2 by (A.2)
= Ω2r2 − "2b by (5.1a)
∴ u = ’a by (5.1b) (5.2a)
a2 = (Ω u +  r)  (Ω u +  r) by (1.4a)
= (Ω u)  (Ω u) + 2(Ω u)  ( r) + ( r)  ( r)
= [Ω2u2 − (Ω  u)2] + 2[(Ω )(u  r)− (Ω  r)(  u)] + [2r2 − (  r)2] by (A.2)
= Ω2u2 + 2(Ω  r)[Ω  ( r)] + [2r2 − (  r)2] by (1.4c) & (A.4)
= Ω2’2a + 2"b"m + 
2r2 − "2h by (5.1a) & (5.2a)
∴ a = ’b by (5.1b) (5.2b)
u  a = u  (Ω u +  r) by (1.4a)
= (Ω r)  ( r) by (1.4c)
= r2(Ω )− (Ω  r)(  r) by (A.2)
= r2"g − "b"h by (5.1a)
= ’c by (5.1b) (5.3a)
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κ  a = κ  (Ω u +  r) by (1.4a)
= κ  [Ω (Ω r)] + κ  ( r) by (1.4c)
= κ  [Ω(Ω  r)− Ω2r] + κ  ( r) by (A.1)
= (κ Ω)(Ω  r)− Ω2(κ  r) + κ  ( r)
= ("a"b − Ω2"d + "n) by (5.1a)
= ’d by (5.1b) (5.3b)
 = κ  a by (1.2b)
= ’d by (5.3b) (5.4a)
 =   (bpΩ) by (1.4c)
= "j by (5.1a) (5.4b)
 = 2(Ω  bp)(Ω  κ)− Ω2(κ  bp) by (1.4c)
= 2("c"a − Ω2"e) by (5.1a)
= 2’e by (5.1b) (5.4c)
 = (κ  bp)(Ω )− (  bp)(Ω  κ) by (1.4c)
= ("e"g − "i"a) by (5.1a)
= ’f by (5.1b) (5.4d)
s0 =  − (2=) by (1.4d)
= ’f − [(2’e)2=("j)] by (5.4)
= [’f − 4(’2e="j)]
= ’g by (5.1b) (5.5a)
s1 = (2− d!o)=[2(s0 + !2o)] by (1.4d)
= (2’d − d!o)=[2("j)(’g + "j!2o)] by (5.4) & (5.5a)
= (2’d − cd)=[2"j(’g + "j!2o)]
= ’h= by (5.1b) (5.5b)
s2 = s0s1 by (1.4d)
= ’g’h by (5.5a) & (5.5b) (5.5c)
s3 = [(  bp) + 4(Ω  bp)]s1 by (1.4d)
= ["j"i + 8’e"c](’h=) by (5.4); (5.1a) & (5.5b)
= ’h("i"j + 8’e"c)
= ’i by (5.1b) (5.5d)
s4 = [2Ω2 + (Ω )]s1 by (1.4d)
= [2(2’e)Ω2 + "j"g](’h=) by (5.4); (5.1a) & (5.5b)
= ’h(4’eΩ2 + "j"g)
= ’j by (5.1b) (5.5e)
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 = 2(− s2)= by (1.4b)
= 2(’d − "j’g’h)= by (5.4) & (5.5c)
= 2(’d − "j’g’h)
= ’k by (5.1b) (5.6a)
γ2 =
1 + [s0=(!2o)] by (1.4a)
=
1 + [(’g)=("j!2o)] by (5.5a) & (5.4b)
=
1 + [’g=("j!2o)]
∴ γ = ’l by (5.1b): (5.6b)
Art 20b. Development of equation (3.2).
The various quantities dened by (3.2) become
B = c  e by (3.2a)
= cbκ  [s2(bpΩ) + s3Ω− s4bp] by (1.1) & (1.4b)
= cs2[bκ  (bpΩ)] + cs3(bκ Ω)− cs4(bκ  bp)
= c(’g’h"j + ’i"a − ’j"e) by (5.1a) & (5.5)
= c’m by (5.1b) (5.7a)
D = u  e by (3.2a)
= u  [s2(bpΩ) + s3Ω− s4bp] by (1.4b)
= s2(Ω r)  (bpΩ) + s3(Ω r) Ω− s4(Ω r)  bp by (1.4c)
= s2[(bp Ω)(Ω  r)− Ω2(bp  r)]− s4[bp  (Ω r)] by (A.2)
= ’g’h("c"b − Ω2"f )− ’j"l by (5.1a) & (5.5)
= ’n by (5.1c) (5.7b)
A = a  e by (3.2a)
= a  [s2(bpΩ) + s3Ω− s4bp] by (1.4b)
= s2[(bpΩ)  (Ω u +  r)] + s3[Ω  (Ω u +  r)]− s4[bp  (Ω u +  r)]
by (1.4a)
= s2[(bpΩ)  (Ω u) + (bpΩ)  ( r)] + s3[Ω  ( r)]
− s4[(bpΩ)  (Ω r) + bp  ( r)] by (A.4) & (1.4c)
= s2[(bp Ω)(Ω  u)− (bp  u)Ω2 + (bp )(Ω  r)− (bp  r)( Ω)] + s3[Ω  ( r)]
− s4[(bp Ω)(Ω  r)− (bp  r)Ω2 + bp  ( r)] by (A.2)
= ’g’h(−"lΩ2 + "i"b − "f"g) + ’i"m − ’j("c"b − "fΩ2 + "o) by (1.4c); (5.1a) & (5.5)
= ’p by (5.1c) (5.7c)
H = κ  e by (3.2a)
= κ  [s2(bpΩ) + s3Ω− s4bp] by (1.4b)
= s2[κ  (bpΩ)] + s3(κ Ω)− s4(κ  bp)
= (’g’h"j + ’i"a − ’j"e) by (5.1a) & (5.5)
= ’o by (5.1c) (5.7d)
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E = e  e by (3.2a)
= [s2(bpΩ) + s3Ω− s4bp]  [s2(bpΩ) + s3Ω− s4bp] by (1.4b)
= s22[(bpΩ)  (bpΩ)] + 2s2s3[Ω  (bpΩ)]− 2s2s4[bp  (bpΩ)]
+ s23(Ω Ω)− 2s3s4(bp Ω) + s24(bp  bp)
= s22[Ω




2 − "2c) + ’2iΩ2 − 2’i’j"c + ’2j by (5.1a) & (5.5)
= ’2q by (5.1c): (5.7e)
Using (5.7) in (3.2), we have
L0 = D − u cos by (3.2b)
= ’n − ’k(bκ  u) by (5.7b) & (5.6a)
= ’n − ’k"k by (1.4c) & (5.1a) (5.8a)
L1 = a cos  −  cos by (3.2b) (5.8b)
L2 = L1 + a cos  by (3.2b)
= 2a cos  −  cos by (5.8b) (5.8c)
N1 = 2du2(B − !o) by (3.2c)
= 2cdu2(’m − ) by (5.7a) & (1.2b)
= 2cdu2(’m − ’k) by (5.6a) (5.9a)
N2 = 2ducL0 cos by (3.2c)
= 2duc(’n − ’k"k) cos by (5.8a)
= 2dc(bκ  u)(’n − ’k"k)
= 2cd"k(’n − ’k"k) by (1.4c) & (5.1a) (5.9b)
N3 = u2[E + 2(A− H)] by (3.2c)
= u2(’2q + 2’p − 2’o) by (5.7)
= u2(’2q + 2’p − 2’k’o) by (5.6a) (5.9c)
N4 = u2( − 2a cos) by (3.2d)
= u2’k[’k − 2(bκ  a)] by (5.6a)
= u2’k(’k − 2’d) by (5.3b) (5.9d)
N5 = u2L2 cos by (3.2d)
= u2’k(2a cos  − ’k cos) cos by (5.8c) & (5.6a)
= ’k(bκ  u)[2(u  a)− ’k(bκ  u)]
= ’k"k(2’c − ’k"k) by (1.4c); (5.1a) & (5.3a) (5.9e)
N6 = D(D + 2uL1) by (3.2d)
= ’n[’n + 2u(a cos  −  cos)] by (5.7b) & (5.8b)
= ’n[’n + 2(u  a)− 2’k(bκ  u)] by (5.6a)
= ’n(’n + 2’c − 2’k"k) by (1.4c); (5.1a) & (5.3a) (5.9f)
Classical Aberration And Obliquation Page 40
N1 +N3 +N4 − 2u2(D + uL1)
= 2cdu2(’m − ’k) + u2(’2q + 2’p − 2’k’o) + u2’k(’k − 2’d)
− 2u2[’n + u(a cos  −  cos)] by (5.9); (5.7b) & (5.8b)
= u2[’2q + 2’p − 2’k’o + ’k(’k − 2’d) + 2cd(’m − ’k)
− 2’n − 2(u  a) + 2’k(bκ  u)] by (5.6a)
= u2[’2q + 2’p − 2’k’o + ’k(’k − 2’d) + 2cd(’m − ’k)
− 2’n − 2’c + 2’k"k] by (5.3a); (1.4c) & (5.1a)
= u2(’2q + ’
2
k)− 2u2[’n − (’p − ’c − ’k’d) + ’k(’o − "k)− cd(’m − ’k)] (5.10a)
N1 −N2 +N3 +N4 +N5 −N6
= 2cdu2(’m − ’k)− 2cd"k(’n − ’k"k) + u2(’2q + 2’p − 2’k’o)
+ u2’k(’k − 2’d) + ’k"k(2’c − ’k"k)− ’n(’n + 2’c − 2’k"k) by (5.9)
= u2(’2q + ’
2
k)− 2u2[’k’o − (’p − ’k’d)− cd(’m − ’k)]
+ "k[’k(2’c − ’k"k)− 2cd(’n − ’k"k)]− ’n[’n + 2(’c − ’k"k)]
= u2(’2q + ’
2
k)− 2u2[’k’o − (’p − ’k’d)− cd(’m − ’k)] + u2("k’s − ’n’r)
by (5.1d) & (5.2a):
(5.10b)
Using (5.1d) and the denition of the angles shown in Figure 1, we have
cos = (bκ  u)=u = "k=’a = ’t; cos = (bκ  a)=a = ’d=’b = ’u
cos  = (u  a)=(ua) = ’c=(’a’b) = ’v:
(5.11)
Art 20c. Results of the computations.
Substituting (5.2a), (5.8a), (5.10) and (5.11) into (3.3) yields
Lc = (’n − ’k"k)=’a
Pc2 = ’2q + ’2k − 2[’n − (’p − ’c − ’k’d) + ’k(’o − "k)− cd(’m − ’k)]
N c2 = ’2q + ’2k + "k’s − ’n’r − 2[’k’o − (’p − ’k’d)− cd(’m − ’k)]
(5.12a)
G = L −  + d’t + ’v
R2 = P + d2 + 2 + 22 + 2d(’u − ’t)
F2 = N + d2(1− ’2t ) + 22(1− ’2v) + 2d(’u − ’t’v)
(5.12b)
while from (5.12b) and (3.6), we get
tan =
[N + d2(1− ’2t ) + 22(1 − ’2v) + 2d(’u − ’t’v)]1/2
L −  + d’t + ’v (5.12c)














# = =(γ!o)2;  = ’d; γ = ’l;  = ’a=c;  = ’b=c; Y = cd− ’k:
(5.12d)
Equations (5.1) and (5.12) give a complete prescription for calculating  for a rotating observer.
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Art 21. Apparent drift of a light source.
To evaluate (3.13) for a rotating observer, let us introduce the following quantities in addition to
those given by (5.1) and (5.12),
a = bκ ; b = bκ  (bp); c = −Y"d + ’2a − ’g’h"l − ’i"b + ’j"f
d = Y"a + "m + ’iΩ2 − ’j"c; e = ’j"j + Ω2("d − "k + ’g’h"e) + ("ba − "d"g)
f = e − "a("b + ’g’h"c); g = (1 + #2)1/2; h = (dγ−2!−1o − #2g)=(4d2!2o3g)
i = (+ 2’dh)=[2"j(’g + "j!2o)]; j = "j"i + 8’e"c; k = 4’eΩ
2 + "j"g
(5.13a)
l = i(’g"j + j"a − k"e); m = i(k"c − jΩ2); n = i("a"b − Ω2"d)
o = l + 2; p = nj + "b; q = (Ω2 − "g); r = ifj − ("b + ’g’h"c)
s = ’g’hΩ2 − ifk; t = if’g + ’j ; u = 2[’dh − "j’gi + (=)]
(5.13b)
}a = ("bc + r2d)=(c2F); }b = (Ω2c + "bd)=(c2F); }c = G(}a"a − }b"d)−F"k
}d = G(}a"m + }b’2a)−F’c; }e = F(o"b + m"d); }f = F(oΩ2 + "am):
(5.13c)
Art 21a. Development of equation (3.8b).
We derive, with a view to the above quantities,
Ω υ = Ω (Ybκ + a− u + e) by (3.14c)
= Y(Ω bκ) + Ω (Ω u +  r)−Ω (Ω r)
+ Ω [s2(bpΩ) + s3Ω− s4bp] by (1.4)
= Y(Ω bκ) + Ω (Ω u) + Ω ( r)−Ω (Ω r)
+ ’g’hΩ (bpΩ) + ’i(ΩΩ)− ’j(Ω bp) by (5.5)
= Y(Ω bκ) + [(Ω  u)Ω− Ω2u] + [(Ω  r)− (Ω )r]− [(Ω  r)Ω− Ω2r]
+ ’g’h[Ω2bp− (Ω  bp)Ω]− ’j(Ω bp) by (A.1)
= Y(Ω bκ)− Ω2(Ω r) + ("b− "gr)− "bΩ + Ω2r
+ ’g’h(Ω2bp− "cΩ)− ’j(Ω bp) by (1.4c) & (5.1a)
= Y(Ω bκ)− Ω2(Ω r) + ’j(bpΩ) + "b + ’g’hΩ2bp
+ (Ω2 − "g)r− ("b + ’g’h"c)Ω
(5.14a)
u υ = u (Ybκ + a− u + e) by (3.14c)
= Y(u  bκ) + u (Ω u +  r)
+ u [’g’h(bpΩ) + ’iΩ− ’jbp] by (1.4) & (5.5)
= −Y[bκ (Ω r)] + [u (Ω u)] + [u ( r)]
+ ’g’h[u (bpΩ)]− ’i[Ω (Ω r)] + ’j [bp (Ω r)] by (1.4c)
= −Y[(bκ  r)Ω− (bκ Ω)r] + [u2Ω− (Ω  u)u] + [(r  u)− (  u)r]
+ ’g’h[(Ω  u)bp− (bp  u)Ω]− ’i[(r Ω)Ω− Ω2r] + ’j [(bp  r)Ω− (Ω  bp)r] by (A.1)
= −Y[(bκ  r)Ω− (bκ Ω)r] + u2Ω + [Ω  ( r)]r− ’g’h[bp  (Ω r)]Ω
− ’i[(r Ω)Ω− Ω2r] + ’j [(bp  r)Ω− (Ω  bp)r] by (1.4c) & (A.4)
= (−Y"d + u2 − ’g’h"l − ’i"b + ’j"f)Ω + (Y"a + "m + ’iΩ2 − ’j"c)r by (5.1a)
= cΩ + dr by (5.13a) & (5.2a) (5.14b)
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υ  (κΩ) = κ  (Ω υ) by (A.4)
= κ  [Y(Ω bκ)− Ω2(Ω r) + ’j(bpΩ) + "b + ’g’hΩ2bp
+ (Ω2 − "g)r− ("b + ’g’h"c)Ω] by (5.14a)
= [−Ω2"k + ’j"j + "ba + ’g’hΩ2"e + "d(Ω2 − "g)− "a("b + ’g’h"c)]
by (5.1a) & (5.13a)
= [’j"j + Ω2("d − "k + ’g’h"e) + ("ba − "d"g)− "a("b + ’g’h"c)]
= f by (5.13a) (5.14c)
g1 = (κ  ru)a by (3.8b)
= (κ  ru) (Ω u +  r) by (1.4a)
= (κ  ru) (Ω u)
= Ω [(κ  ru)u]− u [(κ  ru)Ω] by (A.23)
= Ω κ by (A.21) (5.15a)
g2 = ru  a by (3.8b)
= ru  (Ω u +  r) by (1.4a)
= ru  (Ω u)
= Ω(ru  u)− (Ω  ru)u + (u  ru)Ω− u(ru Ω) by (A.13)
= Ω(ru  u)− (Ω  ru)u
= 2Ω by (A.6) & (A.21) (5.15b)
g3 = (u  ru)a by (3.8b)
= (u  ru) (Ω u +  r) by (1.4a)
= (u  ru) (Ω u)
= Ω [(u  ru)u]− u [(u  ru)Ω] by (A.23)
= Ω u by (A.21) (5.15c)
∼ g4 = (υ  ru)a = Ω υ (5.15d)




= 0 by (1.4c) & (1.4d) (5.15e)
g6 = g1 + κ g2 by (3.8b)
= Ω κ + 2κΩ by (5.15a) & (5.15b)
= κΩ (5.15f)
g7 = 2g6 − 3g5 by (3.8b)
= 2(κΩ) by (5.15f) & (5.15e) (5.15g)
g8 = 1g6 − 6g5 by (3.8b)
= 1(κΩ) by (5.15f) & (5.15e) (5.15h)
g9 = 7g6 − 8g5 by (3.8b)
= 7(κΩ) by (5.15f) & (5.15e) (5.15i)






































= h by (5.13a): (5.16)
Art 21b. Development of equation (3.8c).
The foregoing expressions lead to








2(s0 + !2o)ru(2− d!o)− (2− d!o)ru[2(s0 + !2o)]
[2(s0 + !2o)]2
by (A.15) & (A.16)
= [ru(2− d!o)]=[2(s0 + !2o)] by (1.4d) & (1.4c)
= [2ru+ 2ru− !orud]=[2(s0 + !2o)] by (A.16)
= [2g6 + 2g9 − !og8]=[2(s0 + !2o)] by (3.9)
= [(2+ 27 − !o1)(κΩ)]=[2(s0 + !2o)] by (5.15)
= [(+ 2’dh)(κ Ω)]=[2"j(’g + "j!2o)] by (3.8a); (5.16); (5.4) & (5.5a)
= [(+ 2’dh)(bκ Ω)]=[2"j(’g + "j!2o)]
= i(bκΩ) by (5.13a) (5.17b)
rus2 = ru(s0s1) by (1.4d)
= s0rus1 by (5.17a)
= ’gi(bκ Ω) by (5.5a) & (5.17b) (5.17c)
rus3 = ru[s1(  bp) + 4s1(Ω  bp)] by (1.4d)
= [(  bp) + 4(Ω  bp)]rus1 by (1.4c)
= i("j"i + 8’e"c)(bκΩ) by (5.1a); (5.4) & (5.17b)
= ji(bκΩ) by (5.13a) (5.17d)
rus4 = ru[2s1Ω2 + s1(Ω )] by (1.4d)
= [2Ω2 + (Ω )]rus1 by (1.4c)
= i(4’eΩ2 + "j"g)(bκΩ) by (5.1a); (5.4) & (5.17b)
= ki(bκΩ) by (5.13a) (5.17e)
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in consequence of which we have
1 = ru  e by (3.8c)
= ru  [s2(bpΩ) + s3Ω− s4bp] by (1.4b)
= s2(ru  (bpΩ))− (bpΩ) (rus2) + s3(ru Ω)−Ω (rus3)
− s4(ru  bp) + bp (rus4) by (A.12)
= −(bpΩ) (rus2)−Ω (rus3) + bp (rus4)
= −’gi(bpΩ) (bκ Ω)− jiΩ (bκΩ) + kibp (bκΩ) by (5.17)
= −’gi[bκfΩ  (bpΩ)g −Ωfbκ  (bpΩ)g]− ji[bκΩ2 −Ω(bκ Ω)]
+ ki[bκ(Ω  bp)−Ω(bκ  bp)] by (A.1)
= ’gi"jΩ− ji(Ω2bκ− "aΩ) + ki("cbκ− "eΩ) by (5.1a)
= i(’g"j + j"a − k"e)Ω + i(k"c − jΩ2)bκ
= lΩ + mbκ by (5.13b) (5.18a)
2 = (u  ru) e by (3.8c)
= (u  ru) [s2(bpΩ) + s3Ω− s4bp] by (1.4b)
= (bpΩ)(u  rus2) + s2(u  ru) (bpΩ) + Ω(u  rus3) + s3(u  ru)Ω− bp(u  rus4)
− s4(u  ru) bp by (A.22)
= (bpΩ)(u  rus2) + Ω(u  rus3)− bp(u  rus4)
= ’gi(bpΩ)[u  (bκ Ω)] + jiΩ[u  (bκΩ)]− kibp[u  (bκΩ)] by (5.17)
= i[’g(bpΩ) + jΩ− kbp][(Ω r)  (bκ Ω)] by (1.4c)
= i[’g(bpΩ) + jΩ− kbp][(Ω  bκ)(r Ω)− Ω2(bκ  r)] by (A.2)
= i("a"b − Ω2"d)[’g(bpΩ) + jΩ− kbp] by (5.1a)
= n[jΩ− kbp + ’g(bpΩ)] by (5.13b) (5.18b)
3 = (υ  ru) e by (3.8c)
= (υ  ru) [s2(bpΩ) + s3Ω− s4bp] by (1.4b)
= (bpΩ)(υ  rus2) + s2(υ  ru) (bpΩ) + Ω(υ  rus3) + s3(υ  ru)Ω
− bp(υ  rus4)− s4(υ  ru) bp by (A.22)
= (bpΩ)(υ  rus2) + Ω(υ  rus3)− bp(υ  rus4)
= i[’g(bpΩ) + jΩ− kbp][υ  (bκΩ)] by (5.17)
= if [jΩ− kbp + ’g(bpΩ)] by (5.14c) (5.18c)
4 = 1 + g2 by (3.8c)
= lΩ + mbκ + 2Ω by (5.18a) & (5.15b)
= (2+ l)Ω + mbκ
= oΩ + mbκ by (5.13b) (5.18d)
5 = 2 + g3 by (3.8c)
= n[jΩ− kbp + ’g(bpΩ)] + Ω (Ω r) by (5.18b); (5.15c) & (1.4c)
= n[jΩ− kbp + ’g(bpΩ)] + [Ω(Ω  r)− Ω2r] by (A.1)
= n[jΩ− kbp + ’g(bpΩ)] + ("bΩ− Ω2r) by (5.1a)
= −Ω2r + (nj + "b)Ω− nkbp + n’g(bpΩ)
= −Ω2r + pΩ− nkbp + n’g(bpΩ) by (5.13b) (5.18e)
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6 = 3 + g4 by (3.8c)
= ifjΩ− ifkbp + if’g(bpΩ) + (Ω υ) by (5.18c) & (5.15d)
= ifjΩ− ifkbp + if’g(bpΩ) + [Y(Ω bκ)− Ω2(Ω r) + ’j(bpΩ)
+ "b + ’g’hΩ2bp + (Ω2 − "g)r− ("b + ’g’h"c)Ω] by (5.14a)
= 2"b + (Ω2 − "g)r + [ifj − ("b + ’g’h"c)]Ω + (’g’hΩ2 − ifk)bp
+ (if’g + ’j)(bpΩ) + Y(Ω bκ)− 2Ω2(Ω r)
= 2"b + qr + rΩ + sbp + t(bpΩ) + Y(Ω bκ)− 2Ω2(Ω r) by (5.13b) (5.18f)
7 = ru by (3.8c)
= ru[2−2(− s2)] by (1.4b)
= 2−2[ru+ ru− rus2] by (A.16) & (1.4c)
= 2−2[g6 + ’dg9 − 2"j’gi(bκ Ω)] by (3.9); (5.4) & (5.17c)
= 2−2(+ 2’dh − 2"j’gi)(bκΩ) by (5.15f); (5.15i) & (5.16)
= u(bκΩ) by (5.13b) (5.18g)
8 = (u υ)=ju υj by (3.8c)
= (c2F)−1(u υ) by (3.5c)
= (c2F)−1(cΩ + dr) by (5.14b) (5.18h)
9 = 8  u by (3.8c)
= (c2F)−1(cΩ + dr) (Ω r) by (5.18h) & (1.4c)
= (c2F)−1[c(Ω  r)Ω− cΩ2r + dr2Ω− d(Ω  r)r] by (A.1)
= (c2F)−1[(c"b + r2d)Ω− (Ω2c + d"b)r] by (5.1a)
= }aΩ− }br by (5.13c) (5.18i)
0 = G9 −Fu by (3.8c)
= G(}aΩ− }br)−Fu by (5.18i): (5.18j)
Furthermore, we derive
bκ  0 = bκ  [G(}aΩ− }br)−Fu] by (5.18j)
= G}a(bκ Ω)− G}b(bκ  r)−F(bκ  u)
= G(}a"a − }b"d)−F"k by (5.1a) & (1.4c)
= }c by (5.13c) (5.19a)
c  0 = c(bκ  0) = c}c; κ  0 = (bκ  0) = }c by (5.19a) (5.19b)
a  0 = (Ω u +  r)  (G}aΩ− G}br−Fu) by (1.4a) & (5.18j)
= G}a[Ω  (Ω u) + Ω  ( r)]− G}b[r  (Ω u) + r  ( r)]
−F [u  (Ω u) + u  ( r)]
= G}aΩ  ( r)− G}br  [Ω (Ω r)]−F [(Ω r)  ( r)] by (1.4c)
= G}aΩ  ( r)− G}br  [(Ω  r)Ω− Ω2r]−F [(Ω )r2 − (Ω  r)(  r)] by (A.1) & (A.2)
= G[}a"m + }b(Ω2r2 − "2b)]−F(r2"g − "b"h) by (5.1a)
= G(}a"m + }b’2a)−F’c by (5.1b)
= }d by (5.13c) (5.19c)
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0  4 = (G}aΩ− G}br−Fu) (oΩ + mbκ) by (5.18j) & (5.18d)
= G}ao(ΩΩ) + G}am(Ω bκ)− G}bo(rΩ)− G}bm(r bκ)
− Fo(uΩ)−Fm(u bκ)
= −G}am(bκΩ)− G}bo(rΩ) + G}bm(bκ r)
+ Fo[Ω (Ω r)] + Fm[bκ (Ω r)] by (1.4c)
= −G}am(bκΩ)− G}bo(rΩ) + G}bm(bκ  r)
+ Fo[(Ω  r)Ω− Ω2r] + Fm[(bκ  r)Ω− (bκ Ω)r] by (A.1)
= −G}am(bκΩ)− G}bo(rΩ) + G}bm(bκ  r)
+ F(o"b + m"d)Ω−F(oΩ2 + "am)r by (5.1a)
= }eΩ− }fr− G}am(bκΩ)− G}bo(rΩ) + G}bm(bκ  r) by (5.13c) (5.20)
X1u−X2υ + X36 −X45 + (c  0)g8 − (κ  0)7 + (a  0)g9 + 0  4
= X1u−X2υ + X36 −X45 + c}cg8 − }c7 + }dg9 + 0  4 by (5.19)
= X1(Ω r)−X2(Ybκ + a− u + e) + X3[2"b + qr + rΩ + sbp + t(bpΩ)
+ Y(Ω bκ)− 2Ω2(Ω r)]−X4[−Ω2r + pΩ− nkbp + n’g(bpΩ)]
+ c}c[1(κΩ)]− }c[u(bκ Ω)] + }d[7(κΩ)] + }eΩ− }fr− G}am(bκΩ)
− G}bo(rΩ) + G}bm(bκ r) by (1.4c); (3.14c); (5.18); (5.15) & (5.20)
= −YX2bκ + 2"bX3 + (sX3 + nkX4)bp + (qX3 + Ω2X4 − }f )r + (rX3 − pX4 + }e)Ω
+ (c}c1 − }cu + }d7− G}am − YX3)(bκ Ω) + G}bm(bκ r)
+ (tX3 − n’gX4)(bpΩ) + (X1 − 2Ω2X3 + G}bo)(Ω r)
−X2[(Ω u +  r)− (Ω r) + ’g’h(bpΩ) + ’iΩ− ’jbp] by (1.4) & (5.5)
= −YX2bκ + 2"bX3 + (sX3 + nkX4 + ’jX2)bp + (qX3 + Ω2X4 − }f )r
+ (rX3 − pX4 + }e − ’iX2)Ω + (c}c1 − }cu + }d7− G}am − YX3)(bκΩ)
+ G}bm(bκ r)− X2( r) + (tX3 − n’gX4 − ’g’hX2)(bpΩ)
+ (X1 − 2Ω2X3 + G}bo + X2)(Ω r)− X2[(Ω  r)Ω− Ω2r] by (1.4c) & (A.1)
= −YX2bκ + 2"bX3 + (’jX2 + sX3 + nkX4)bp + [Ω2(X2 + X4) + qX3 − }f ]r
+ [}e − (’i + "b)X2 + rX3 − pX4]Ω + [(− u)}c + }dh − G}am − YX3](bκΩ)
+ G}bm(bκ r)− X2( r) + [tX3 − (’hX2 + nX4)’g ](bpΩ)
+ (G}bo + X1 + X2 − 2Ω2X3)(Ω r) by (5.1a); (5.16) & (3.8a):
(5.21)
Art 21c. Results of the computations.





{0bκ + {1 + {2bp + {3r + {4Ω + {5(bκΩ) + {6(bκ r)
− {7( r) + {8(bpΩ) + {9(Ω r) (5.22a)
where, with X1;X2;X3;X4 dened by (3.13b) wherein R;F ;G;  are given by (5.12b) and (5.12d),
{0 = −YX2; {1 = 2"bX3; {2 = ’jX2 + sX3 + nkX4
{3 = Ω2(X2 + X4) + qX3 − }f ; {4 = }e − (’i + "b)X2 + rX3 − pX4
{5 = (− u)}c + }dh − G}am − YX3; {6 = G}bm; {7 = X2
{8 = tX3 − (’hX2 + nX4)’g ; {9 = G}bo + X1 + X2 − 2Ω2X3:
(5.22b)
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Also, from (3.7c), we obtain
 = (X  a)=a = 1
c2R2’b





{0bκ + {1 + {2bp + {3r + {4Ω + {5(bκ Ω)





{0"b(Ω  bκ) + {1"b(Ω ) + {2"b(Ω  bp) + {3"b(Ω  r) + {4"bΩ2
+ {6"b[Ω  (bκ r)]− {7"b[Ω  ( r)]− {0Ω2(r  bκ)− {1Ω2(r )− {2Ω2(r  bp)− {3Ω2r2
− {4Ω2(r Ω)− {5Ω2[r  (bκΩ)]− {8Ω2[r  (bpΩ)] + {0[bκ  ( r)] + {2[bp  ( r)]
+ {4[Ω  ( r)] + {5[( r)  (bκΩ)] + {6[( r)  (bκ r)]− {7[( r)  ( r)]





{0"b"a + {1"b"g + {2"b"c + {3"2b + {4"bΩ
2 − {6"b"k − {7"b"m − {0Ω2"d − {1Ω2"h
− {2Ω2"f − {3Ω2r2 − {4Ω2"b − {5Ω2"k − {8Ω2"l + {0"n + {2"o + {4"m
+ {5[(  bκ)(r Ω)− ( Ω)(bκ  r)] + {6[r2(  bκ)− (  r)(r  bκ)]− {7[2r2 − (  r)2]





{0"b"a + {1"b"g + {2"b"c + {3"2b + {4"bΩ
2 − {6"b"k − {7"b"m − {0Ω2"d − {1Ω2"h
− {2Ω2"f − {3Ω2r2 − {4Ω2"b − {5Ω2"k − {8Ω2"l + {0"n + {2"o + {4"m + {5(a"b − "g"d)
+ {6(r2a − "h"d)− {7(2r2 − "2h) + {8("i"b − "g"f) + {9(r2"g − "h"b)






{0("n + "b"a − Ω2"d) + {1("b"g − Ω2"h) + {2("o + "b"c − Ω2"f )
+ {3("2b − Ω2r2) + {4"m − {5(a"b − "g"d + Ω2"k)− {6("b"k − "h"d + r2a)




Equations (5.22) and (5.13) completely determine X and  (as well as the drift _ ) for a rotating
observer.
Art 22. Apparent path of a light source.
Equation (3.22) can be evaluated for a rotating observer as follows. Let us introduce the following
quantities in addition to those dened by (5.1), (5.12) and (5.13),
&a = _  bp; &b = _  bκ; &c = _ Ω; &d = _ ; &e = _  _; &f = ¨  bp
&g = ¨  bκ; &h = ¨ Ω; &i = ¨ ; &j = ¨  _; &k = ¨  ¨; &l = ...  bp
&m =
...





  r; &r =
...




da = bκ  (bp _); db = bκ  (bp ¨); dc = bκ  ( _ r); dd = bκ  (¨ r)
de = bκ  (Ω); df = bκ  (Ω _); dg = bκ  (...  r); dh = _  ( r)
di = ¨  ( r); dj = ¨  ( _ r); dk =   (Ω r); dl = _  (Ω r)
dm = ¨  (Ω r); dn = bp  ( _ r); do = bp  (Ω); dp = bp  (Ω _)
dq = bp  (Ω ¨); dr = bp  ( _); ds = bp  ( ¨); dt = bκ  (r bp)
(5.23b)
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du = bκ  ( _); dv = Ω  ( _); dw = ¨  (bκΩ); dx = ¨  (bκ)
dy = ¨  (bκ  _); dz = ¨  (Ω); pa = ¨  (Ω _); pb = ¨  (r bp)
pc = ¨  (bp _); pd = ¨  ( _); pe =   (... r); pf = bp  (...  r)
pg = Ω  (
...
  r); ph = _  (
...




%a = "i"a + "ca − "g"e; %b = &a"a + 2"ia + "c&b − "e(2 + &c); %c = "e(3&d + &h)
%d = &f"a + 3&aa + 3"i&b + "c&g − %c; %e = "e(2 + &c)− &a"a − "ia
%f = %c − &f"a − 2&aa − "i&b; %g = "e(3&e + 4&i + &m)− &l"a − 3&fa − 3&a&b − "i&g
%h = 2%a − b(’e="j); %i = %e − 4%h(’e="j); %j = %2a + ’e%b; %k = ’eda + b%h
(5.23d)








%o = %g − 8
"j

’e%d + 3%a%b − 12"j












; %r =  1
%l

%n − %m%q − ’gda
"j




































%t = 3&n − Ω2"b; %u = Ω4 − 4&c − 32; %v = 4&o − 4Ω2"h − 5"b"g
%w = 2Ω2"g − &h − 2&d; %x = dc + "ba + 2"a"h − 3"d"g − Ω2"k
%y = dd + "a%t + "d%u + "b(&b + 2de) + 3("ha − Ω2"n − "g"k)
%z = dg + "a%v + "k%u + 5"d%w + "b(&g − 5df ) + a(%t + 3&n) + "h(4&b + 5de)










































xd = −5g (xb
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xl =
2’dxi + 2%x − cxf − 2%h(b’g + "j%i + 2"jb!2o)
2"j(’g + "j!2o)
xm =
2’dxj + 4%xxi + 2%y − cxg
2"j(’g + "j!2o)











2’dxk + 2%z + 6%xxj + 6%yxi − cxh
2"j(’g + "j!2o)

















xo = ’gxl + %i’h; xp = 2%ixl + ’gxm + %n’h; xq = 3(%nxl + %ixm) + ’gxn + %o’h
xr = "j("ixl + ’h&a) + "i’h(b + 8’e) + 8"c(’exl + %a’h)
xs = "j(’h&f + "ixm) + "i(da’h + 2bxl + 16%a’h + 16’exl)
+ 2&a("jxl + b’h + 4’e’h) + 8"c(’exm + %b’h + 2%axl)
xt = "j(’h&l + "ixn) + "i(db’h + 3daxl + 3bxm + 24%b’h + 48%axl + 24’exm)
+ 3&a("jxm + da’h + 2bxl + 8%a’h + 8’exl) + &f (3"jxl + 3b’h + 8’e’h)
+ 8"c(’exn + %d’h + 3%bxl + 3%axm)
(5.23k)
xu = 4Ω2(%a’h + ’exl) + "g("jxl + b’h + 8’e’h) + "j’h(2 + &c)
xv = 4Ω2(%b’h + ’exm + 2%axl) + "g("jxm + da’h + 2bxl + 16%a’h + 16’exl)
+ 2(2 + &c)("jxl + b’h + 4’e’h) + "j’h(3&d + &h)
xw = 4Ω2(%d’h + ’exn + 3%bxl + 3%axm) + "j’h(4&i + 3&e + &m)
+ "g("jxn + db’h + 3daxl + 3bxm + 24%b’h + 48%axl + 24’exm)
+ 3(2 + &c)("jxm + da’h + 2bxl + 8%a’h + 8’exl)
+ (&h + 3&d)(3"jxl + 3b’h + 8’e’h)
(5.23l)
xx = %dxi + %x − b’g’h − "jxo
xy = xj%d + 2%xxi + %y − da’g’h − 2bxo − "jxp
xz = xk’d + 3xj%x + 3xi%y + %z − db’g’h − 3daxo − 3bxp − "jxq
(5.23m)
ya = Ω2"a − &b; yb = 2"a"b − 3Ω2"d; yc = 2"ba + 3"d"g; yd = 3Ω2a + 3"a"g − &g
ye = "axo + ’g’ha; yf = xp"a + 2xoa + ’g’h&b; yg = 2"hΩ2 − 3"g"b
yh = Ω2(&n + "m) + "b(2 − &c)− "g"h − dh; yi = "b%u + Ω2%t
yj = 3Ω2’2a − 3"2h − "b&n − %t"b − %ur2 + 2"b"m; yk = 3r2Ω2"g + 2Ω2"b"h − 5"g"2b
yl = 3Ω2"b"g − "b&h − 3Ω4"h + Ω2&o + 3"h2 + "b&d + %t"g + %u"h + 3"g"m − di
ym = Ω2"f − "b"c − "o; yn = xr"g + ’i2 − xu"i; yo = ’g’h("b"g − "hΩ2) + xo"m
yp = xu"f − xr"b − ’i"h + ’g’hym; yq = xs"g + 2xr2 + ’i&d − xv"i
(5.23n)
yr = xp"m + 2xo("b"g − Ω2"h) + ’g’h("b&c − Ω2&n + dh)
ys = xv"f − xs"b − 2xr"h − ’i&n + 2xoym; yt = 6"2h − %t"b; yu = 2%u"h + 3%t"g
yv = 9"h"g + %u"b; yw = 5Ω2’c + 4"g’2a − 2"bdl; yx = 3"2h + "b&n + %t"b + %ur2
yy = 7"g’c + Ω2"b(%t + 2dk + &n) + Ω2(r2%u + 3"2h) + 2"b(dh − 2"b) + 2r2"2g
yz = Ω4(3"m − %t) + Ω2(dm − 3dh) + Ω2"b(32 − %u − &c) + "b( _2 − 6"2g − &i)
+ "h(3&d − 2&h) + 3"g(&o − dl) + %t&c + %u&n − dj
(5.23o)
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κa = 2’i"h − xr"b; κb = xr(&c − Ω4) + ’i(&d − Ω2"g) + xu(Ω2"c − &a)
κc = xu"f − xr"b − ’i"h; κd = −2"c"h + 3"f"g − "b"i − dn + Ω2"l
κe = Ω2(2"hxo + "m’g’h)− xo(dl + 2"b"g) + ’g’h(2"b − dh − "g"h)
κf = Ω2("lxo − "f xu + "bxr + "h’i) + xo(3"f"g − 2"c"h − "b"i − dn)
κg = 4xr"h − xs"b; κh = Ω2"l − 2"h"c + 3"g"f − "b"i − dn
κi = 2xo("b2 − "g"h − dh) + ’g’h(−Ω2dl + 2"h&c − 3"g&n + "b&d)
+ 2Ω2(xp"h + xo"m)− xp(2"g"b + dl)
κj = Ω2(xs"b + 2xr"h + ’i&n − xv"f + xp"l) + xp(3"g"f − 2"h"c − "b"i − dn)
κk = ’g’h(3"g"f − 2"h"c − "b"i − dn + Ω2"l)− xs"b − 2xr"h − ’i&n + xv"f
κl = xs(&c − Ω4) + 2xr(&d − Ω2"g) + ’i( _2 − Ω2&c) + xv(Ω2"c − &a)
(5.23p)
κm = 3"hxr − %t’i; κn = xr"b + ’i"h − xu"f + xo"l + ’g’h"o
κo = −xo(3"h"g + "b&c + %tΩ2 + %u"b) + ’g’h(−3"h2 − "b&d − %t"g − %u"h)
κp = 3Ω2(2xr"g + ’i2 − xu"i + xodo) + ’i(3"2g − &i) + xu(&f − 3"g"c)
− ’g’h(3"gdo + ds)− xodq − xr&h
κq = xo(3"h"i + "b&a + %t"c + %u"f) + 2"b(xu"i − xodo − xr"g − ’i2)
+ 3"g(xu"f − xo"l − ’g’h"o − "bxr − ’i"h)
κr = ’g’h(3"h"i + "b&a + %t"c + %u"f )− 3Ω2(xr"b + ’i"h − xu"f + xo"l + ’g’h"o)
+ 2"b(’i"g + xrΩ2 − xu"c − ’g’hdo)
κs = 2x2r − xs’i; κt = xsxu − xvxr; κu = xv’i − 2xrxu; κv = xu − "cxr − "i’i
κw = Ω2(xpxr − xsxo) + "g(xp’i − 2xrxo) + 2x2odo − &c’ixo + "c(xvxo − xpxu)
+ "g(2xoxr − xs’g’h) + 22(xo’i − xr’g’h) + "i(xv’g’h − 2xoxu)
+ ’g’h(−&axu + &cxr + xodp − xpdo + ’g’hdr)
κx = ’g’h(&a’i − xv)− "c(2xoxr − xs’g’h)− 2"i(xo’i − xr’g’h) + 2xoxu)
κy = xo(&a’i − xv)− "c(xpxr − xsxo)− "i(xp’i − 2xrxo) + xpxu)
(5.23q)
va = xi − 1; vb = cxf − 2xx; vc = "bva + 2"h + xr; vd = Ω2va + 3"g
ve = "b + ’i; vf = cxg − 2xy; vg = cxh − 2xz; vh = 2xi − 1; vi = 3xi − 1
vj = xjvb − vfva; vk = vbvh − vf ; vl = vavh − xj
(5.23r)
vm = vj"b + 2vk"h%t − vf xr + vb(+ xs); vn = (vb%u − vjΩ2 − 3vk"g)
vo = vk"b − vf’i + vb(3"h + 2xr); vp = vf xu − vbxv
vq = vlyg + va(yi + xsΩ2) + (yu + 3xs"g) + xr(%u − xjΩ2 − 3vh"g)
vr = κs − vhκa + "b(vl"b − xj’i + va(3"h + 2xr)) + (κg + κm + yt)
vs = "b(xr + va"b + 2"h) + ’i(xr + va"b + 2"h)
vt = κt + %txu + "b(xjxu − vaxv) + 2"h(vhxu − xv)
(5.23s)
vu = ’i(3vh"g + xjΩ2)− Ω2(vl"b + va(3"h + 2xr))− (yv + 6xr"g + %u’i)
vv = %uxu + Ω2(vaxv − xjxu) + 3"g(xv − vhxu); vw = κu − vhxu"b + (xv"b − 3"hxu)
vx = κx − xjyp + 3vl’c + vj"d + vb(yb − 2xo"e) + va(ys + yj)
+ (κr + yw + 2xoκh) + ’g’h(vf"e − vhκd)
vy = vkya − vja + vlyh − xjyn + vayq − vhκb + (κl + κp + yz + vbyd + vayl)
vz = κw − xjyo + vayr + vbyf − vfye − vhκe + (κi + κo)
(5.23t)
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oa = κy − vhκf + Ω2(vl’2a − vk"d) + xo(vf "e − xjym) + (vayk − vbyc + κj + κq + yy)
+ xp(vaym − vb"e)
ob = vk"d − vl’2a − vhκc + ’g’h(κv − vb"e + vaym) + (κk − yx)
oc = (vb"d − va’2a − 3’c + κn)
od = vx2 + vy"h + vz"i + oa"g + ob&d + oc&i − vmde − vn"n − vbvedu + vpb − vq"m
− vsdv − vtdo − vevddh + vv"o + xuvedr
oe = vx"h + vyr2 + vz"f + oa"b + ob&n + oc&o + vm"k + vo"n + vbvedc − vpdt + vr"m
− vsdl − vt"l − xuvedn + vw"o − v2edh
(5.24a)
of = vx"i + vy"f + vz + oa"c + ob&a + oc&f − vm"j + vndt − vob − vbveda + vq"l
+ vrdo + vsdp + vevddn − vu"o + v2edr
og = vx"g + vy"b + vz"c + oaΩ2 + ob&c + oc&h − vn"k + vode − vbvedf + vp"j − vevddl
− vu"m + vv"l + xuvedp − vwdo + v2edv
oh = vx&d + vy&n + vz&a + oa&c + ob&e + oc&j + vmdf − vndc + vodu + vpda + vqdl
+ vrdv − vtdp − vudh + vvdn + vwdr
oi = vx&i + vy&o + vz&f + oa&h + ob&j + oc&k + vmdw − vndd + vodx + vbvedy + vpdb
+ vqdm + vrdz + vspa − vtdq + vevddj − vudi + vvpb − xuvepc + vwds + v2epd
(5.24b)
oj = −vxde + vy"k − vz"j + obdf + ocdw + vm(Ω2 − "2a) + vn("b − "d"a) + vo("g − a"a)
+ vbve(&c − &b"a) + vp("c − "e"a) + vq("a"b − "dΩ2) + vr("a"g − aΩ2)
+ vs("a&c − &bΩ2) + vt("a"c − "eΩ2)− vevd("d&c − &b"b) + vu("d"g − a"b)
+ vv("d"c − "e"b)− xuve("e&c − &b"c) + vw("e"g − a"c) + v2e(a&c − &b"g)
ok = −vx"n + vzdt − oa"k − obdc − ocdd + vm("b − "a"d) + vn(r2 − "2d) + vo("h − a"d)
+ vbve(&n − &b"d) + vp("f − "e"d) + vq("ar2 − "d"b) + vr("a"h − a"b)
+ vs("a&n − &b"b) + vt("a"f − "e"b)− vevd("d&n − &br2) + vu("d"h − ar2)
+ vv("d"f − "er2)− xuve("e&n − &b"f) + vw("e"h − a"f ) + v2e(a&n − &b"h)
(5.24c)
ol = vy"n − vzb + oade + obdu + ocdx + vm("g − "aa) + vn("h − "da) + vo(2 − 2a)
+ vbve(&d − &ba) + vp("i − "ea) + vq("a"h − "d"g) + vr("a2 − a"g)
+ vs("a&d − &b"g) + vt("a"i − "e"g)− vevd("d&d − &b"h) + vu("d2 − a"h)
+ vv("d"i − "e"h)− xuve("e&d − &b"i) + vw("e2 − a"i) + v2e(a&d − &b2)
om = −vxdu + vydc − vzda − oadf + ocdy + vm(&c − "a&b) + vn(&n − "d&b)
+ vo(&d − a&b) + vbve(&e − &2b ) + vp(&a − "e&b) + vq("a&n − "d&c) + vr("a&d − a&c)
+ vs("a&e − &b&c) + vt("a&a − "e&c)− vevd("d&e − &b&n) + vu("d&d − a&n)
+ vv("d&a − "e&n)− xuve("e&e − &b&a) + vw("e&d − a&a) + v2e(a&e − &b&d)
(5.24d)
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on = vxb − vydt + oa"j + obda + ocdb + vm("c − "a"e) + vn("f − "d"e) + vo("i − a"e)
+ vbve(&a − &b"e) + vp(1 − "2e) + vq("a"f − "d"c) + vr("a"i − a"c) + vs("a&a − &b"c)
+ vt("a − "e"c)− vevd("d&a − &b"f ) + vu("d"i − a"f ) + vv("d − "e"f )
− xuve("e&a − &b) + vw("e"i − a) + v2e(a&a − &b"i)
oo = −vx"m + vz"l + obdl + ocdm + vm("a"b − Ω2"d) + vn("ar2 − "b"d)
+ vo("a"h − "g"d) + vbve("a&n − &c"d) + vp("a"f − "c"d) + vq(Ω2r2 − "2b)
+ vr(Ω2"h − "g"b) + vs(Ω2&n − &c"b) + vt(Ω2"f − "c"b)− vevd("b&n − &cr2)
+ vu("b"h − "gr2) + vv("b"f − "cr2)− xuve("c&n − &c"f) + vw("c"h − "g"f )
+ v2e("g&n − &c"h)
(5.24e)
op = vy"m + vzdo + obdv + ocdz + vm("a"g − Ω2a) + vn("a"h − "ba)
+ vo("a2 − "ga) + vbve("a&d − &ca) + vp("a"i − "ca) + vq(Ω2"h − "b"g)
+ vr(Ω22 − "2g) + vs(Ω2&d − &c"g) + vt(Ω2"i − "c"g)− vevd("b&d − &c"h)
+ vu("b2 − "g"h) + vv("b"i − "c"h)− xuve("c&d − &c"i) + vw("c2 − "g"i)
+ v2e("g&d − &c2)
(5.24f)
oq = −vxdv − vydl + vzdp + ocpa + vm("a&c − Ω2&b) + vn("a&n − "b&b) + vo("a&d − "g&b)
+ vbve("a&e − &c&b) + vp("a&a − "c&b) + vq(Ω2&n − "b&c) + vr(Ω2&d − "g&c)
+ vs(Ω2&e − &2c ) + vt(Ω2&a − "c&c)− vevd("b&e − &c&n) + vu("b&d − "g&n)
+ vv("b&a − "c&n)− xuve("c&e − &c&a) + vw("c&d − "g&a) + v2e("g&e − &c&d)
(5.24g)
or = −vxdo − vy"l − obdp − ocdq + vm("a"c − Ω2"e) + vn("a"f − "b"e) + vo("a"i − "g"e)
+ vbve("a&a − &c"e) + vp("a − "c"e) + vq(Ω2"f − "b"c) + vr(Ω2"i − "g"c)
+ vs(Ω2&a − &c"c) + vt(Ω2 − "2c)− vevd("b&a − &c"f ) + vu("b"i − "g"f )
+ vv("b − "c"f )− xuve("c&a − &c) + vw("c"i − "g) + v2e("g&a − &c"i)
os = vxdh − vzdn + oadl − ocdj + vm("d&c − "b&b) + vn("d&n − r2&b) + vo("d&d − "h&b)
+ vbve("d&e − &n&b) + vp("d&a − "f &b) + vq("b&n − r2&c) + vr("b&d − "h&c)
+ vs("b&e − &n&c) + vt("b&a − "f &c)− vevd(r2&e − &2n) + vu(r2&d − "h&n)
+ vv(r2&a − "f &n)− xuve("f &e − &n&a) + vw("f &d − "h&a) + v2e("h&e − &n&d)
(5.24h)
ot = −vz"o − oa"m − obdh − ocdi + vm("d"g − "ba) + vn("d"h − r2a)
+ vo("d2 − "ha) + vbve("d&d − &na) + vp("d"i − "fa) + vq("b"h − r2"g)
+ vr("b2 − "h"g) + vs("b&d − &n"g) + vt("b"i − "f"g)− vevd(r2&d − &n"h)
+ vu(r22 − "2h) + vv(r2"i − "f"h)− xuve("f &d − &n"i) + vw("f2 − "h"i)
+ v2e("h&d − &n2)
ou = vx"o + oa"l + obdn + ocpb + vm("d"c − "b"e) + vn("d"f − r2"e) + vo("d"i − "h"e)
+ vbve("d&a − &n"e) + vp("d − "f"e) + vq("b"f − r2"c) + vr("b"i − "h"c)
+ vs("b&a − &n"c) + vt("b − "f"c)− vevd(r2&a − &n"f ) + vu(r2"i − "h"f )
+ vv(r2 − "2f )− xuve("f &a − &n) + vw("f"i − "h) + v2e("h&a − &n"i)
(5.24i)
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ov = −vxdr + vydn − oadp + ocpc + vm("e&c − "c&b) + vn("e&n − "f &b) + vo("e&d − "i&b)
+ vbve("e&e − &a&b) + vp("e&a − &b) + vq("c&n − "f &c) + vr("c&d − "i&c)
+ vs("c&e − &a&c) + vt("c&a − &c)− vevd("f &e − &a&n) + vu("f &d − "i&n)
+ vv("f &a − &n)− xuve(&e − &2a) + vw(&d − "i&a) + v2e("i&e − &a&d)
ow = vy"o − oado + obdr + ocds + vm("e"g − "ca) + vn("e"h − "fa) + vo("e2 − "ia)
+ vbve("e&d − &aa) + vp("e"i − a) + vq("c"h − "f"g) + vr("c2 − "i"g)
+ vs("c&d − &a"g) + vt("c"i − "g)− vevd("f &d − &a"h) + vu("f2 − "i"h)
+ vv("f"i − "h)− xuve(&d − &a"i) + vw(2 − "2i ) + v2e("i&d − &a2)
(5.24j)
ox = −vydh + vzdr + oadv + ocpd + vm(a&c − "g&b) + vn(a&n − "h&b) + vo(a&d − 2&b)
+ vbve(a&e − &d&b) + vp(a&a − "i&b) + vq("g&n − "h&c) + vr("g&d − 2&c)
+ vs("g&e − &d&c) + vt("g&a − "i&c)− vevd("h&e − &d&n) + vu("h&d − 2&n)
+ vv("h&a − "i&n)− xuve("i&e − &d&a) + vw("i&d − 2&a) + v2e(2&e − &2d)
oy = vxa + vy"d + vz"e + oa"a + ob&b + oc&g + vq"k − vrde + vsdf − vt"j + vevddc
− vu"n + vvdt − xuveda + vwb + v2edu
(5.24k)
oz = vxds − vypb + oadq + obpc + vm(&g"c − &h"e) + vn(&g"f − &o"e) + vo(&g"i − &i"e)
+ vbve(&g&a − &j"e) + vp(&g − &f"e) + vq(&h"f − &o"c) + vr(&h"i − &i"c)
+ vs(&h&a − &j"c) + vt(&h − &f"c)− vevd(&o&a − &j"f ) + vu(&o"i − &i"f )
+ vv(&o − &f"f )− xuve(&f &a − &j) + vw(&f "i − &i) + v2e(&i&a − &j"i)
(5.24l)
fa = −vxdi + vzpb − oadm − obdj + vm(&g"b − &h"d) + vn(&gr2 − &o"d) + vo(&g"h − &i"d)
+ vbve(&g&n − &j"d) + vp(&g"f − &f"d) + vq(&hr2 − &o"b) + vr(&h"h − &i"b)
+ vs(&h&n − &j"b) + vt(&h"f − &f"b)− vevd(&o&n − &jr2) + vu(&o"h − &ir2)
+ vv(&o"f − &fr2)− xuve(&f &n − &j"f ) + vw(&f"h − &i"f ) + v2e(&i&n − &j"h)
fb = vxpe + vzpf + oapg + obph + ocpi + vm(&p"b − &m"d) + vn(&pr2 − &q"d)
+ vo(&p"h − &r"d) + vbve(&p&n − &s"d) + vp(&p"f − &l"d) + vq(&mr2 − &q"b)
+ vr(&m"h − &r"b) + vs(&m&n − &s"b) + vt(&m"f − &l"b)− vevd(&q&n − &sr2)
+ vu(&q"h − &rr2) + vv(&q"f − &lr2)− xuve(&l&n − &s"f ) + vw(&l"h − &r"f)
+ v2e(&r&n − &s"h)
(5.24m)
fc = [vxod + vyoe + vzof + oaog + oboh + ocoi + vmoj + vnok + vool + vbveom + vpon
+ vqoo + vrop + vsoq + vtor − vevdos + vuot + vvou − xuveov + vwow + v2eox]1/2
(5.24n)
fd = v2b + 2vcvb"a − 2vdvb"d + 2vevba − 2xuvb"e + 2vavb"n + 2vbdc − 2Ω2vb"k
+ 2xovb"j + 2’g’hvbb + v2cΩ
2 − 2vdvc"b + 2vevc"g − 2xuvc"c + 2vavc"m
− 2vcdl − 2’g’hvcdo + v2dr2 − 2vevd"h + 2xuvd"f − 2xovd"l − 2vd’g’h"o
+ v2e
2 − 2xuve"i − 2vedh + 2Ω2ve"m + 2xovedo + x2u
− 2vaxu"o − 2xudn + 2Ω2xu"l
fe = [fd + v2a(
2r2 − "2h) + 2va(&dr2 − "h&n)− 2Ω2va("gr2 − "h"b)
+ 2xova("i"b − "g"f ) + 2’g’hva("i"h − 2"f )− 22Ω2(&cr2 − "b&n)
+ 2Ω4(Ω2r2 − "2b)− 2xoΩ2("c"b − Ω2"f )− 2’g’hΩ2("c"h − "g"f)
+ 2(&er2 − &2n) + 2xo(&a"b − &c"f ) + 2’g’h(&a"h − &d"f )
+ x2o(Ω
2 − "2c) + 2’g’hxo("g − "i"c) + ’2g’2h(2 − "2i )]1/2
(5.24o)
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ff = vgoy + xk("bog − Ω2oe − ot) + 3xj(2"hog − 3"goe − os − Ω2oo + "bod)
+ vi(3"hod + "boh + %tog + %uoe − 2"bop + 3Ω2ot − 3"goo + fa)
− xqor + 3xpow + 3xoov − ’g’hoz + xtog + 3xsod + 3xroh + ’ioi − xwof
+ [(%t + 3&n)od + 4"hoh + "boi + %vog + 5%woe − 5"boq + 6Ω2os − 5"hop
+ 12"got + %uoo + fb]:
(5.24p)
Art 22a. Development of equation (1.4).
Bearing the foregoing quantities in mind, we derive
_ = [2(Ω  bp)(Ω  κ)− (Ω Ω)(κ  bp)]0 by (1.4c)
= 2(  bp)(Ω  κ) + 2(Ω  bp)(  κ)− 2(Ω )(κ  bp)
= 2("i"a + "ca − "g"e) by (5.1a) & (5.13a)
= 2%a by (5.23d) (5.25a)
¨ = [2(  bp)(Ω  κ) + 2(Ω  bp)(  κ)− 2(Ω )(κ  bp)]0 by (5.25a)
= 2( _  bp)(Ω  κ) + 2(  bp)(  κ) + 2(  bp)(  κ) + 2(Ω  bp)( _  κ)
− 2(κ  bp)[( ) + (Ω  _)]
= 2( _  bp)(Ω  κ) + 4(  bp)(  κ) + 2(Ω  bp)( _  κ)− 2(κ  bp)[( ) + (Ω  _)]
= 2[&a"a + 2"ia + "c&b − "e(2 + &c)] by (5.1a); (5.13a) & (5.23a)
= 2%b by (5.23d) (5.25b)
...
 = [2( _  bp)(Ω  κ) + 4(  bp)(  κ) + 2(Ω  bp)( _  κ)
− 2(κ  bp)( )− 2(κ  bp)(Ω  _)]0 by (5.25b)
= 2(¨  bp)(Ω  κ) + 2( _  bp)(  κ) + 4( _  bp)(  κ) + 4(  bp)( _  κ)
+ 2(  bp)( _  κ) + 2(Ω  bp)(¨  κ)− 4(κ  bp)(  _)− 2(κ  bp)[(  _) + (Ω  ¨)]
= 2(¨  bp)(Ω  κ) + 6( _  bp)(  κ) + 6(  bp)( _  κ)
+ 2(Ω  bp)(¨  κ)− 6(κ  bp)(  _)− 2(κ  bp)(Ω  ¨)
= 2[&f"a + 3&aa + 3"i&b + "c&g − "e(3&d + &h)] by (5.1a); (5.13a) & (5.23a)
= 2(&f"a + 3&aa + 3"i&b + "c&g − %c) = 2%d by (5.23d) (5.25c)
_ = [(κ  bp)(Ω )− (  bp)(Ω  κ)]0 by (1.4c)
= (κ  bp)[( ) + (Ω  _)]− ( _  bp)(Ω  κ)− (  bp)(  κ)
= ["e(2 + &c)− &a"a − "ia] by (5.1a); (5.13a) & (5.23a)
= %e by (5.23d) (5.26a)
¨ = [(κ  bp)( ) + (κ  bp)(Ω  _)− ( _  bp)(Ω  κ)− (  bp)(  κ)]0 by (5.26a)
= 2(κ  bp)(  _) + (κ  bp)[(  _) + (Ω  ¨)]− (¨  bp)(Ω  κ)
− ( _  bp)(  κ)− ( _  bp)(  κ)− (  bp)( _  κ)
= (κ  bp)[3(  _) + (Ω  ¨)]− (¨  bp)(Ω  κ)− 2( _  bp)(  κ)− (  bp)( _  κ)
= ["e(3&d + &h)− &f"a − 2&aa − "i&b] by (5.1a); (5.13a) & (5.23a)
= (%c − &f"a − 2&aa − "i&b) = %f by (5.23d) (5.26b)
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...
 = [3(κ  bp)(  _) + (κ  bp)(Ω  ¨)− (¨  bp)(Ω  κ)
− 2( _  bp)(  κ)− (  bp)( _  κ)]0 by (5.26b)
= 3(κ  bp)[( _  _) + (  ¨)] + (κ  bp)[(  ¨) + (Ω  ...)]− (...  bp)(Ω  κ)− (¨  bp)(  κ)
− 2(¨  bp)(  κ)− 2( _  bp)( _  κ)− ( _  bp)( _  κ)− (  bp)(¨  κ)
= (κ  bp)[3( _  _) + 4(  ¨) + (Ω  ...)]− (...  bp)(Ω  κ)
− 3(¨  bp)(  κ)− 3( _  bp)( _  κ)− (  bp)(¨  κ)
= ["e(3&e + 4&i + &m)− &l"a − 3&fa − 3&a&b − "i&g] by (5.1a); (5.13a) & (5.23a)
= %g by (5.23d): (5.26c)
From (1.4c), (5.13a) and (5.23b), we have
_ = κ  (bp) = b; ¨ = κ  (bp _) = da; ... = κ  (bp ¨) = db (5.27)


























































































−2 _2 − 2¨ + 




















by (5.4); (5.25); (5.26b) & (5.27)
= %f − 8
"j

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= %g − 1
"j



















by (5.4); (5.25); (5.26c) & (5.27)
= %g − 8
"j
















= %g − 8
"j

’e%d + 3%a%b − 12"j








= %o by (5.23e): (5.28c)
Art 22b. Derivatives of a and γ.









































= (%m=%l) = %p by (5.23e) (5.29a)

















































































































%n − %m%q − ’gda
"j

= %r by (5.23e) (5.29b)
8In the expressions for the derivatives of γ, we are to take the positive sign when s0 > −!2o and the negative
sign when s0 < −!2o . The case s0 = −!2o is forbidden since γ is nonzero.
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= %s by (5.23e):
(5.29c)
Moreover, from (1.4a), we derive
_a = (Ω u +  r)0 =  u + Ω a + _ r +  u = 2 u + _ r + Ω a
= 2 (Ω r) + _ r + Ω [(Ω  r)Ω− Ω2r +  r] by (1.4)
= 2[Ω(  r)− r(Ω )] + _ r− Ω2(Ω r) + (Ω  r)− r(Ω ) by (A.1)
= 2"hΩ− 3"gr + _ r− Ω2(Ω r) + "b by (5.1a) (5.30a)
a¨ = (2 u + _ r + Ω a)0 by (5.30a)
= 2 _ u + 2 a + ¨ r + _ u +  a + Ω _a
= 3 _ u + 3 a + ¨ r + Ω _a
= 3 _ (Ω r) + 3 [(Ω  r)Ω− Ω2r +  r] + ¨ r
+ Ω [2"hΩ− 3"gr + _ r− Ω2(Ω r) + "b] by (1.4) & (5.30a)
= 3 _ (Ω r) + 3"b(Ω)− 3Ω2( r) + 3[ ( r)] + ¨ r
− 3"g(Ω r) + Ω ( _ r)− Ω2[Ω (Ω r)] + "b(Ω) by (5.1a)
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= 3[Ω( _  r)− r(Ω  _)] + 3"b(Ω)− 3Ω2( r) + 3[(  r)− 2r] + ¨ r
− 3"g(Ω r) + [ _(Ω  r)− r( _ Ω)]− Ω2[Ω(Ω  r)− Ω2r] + "b(Ω) by (A.1)
= 3&nΩ− 3&cr + 3"b(Ω)− 3Ω2( r) + 3"h− 32r + ¨ r
− 3"g(Ω r) + "b _− &cr− Ω2"bΩ + Ω4r + "b(Ω) by (5.1a) & (5.23a)
= 3"h + "b _ + (3&n − Ω2"b)Ω + (Ω4 − 4&c − 32)r + 2"b(Ω)
− 3Ω2( r)− 3"g(Ω r) + (¨ r)
= 3"h + "b _ + %tΩ + %ur + 2"b(Ω)− 3Ω2( r)− 3"g(Ω r)
+ (¨ r) by (5.23f)
(5.30b)
...a = (3 _ u + 3 a + ¨ r + Ω _a)0 by (5.30b)
= 3¨ u + 3 _ a + 3 _ a + 3 _a + ... r + ¨ u +  _a + Ω a¨
= 4¨ u + 6 _ a + 4 _a + ... r + Ω a¨
=
...
 r + 4¨ (Ω r) + 6 _ [(Ω  r)Ω− Ω2r +  r]
+ 4 [2"hΩ− 3"gr + _ r− Ω2(Ω r) + "b]
+ Ω [3"h + "b _ + %tΩ + %ur + 2"b(Ω)]
+ Ω [−3Ω2( r)− 3"g(Ω r) + (¨ r)] by (1.4); (5.30a) & (5.30b)
=
...
 r + 4¨ (Ω r) + 6"b( _Ω)− 6Ω2( _ r) + 6[ _ ( r)]
+ 8"h(Ω)− 12"g( r) + 4[ ( _ r)]− 4Ω2[ (Ω r)] + 4"b()
+ 3"h(Ω) + "b(Ω _) + %t(ΩΩ) + %u(Ω r) + 2"b[Ω (Ω)]
− 3Ω2[Ω ( r)]− 3"g[Ω (Ω r)] + Ω (¨ r) by (5.1a)
=
...
 r + 4[Ω(¨  r)− r(¨ Ω)] + 6"b( _Ω)− 6Ω2( _ r) + 6[( _  r)− r( _ )]
+ 5"h(Ω)− 12"g( r) + 4[ _(  r)− r(  _)]− 4Ω2[Ω(  r)− r( Ω)]
+ "b(Ω _) + %u(Ω r) + 2"b[Ω2−Ω(Ω )]− 3Ω2[(Ω  r)− r(Ω )]
− 3"g[Ω(Ω  r)− Ω2r] + [¨(Ω  r)− r(¨ Ω)] by (A.1)
=
...
 r + 4(&oΩ− &hr) + 6"b( _Ω)− 6Ω2( _ r) + 6(&n− &dr) + 5"h(Ω)
− 12"g( r) + 4("h _− &dr)− 4Ω2("hΩ− "gr) + "b(Ω _) + %u(Ω r)
+ 2"b(Ω2− "gΩ)− 3Ω2("b− "gr)− 3"g("bΩ− Ω2r) + ("b¨− &hr) by (5.1a) & (5.23a)
= (6&n − Ω2"b) + 4"h _ + "b¨ + (4&o − 4Ω2"h − 5"b"g)Ω + 5(2Ω2"g − &h − 2&d)r
− 5"b(Ω _)− 6Ω2( _ r) + 5"h(Ω)− 12"g( r) + %u(Ω r) +
...
 r
= (%t + 3&n) + 4"h _ + "b¨ + %vΩ + 5%wr− 5"b(Ω _)− 6Ω2( _ r)
+ 5"h(Ω)− 12"g( r) + %u(Ω r) +
...
  r by (5.23f): (5.30c)
Art 22c. Development of equations (3.17) through (3.21).
Equations (3.17) through (3.21) evaluate as
_ = κ  _a by (3.17)
= κ  [2"hΩ− 3"gr + _ r− Ω2(Ω r) + "b] by (5.30a)
= (2"a"h − 3"d"g + dc − Ω2"k + a"b) by (5.1a); (5.13a) & (5.23b)
= (dc + "ba + 2"a"h − 3"d"g − Ω2"k) = %x by (5.23f) (5.31a)
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¨ = κ  a¨ by (3.17)
= κ  [3"h + "b _ + %tΩ + %ur + 2"b(Ω)− 3Ω2( r)− 3"g(Ω r)
+ (¨ r)] by (5.30b)
= [3"ha + "b&b + %t"a + %u"d + 2"bde − 3Ω2"n − 3"g"k + dd]
by (5.1a); (5.13a); (5.23a) & (5.23b)
= [dd + "a%t + "d%u + "b(&b + 2de) + 3("ha − Ω2"n − "g"k)] = %y by (5.23f) (5.31b)
...
 = κ  ...a by (3.17)
= κ  [(%t + 3&n) + 4"h _ + "b¨ + %vΩ + 5%wr− 5"b(Ω _)
− 6Ω2( _ r) + 5"h(Ω)− 12"g( r) + %u(Ω r) +
...
 r] by (5.30c)
= [a(%t + 3&n) + 4"h&b + "b&g + "a%v + 5"d%w − 5"bdf − 6Ω2dc + 5"hde
− 12"g"n + %u"k + dg] by (5.1a); (5.13a); (5.23a) & (5.23b)
= [dg + "a%v + "k%u + 5"d%w + "b(&g − 5df ) + a(%t + 3&n)

















by (5.4a); (5.29a); & (5.31a)


























by (5.4a); (5.29) & (5.31)















































by (5.4a); (5.29) & (5.31)
= xc by (5.23g) (5.32c)
_ = _#(1 + #2)−3/2 by (3.19a)
= xa−3g by (5.32a) & (5.13a)
(5.33a)
¨ = (1 + #2)−5/2[#¨(1 + #2)− 3# _#2] by (3.19b)
= −5g (xb
2
g − 3#x2a) by (5.32) & (5.13a)
= xd by (5.23g) (5.33b)
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...
 = (1 + #2)−7/2[
...
# (1 + #2)2 − 9# _##¨(1 + #2)− 3 _#3(1− 4#2)] by (3.19c)
= −7g [xc
4
g − 9#xaxb2g − 3x3a(1− 4#2)] by (5.32) & (5.13a)














by (5.29a) & (5.32a)















































+ 2%pxa + γxb

by (5.29); (5.32); (5.33a) & (5.34a)















































































































+ 2%rxa + 3%pxb + γxc

by (5.29); (5.32); (5.33); (5.34a) & (5.34b)
= xh by (5.23h) (5.34c)
_ =











by (5.33a) & (5.34a)
= xi by (5.23i) (5.35a)
¨ = −































= xj by (5.23i) (5.35b)
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...
 =




















































= xk by (5.23i): (5.35c)
Art 22d. Derivatives of  and e.








2(s0 + !2o)(2− d!o)0 − (2− d!o)[2(s0 + !2o)]0
42(s0 + !2o)2
=




2 _+ 2 _− _d!o − 2s1( _s0 +  _s0 + 2 _!2o)
2(s0 + !2o)
=
2’dxi + 2%x − xf!o − 2(%h=)(2b’g + 2"j%i + 22"jb!2o)
2"j(’g + "j!2o)
by (5.4); (5.5); (5.27); (5.28a); (5.31a); (5.34a) & (5.35a)
=
2’dxi + 2%x − cxf − 2%h(b’g + "j%i + 2"jb!2o)
2"j(’g + "j!2o)
= xl= by (5.23j) (5.36a)
s¨1 =






2(s0 + !2o)[2 _+ 2 _− _d!o − 2s1( _s0 +  _s0 + 2 _!2o)]
0
42(s0 + !2o)2
− [2 _+ 2 _−
_d!o − 2s1( _s0 +  _s0 + 2 _!2o)][2(s0 + !2o)]0
42(s0 + !2o)2
=
[2 _+ 2 _− _d!o]0
2(s0 + !2o)












2¨+ 2 _ _+ 2 _ _+ 2¨− d¨!o
2(s0 + !2o)
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=
2¨+ 4 _ _+ 2¨− d¨!o
2(s0 + !2o)










2’dxj + 4%xxi + 2%y − xg!o
2"j(’g + "j!2o)
− 4(xl=)(
2b’g + 2"j%i + 22"jb!2o)
2"j(’g + "j!2o)
− 2(’h=)(







by (5.4); (5.5); (5.27); (5.28); (5.31); (5.34b); (5.35) & (5.36a)
=
2’dxj + 4%xxi + 2%y − cxg
2"j(’g + "j!2o)


































2(s0 + !2o)[2¨+ 4 _ _+ 2¨− d¨!o]
0 − [2¨+ 4 _ _+ 2¨− d¨!o][2(s0 + !2o)]0
42(s0 + !2o)2
− 2(s0 + !
2
o)[4 _s1( _s0 +  _s0 + 2 _!
2
o)]
0 − [4 _s1( _s0 +  _s0 + 2 _!2o)][2(s0 + !2o)]0
42(s0 + !2o)2
− 2(s0 + !
2















[2¨+ 4 _ _+ 2¨− d¨!o]0
2(s0 + !2o)


























− 4s¨1( _s0 +  _s0 + 2 _!
2







 s0 + ¨ _s0 + _s¨0 + 
...















 + 6¨ _+ 6 _¨− ...d!o
2(s0 + !2o)






 s0 + 
...










2’dxk + 2%z + 6%xxj + 6%yxi − xh!o
2"j(’g + "j!2o)
− 6(xm=)(
2b’g + 2"j%i + 22b"j!2o)
2"j(’g + "j!2o)
− 2(’h=)(













by (5.4); (5.5); (5.27); (5.28); (5.31); (5.34c); (5.35); (5.36a) & (5.36b)
=
2’dxk + 2%z + 6%xxj + 6%yxi − cxh
2"j(’g + "j!2o)






















= s0 _s1 + _s0s1 = (’g)(xl=) + (%i)(’h=) by (5.5); (5.28a) & (5.36a)
= ’gxl + %i’h = xo by (5.23k) (5.37a)
s¨2 = [s0 _s1 + _s0s1]
0 by (5.37a)
= _s0 _s1 + s0s¨1 + s¨0s1 + _s0 _s1 = 2 _s0 _s1 + s0s¨1 + s¨0s1
= 2(%i)(xl=) + (’g)(xm=) + (%n)(’h=) by (5.5); (5.28) & (5.36)
= 2%ixl + ’gxm + %n’h = xp by (5.23k) (5.37b)
...
s2 = [2 _s0 _s1 + s0s¨1 + s¨0s1]
0 by (5.37b)









= 3(%n)(xl=) + 3(%i)(xm=) + (’g)(xn=) + (%o)(’h=) by (5.5); (5.28) & (5.36)
= 3(%nxl + %ixm) + ’gxn + %o’h = xq by (5.23k) (5.37c)
_s3 = [f(  bp) + 4(Ω  bp)gs1]0 by (1.4d)
= _s1[(  bp) + 4(Ω  bp)] + s1[ _(  bp) + ( _  bp) + 4 _(Ω  bp) + 4(  bp)]
= _s1("i + 4"c) + s1( _"i + &a + 4 _"c + 4"i) by (5.1a) & (5.23a)
= ( _s1 + _s1 + 4s1)"i + (4 _s1 + 4 _s1)"c + s1&a
= ["j(xl=) + b(’h=) + 8’e(’h=)]"i + [8’e(xl=) + 8%a(’h=)]"c
+ "j(’h=)&a by (5.4); (5.5b); (5.25a); (5.27) & (5.36a)
= "j("ixl + ’h&a) + "i’h(b + 8’e) + 8"c(’exl + %a’h)
= xr by (5.23k) (5.38a)
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s¨3 = [( _s1 + _s1 + 4s1)(  bp) + (4 _s1 + 4 _s1)(Ω  bp) + s1( _  bp)]0 by (5.38a)
= ( _ _s1 + s¨1 + ¨s1 + _ _s1 + 4 _s1 + 4 _s1)(  bp) + ( _s1 + _s1 + 4s1)( _  bp)
+ (4 _ _s1 + 4s¨1 + 4¨s1 + 4 _ _s1)(Ω  bp) + (4 _s1 + 4 _s1)(  bp)
+ ( _s1 +  _s1)( _  bp) + s1(¨  bp)
= (s¨1 + ¨s1 + 2 _ _s1 + 8 _s1 + 8 _s1)(  bp) + (2 _s1 + 2 _s1 + 4s1)( _  bp)
+ (4s¨1 + 4¨s1 + 8 _ _s1)(Ω  bp) + s1(¨  bp)
= ["j(xm=) + da(’h=) + 2b(xl=) + 16%a(’h=) + 16’e(xl=)]"i
+ [2"j(xl=) + 2b(’h=) + 8’e(’h=)]&a + [8’e(xm=) + 8%b(’h=) + 16%a(xl=)]"c
+ "j(’h=)&f by (5.1a); (5.4); (5.5b); (5.23a); (5.25); (5.27) & (5.36)
= "j(’h&f + "ixm) + "i(da’h + 2bxl + 16%a’h + 16’exl)
+ 2&a("jxl + b’h + 4’e’h) + 8"c(’exm + %b’h + 2%axl)
= xs by (5.23k) (5.38b)
...
s3 = [(s¨1 + ¨s1 + 2 _ _s1 + 8 _s1 + 8 _s1)(  bp) + (2 _s1 + 2 _s1 + 4s1)( _  bp)
+ (4s¨1 + 4¨s1 + 8 _ _s1)(Ω  bp) + s1(¨  bp)]0 by (5.38b)




 s1 + ¨ _s1 + 2¨ _s1 + 2 _s¨1 + 8¨s1 + 8 _ _s1 + 8 _ _s1 + 8s¨1)(  bp)
+ (s¨1 + ¨s1 + 2 _ _s1 + 8 _s1 + 8 _s1)( _  bp) + (2 _ _s1 + 2s¨1 + 2¨s1 + 2 _ _s1 + 4 _s1 + 4 _s1)( _  bp)
+ (2 _s1 + 2 _s1 + 4s1)(¨  bp) + (4 _s¨1 + 4...s1 + 4... s1 + 4¨ _s1 + 8¨ _s1 + 8 _s¨1)(Ω  bp)
+ (4s¨1 + 4¨s1 + 8 _ _s1)(  bp) + ( _s1 +  _s1)(¨  bp) + s1(...  bp)
= (...s1 +
...
 s1 + 3¨ _s1 + 3 _s¨1 + 12¨s1 + 24 _ _s1 + 12s¨1)(  bp)
+ (3s¨1 + 3¨s1 + 6 _ _s1 + 12 _s1 + 12 _s1)( _  bp) + (3 _s1 + 3 _s1 + 4s1)(¨  bp)
+ (4...s1 + 4
...
 s1 + 12¨ _s1 + 12 _s¨1)(Ω  bp) + s1(...  bp)
= ["j(xn=) + db(’h=) + 3da(xl=) + 3b(xm=) + 24%b(’h=) + 48%a(xl=)
+ 24’e(xm=)]"i + [3"j(xm=) + 3da(’h=) + 6b(xl=) + 24%a(’h=)
+ 24’e(xl=)]&a + [3"j(xl=) + 3b(’h=) + 8’e(’h=)]&f
+ [8’e(xn=) + 8%d(’h=) + 24%b(xl=) + 24%a(xm=)]"c + "j(’h=)&l
by (5.1a); (5.4); (5.5b); (5.23a); (5.25); (5.27) & (5.36)
= "j(’h&l + "ixn) + "i(db’h + 3daxl + 3bxm + 24%b’h + 48%axl + 24’exm)
+ 3&a("jxm + da’h + 2bxl + 8%a’h + 8’exl) + &f (3"jxl + 3b’h + 8’e’h)
+ 8"c(’exn + %d’h + 3%bxl + 3%axm)
= xt by (5.23k) (5.38c)
_s4 = [f2Ω2 + (Ω )gs1]0 by (1.4d)
= [2 _Ω2 + 4Ω _Ω + _(Ω ) + ( ) + (Ω  _)]s1 + [2Ω2 + (Ω )] _s1
= 2Ω2( _s1 +  _s1) + ( _s1 + _s1 + 4s1)(Ω ) + s1[( ) + (Ω  _)]
= 2Ω2[2%a(’h=) + 2’e(xl=)] + ["j(xl=) + b(’h=) + 8’e(’h=)]"g
+ "j(’h=)(2 + &c) by (5.1a); (5.4); (5.5b); (5.23a); (5.25a); (5.27) & (5.36a)
= 4Ω2(%a’h + ’exl) + "g("jxl + b’h + 8’e’h) + "j’h(2 + &c)
= xu by (5.23l) (5.39a)
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s¨4 = [2Ω2( _s1 +  _s1) + ( _s1 + _s1 + 4s1)(Ω ) + s1( ) + s1(Ω  _)]0 by (5.39a)
= 4Ω _Ω( _s1 +  _s1) + 2Ω2(¨s1 + _ _s1 + _ _s1 + s¨1)
+ ( _ _s1 + s¨1 + ¨s1 + _ _s1 + 4 _s1 + 4 _s1)(Ω ) + ( _s1 + _s1 + 4s1)[( ) + (Ω  _)]
+ ( _s1 +  _s1)( ) + 2s1( _ ) + ( _s1 +  _s1)(Ω  _) + s1[(  _) + (Ω  ¨)]
= 2Ω2(¨s1 + s¨1 + 2 _ _s1) + (s¨1 + ¨s1 + 2 _ _s1 + 8 _s1 + 8 _s1)(Ω )
+ (2 _s1 + 2 _s1 + 4s1)[( ) + (Ω  _)] + s1[3( _ ) + (Ω  ¨)]
= 2Ω2[2%b(’h=) + 2’e(xm=) + 4%a(xl=)] + ["j(xm=) + da(’h=) + 2b(xl=)
+ 16%a(’h=) + 16’e(xl=)]"g + [2"j(xl=) + 2b(’h=) + 8’e(’h=)](2 + &c)
+ "j(’h=)(3&d + &h) by (5.1a); (5.4); (5.5b); (5.23a); (5.25); (5.27) & (5.36)
= 4Ω2(%b’h + ’exm + 2%axl) + "g("jxm + da’h + 2bxl + 16%a’h + 16’exl)
+ 2(2 + &c)("jxl + b’h + 4’e’h) + "j’h(3&d + &h)
= xv by (5.23l) (5.39b)
...
s4 = [2Ω2(¨s1 + s¨1 + 2 _ _s1) + (s¨1 + ¨s1 + 2 _ _s1 + 8 _s1 + 8 _s1)(Ω )
+ (2 _s1 + 2 _s1 + 4s1)( ) + (2 _s1 + 2 _s1 + 4s1)(Ω  _)
+ 3s1( _ ) + s1(Ω  ¨)]0 by (5.39b)
= 4Ω _Ω(¨s1 + s¨1 + 2 _ _s1) + 2Ω2(
...
 s1 + ¨ _s1 + _s¨1 + 
...
s1 + 2¨ _s1 + 2 _s¨1)




 s1 + ¨ _s1 + 2¨ _s1 + 2 _s¨1 + 8¨s1 + 8 _ _s1 + 8 _ _s1 + 8s¨1)(Ω )
+ (s¨1 + ¨s1 + 2 _ _s1 + 8 _s1 + 8 _s1)[( ) + (Ω  _)]
+ (2 _ _s1 + 2s¨1 + 2¨s1 + 2 _ _s1 + 4 _s1 + 4 _s1)( ) + 2(2 _s1 + 2 _s1 + 4s1)( _ )
+ (2 _ _s1 + 2s¨1 + 2¨s1 + 2 _ _s1 + 4 _s1 + 4 _s1)(Ω  _)
+ (2 _s1 + 2 _s1 + 4s1)[(  _) + (Ω  ¨)] + 3( _s1 +  _s1)( _ )





 s1 + 
...





 s1 + 3¨ _s1 + 3 _s¨1 + 12¨s1 + 24 _ _s1 + 12s¨1)(Ω )
+ (3s¨1 + 3¨s1 + 6 _ _s1 + 12 _s1 + 12 _s1)[(Ω  _) + ( )]
+ (3 _s1 + 3 _s1 + 4s1)[(Ω  ¨) + 3( _ )]
= 2Ω2[2%d(’h=) + 2’e(xn=) + 6%b(xl=) + 6%a(xm=)] + "j(’h=)(4&i + 3&e + &m)
+ ["j(xn=) + db(’h=) + 3da(xl=) + 3b(xm=) + 24%b(’h=) + 48%a(xl=)
+ 24’e(xm=)]"g + [3"j(xm=) + 3da(’h=) + 6b(xl=) + 24%a(’h=)
+ 24’e(xl=)](2 + &c) + [3"j(xl=) + 3b(’h=) + 8’e(’h=)](&h + 3&d)
by (5.1a); (5.4); (5.5b); (5.23a); (5.25); (5.27) & (5.36)
= 4Ω2(%d’h + ’exn + 3%bxl + 3%axm) + "j’h(4&i + 3&e + &m)
+ "g("jxn + db’h + 3daxl + 3bxm + 24%b’h + 48%axl + 24’exm)
+ 3(2 + &c)("jxm + da’h + 2bxl + 8%a’h + 8’exl)
+ (&h + 3&d)(3"jxl + 3b’h + 8’e’h)
= xw by (5.23l) (5.39c)
in consequence of which the derivatives of  and e are computed as
_e = [s2(bpΩ) + s3Ω− s4bp]0 by (1.4b)
= _s2(bpΩ) + s2(bp) + _s3Ω + s3− _s4bp
= xo(bpΩ) + ’g’h(bp) + xrΩ + ’i− xubp
by (5.5); (5.37a); (5.38a) & (5.39a)
(5.40a)
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e¨ = [ _s2(bpΩ) + s2(bp) + _s3Ω + s3− _s4bp]0 by (5.40a)
= s¨2(bpΩ) + _s2(bp) + _s2(bp) + s2(bp _) + s¨3Ω + _s3 + _s3 + s3 _− s¨4bp
= s¨2(bpΩ) + 2 _s2(bp) + s2(bp _) + s¨3Ω + 2 _s3 + s3 _− s¨4bp
= xp(bpΩ) + 2xo(bp) + ’g’h(bp _) + xsΩ + 2xr + ’i _− xvbp
by (5.5); (5.37); (5.38) & (5.39b)
(5.40b)
...
e = [s¨2(bpΩ) + 2 _s2(bp) + s2(bp _) + s¨3Ω + 2 _s3 + s3 _− s¨4bp]0 by (5.40b)
= ...s2(bpΩ) + s¨2(bp) + 2s¨2(bp) + 2 _s2(bp _) + _s2(bp _) + s2(bp ¨)
+ ...s3Ω + s¨3 + 2s¨3 + 2 _s3 _ + _s3 _ + s3¨− ...s4bp
= ...s2(bpΩ) + 3s¨2(bp) + 3 _s2(bp _) + s2(bp ¨) + ...s3Ω + 3s¨3 + 3 _s3 _
+ s3¨− ...s4bp
= xq(bpΩ) + 3xp(bp) + 3xo(bp _) + ’g’h(bp ¨) + xtΩ + 3xs + 3xr _
+ ’i¨− xwbp by (5.5); (5.37); (5.38) & (5.39c) (5.40c)
_ = 2−2[− s2]0 by (1.4b)
= 2−2( _+  _− _s2 −  _s2)
= 2−2(%dxi + %x − b’g’h − "jxo)
by (5.4); (5.5c); (5.27); (5.31a); (5.35a) & (5.37a)
= 2−1(%dxi + %x − b’g’h − "jxo)
= 2(xx=) by (5.23m) (5.41a)
¨ = 2−2[ _+  _− _s2 −  _s2]0 by (5.41a)
= 2−2(¨+ _ _+ _ _+ ¨− ¨s2 − _ _s2 − _ _s2 − s¨2)
= 2−2(¨+ 2 _ _+ ¨− ¨s2 − 2 _ _s2 − s¨2)
= 2−2(xj%d + 2xi%x + %y − da’g’h − 2bxo − "jxp)
by (5.4); (5.5c); (5.27); (5.31); (5.35) & (5.37)
= 2−1(xj%d + 2%xxi + %y − da’g’h − 2bxo − "jxp)
= 2(xy=) by (5.23m) (5.41b)
...
 = 2−2[¨+ 2 _ _+ ¨− ¨s2 − 2 _ _s2 − s¨2]0 by (5.41b)
= 2−2(
...
+ ¨ _+ 2¨ _+ 2 _¨+ _¨+ 
...
 − ... s2 − ¨ _s2 − 2¨ _s2 − 2 _s¨2 − _s¨2 − ...s2)
= 2−2(
...
+ 3¨ _+ 3 _¨+ 
...
 − ... s2 − 3¨ _s2 − 3 _s¨2 − ...s2)
= 2−2(xk’d + 3xj%x + 3xi%y + %z − db’g’h − 3daxo − 3bxp − "jxq)
by (5.4); (5.5c); (5.27); (5.31); (5.35) & (5.37)
= 2−1(xk’d + 3xj%x + 3xi%y + %z − db’g’h − 3daxo − 3bxp − "jxq)
= 2(xz=) by (5.23m): (5.41c)
Art 22e. Development of equation (3.15a).
The quantities dened by (3.15a) evaluate as
_Y = c _d−  _ by (3.15a)
= cxf − 2xx by (5.34a) & (5.41a) (5.42a)
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Y¨ = cd¨− ¨ by (3.15a)




d − ... by (3.15a)
= cxh − 2xz by (5.34c) & (5.41c) (5.42c)
b1 = _− 1 by (3.15a)
= xi − 1 by (5.35a) (5.43a)
b2 = 2 _− 1 by (3.15a)
= 2xi − 1 by (5.35a) (5.43b)
b3 = 3 _− 1 by (3.15a)
= 3xi − 1 by (5.35a) (5.43c)
b4 = ¨ _Y− Y¨b1 by (3.15a)
= xj(cxf − 2xx)− (cxg − 2xy)(xi − 1) by (5.35b); (5.42) & (5.43a) (5.43d)
b5 = _Yb2 − Y¨ by (3.15a)
= (cxf − 2xx)(2xi − 1)− (cxg − 2xy) by (5.42) & (5.43b) (5.43e)
b6 = b1b2 − ¨ by (3.15a)
= (xi − 1)(2xi − 1)− xj by (5.43a); (5.43b) & (5.35b): (5.43f)
Art 22f. Development of equation (3.15b).
The quantities dened by (3.15b) become
Ja = bκ a by (3.15b)
= bκ [(Ω  r)Ω− Ω2r +  r] by (1.4a)
= "b(bκΩ)− Ω2(bκ  r) + (bκ  r)− r(bκ ) by (5.1a) & (A.1)
= "b(bκΩ)− Ω2(bκ  r) + "d− ar by (5.1a) & (5.13a) (5.44a)
Jb = bκ _a by (3.15b)
= bκ [2"hΩ− 3"gr + _ r− Ω2(Ω r) + "b] by (5.30a)
= bκ [2"hΩ− 3"gr + "b + _ r− Ω2(Ω r)]
= 2"h(bκΩ)− 3"g(bκ r) + "b(bκ) + _(bκ  r)− r(bκ  _)
− Ω2[Ω(bκ  r)− r(bκ Ω)] by (A.1)
= 2"h(bκΩ)− 3"g(bκ r) + "b(bκ) + "d _− &br− Ω2("dΩ− "ar)
by (5.1a) & (5.23a)
= 2"h(bκΩ)− 3"g(bκ r) + "b(bκ) + "d _− "dΩ2Ω + (Ω2"a − &b)r
= 2"h(bκΩ)− 3"g(bκ r) + "b(bκ) + "d _− "dΩ2Ω + yar by (5.23n) (5.44b)
Classical Aberration And Obliquation Page 68
Jc = bκ a¨ by (3.15b)
= bκ [3"h + "b _ + %tΩ + %ur + 2"b(Ω)− 3Ω2( r)
− 3"g(Ω r) + (¨ r)] by (5.30b)
= 3"h(bκ) + "b(bκ _) + %t(bκΩ) + %u(bκ r) + 2"b[bκ (Ω)]
− 3Ω2[bκ ( r)]− 3"g[bκ (Ω r)] + bκ (¨ r)
= 3"h(bκ) + "b(bκ _) + %t(bκΩ) + %u(bκ r) + 2"b[(bκ Ω)−Ω(bκ )]
− 3Ω2[(bκ  r)− r(bκ )]− 3"g[Ω(bκ  r)− r(bκ Ω)] + ¨(bκ  r)− r(bκ  ¨) by (A.1)
= 3"h(bκ) + "b(bκ _) + %t(bκΩ) + %u(bκ r) + 2"b("a− aΩ)
− 3Ω2("d− ar)− 3"g("dΩ− "ar) + "d¨− &gr by (5.1a); (5.13a) & (5.23a)
= 3"h(bκ) + "b(bκ _) + %t(bκΩ) + %u(bκ r) + 2"a"b− 2"baΩ
− 3Ω2"d + 3Ω2ar− 3"d"gΩ + 3"a"gr + "d¨− &gr
= 3"h(bκ) + "b(bκ _) + %t(bκΩ) + %u(bκ r) + (2"a"b − 3Ω2"d)
− (2"ba + 3"d"g)Ω + (3Ω2a + 3"a"g − &g)r + "d¨
= 3"h(bκ) + "b(bκ _) + %t(bκΩ) + %u(bκ r)
+ yb− ycΩ + ydr + "d¨ by (5.23n)
(5.44c)
Jd = bκ _e by (3.15b)
= bκ [xo(bpΩ) + ’g’h(bp) + xrΩ + ’i− xubp] by (5.40a)
= bκ [xrΩ + ’i− xubp + xo(bpΩ) + ’g’h(bp)]
= xr(bκΩ) + ’i(bκ)− xu(bκ bp) + xo[bκ (bpΩ)] + ’g’h[bκ (bp)]
= xr(bκΩ) + ’i(bκ)− xu(bκ bp) + xo[bp(bκ Ω)−Ω(bκ  bp)]
+ ’g’h[bp(bκ )−(bκ  bp)] by (A.1)
= xr(bκΩ) + ’i(bκ)− xu(bκ bp) + xo("abp− "eΩ) + ’g’h(abp− "e)
by (5.1a) & (5.13a)
= xr(bκΩ) + ’i(bκ)− xu(bκ bp) + xo"abp− xo"eΩ + ’g’habp− ’g’h"e
= xr(bκΩ) + ’i(bκ)− xu(bκ bp) + ("axo + ’g’ha)bp− "exoΩ− "e’g’h
= xr(bκΩ) + ’i(bκ)− xu(bκ bp) + yebp− "exoΩ− "e’g’h by (5.23n) (5.44d)
Je = bκ e¨ by (3.15b)
= bκ [xp(bpΩ) + 2xo(bp) + ’g’h(bp _) + xsΩ + 2xr + ’i _− xvbp] by (5.40b)
= bκ [xsΩ + 2xr + ’i _− xvbp + xp(bpΩ) + 2xo(bp) + ’g’h(bp _)]
= xs(bκ Ω) + 2xr(bκ) + ’i(bκ _)− xv(bκ bp) + xp[bκ (bpΩ)]
+ 2xo[bκ (bp)] + ’g’h[bκ (bp _)]
= xs(bκ Ω) + 2xr(bκ) + ’i(bκ _)− xv(bκ bp) + xp[bp(bκ Ω)−Ω(bκ  bp)]
+ 2xo[bp(bκ )−(bκ  bp)] + ’g’h[bp(bκ  _)− _(bκ  bp)] by (A.1)
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= xs(bκΩ) + 2xr(bκ) + ’i(bκ _)− xv(bκ bp) + xp("abp− "eΩ)
+ 2xo(abp− "e) + ’g’h(&bbp− "e _) by (5.1a); (5.13a) & (5.23a)
= xs(bκΩ) + 2xr(bκ) + ’i(bκ _)− xv(bκ bp) + xp"abp− xp"eΩ
+ 2xoabp− 2xo"e + ’g’h&bbp− ’g’h"e _
= xs(bκΩ) + 2xr(bκ) + ’i(bκ _)− xv(bκ bp) + (xp"a + 2xoa + ’g’h&b)bp
− xp"eΩ− 2xo"e− ’g’h"e _
= xs(bκΩ) + 2xr(bκ) + ’i(bκ _)− xv(bκ bp)
+ yf bp− xp"eΩ− 2xo"e− ’g’h"e _ by (5.23n) (5.44e)
Jf = a _a by (3.15b)
= [(Ω  r)Ω− Ω2r +  r] [2"hΩ− 3"gr + _ r− Ω2(Ω r) + "b] by (1.4a) & (5.30a)
= ["bΩ− Ω2r +  r] [2"hΩ− 3"gr + _ r− Ω2(Ω r) + "b] by (5.1a)
= −3"g"b(Ω r) + "b[Ω ( _ r)]− Ω2"b[Ω (Ω r)] + "2b(Ω)− 2"hΩ2(rΩ)
− Ω2[r ( _ r)] + Ω4[r (Ω r)]− "bΩ2(r )− 2"h[Ω ( r)]
+ 3"g[r ( r)] + ( r) ( _ r)− Ω2[( r) (Ω r)]− "b[ ( r)]
= (2"hΩ2 − 3"g"b)(Ω r) + "2b(Ω)− "bΩ2(r) + "b[Ω ( _ r)]
− Ω2"b[Ω (Ω r)]− Ω2[r ( _ r)] + Ω4[r (Ω r)]− 2"h[Ω ( r)]
+ 3"g[r ( r)] + ( r) ( _ r)− Ω2[( r) (Ω r)]− "b[ ( r)]
= (2"hΩ2 − 3"g"b)(Ω r) + "2b(Ω)− "bΩ2(r) + "b[ _(Ω  r)− r(Ω  _)]
− Ω2"b[Ω(Ω  r)− Ω2r]− Ω2[r2 _− r(r  _)] + Ω4[r2Ω− r(r Ω)]
− 2"h[(Ω  r)− r(Ω )] + 3"g[r2− r(r )] + _[r  ( r)]− r[ _  ( r)]
− Ω2Ω[r  ( r)] + Ω2r[Ω  ( r)]− "b[(  r)− 2r] by (A.1) & (A.5)
= (2"hΩ2 − 3"g"b)(Ω r) + "2b(Ω)− "bΩ2(r) + "b("b _− &cr)− Ω2"b("bΩ− Ω2r)
− Ω2(r2 _− &nr) + Ω4(r2Ω− "br)− 2"h("b− "gr) + 3"g(r2− "hr)
− dhr + Ω2"mr− "b("h− 2r) by (5.1a); (5.23a); (5.23b) & (A.4)
= (2"hΩ2 − 3"g"b)(Ω r) + "2b(Ω)− "bΩ2(r) + "2b _− "b&cr− Ω2"2bΩ + "bΩ4r
− Ω2r2 _ + Ω2&nr + Ω4r2Ω− Ω4"br− 2"h"b + 2"h"gr + 3"gr2− 3"g"hr
− dhr + Ω2"mr− "b"h + "b2r
= (2"hΩ2 − 3"g"b)(Ω r) + "2b(Ω)− "bΩ2(r) + "2b _− Ω2r2 _− "b&cr + "bΩ4r
+ Ω2&nr− Ω4"br + 2"h"gr− 3"g"hr− dhr + Ω2"mr + "b2r
− Ω2"2bΩ + Ω4r2Ω− 2"h"b + 3"gr2− "b"h
= (2"hΩ2 − 3"g"b)(Ω r) + "2b(Ω)− "bΩ2(r)− (Ω2r2 − "2b) _
+ [Ω2(&n + "m) + "b(2 − &c)− "g"h − dh]r + Ω2(Ω2r2 − "2b)Ω + 3("gr2 − "h"b)
= yg(Ω r) + "2b(Ω)− "bΩ2(r)− ’2a _ + yhr + Ω2’2aΩ + 3’c
by (5.1b) & (5.23n)
(5.44f)
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Jg = a a¨ by (3.15b)
= [(Ω  r)Ω− Ω2r +  r] [3"h + "b _ + %tΩ + %ur
+ 2"b(Ω)− 3Ω2( r)− 3"g(Ω r) + (¨ r)] by (5.30b) & (1.4a)
= 3"h"b(Ω) + "2b(Ω _) + "b%u(Ω r) + 2"2b [Ω (Ω)]
− 3Ω2"b[Ω ( r)]− 3"g"b[Ω (Ω r)] + "b[Ω (¨ r)]− 3"hΩ2(r)
− "bΩ2(r _)− Ω2%t(r Ω)− 2"bΩ2[r (Ω)] + 3Ω4[r ( r)]
+ 3"gΩ2[r (Ω r)]− Ω2[r (¨ r)]− 3"h[ ( r)]− "b[ _ ( r)]
− %t[Ω ( r)]− %u[r ( r)] + 2"b[( r) (Ω)]
− 3"g[( r) (Ω r)] + [( r) (¨ r)] by (5.1a)
= 3"h"b(Ω) + "2b(Ω _) + ("b%u + Ω2%t)(Ω r)− 3"hΩ2(r)− "bΩ2(r _)
+ 2"2b [Ω
2−Ω(Ω )]− 3Ω2"b[(Ω  r)− r(Ω )]− 3"g"b[Ω(Ω  r)− Ω2r]
+ "b[¨(Ω  r)− r(Ω  ¨)]− 2"bΩ2[(r Ω)−Ω(  r)] + 3Ω4[r2− r(r )]
+ 3"gΩ2[r2Ω− r(Ω  r)]− Ω2[r2¨− r(r  ¨)]− 3"h[(  r)− 2r]
− "b[( _  r)− r( _ )]− %t[(Ω  r)− r(Ω )]− %u[r2− r(r )]
+ 2"b[(Ω  ( r))−Ω(  ( r))]− 3"g[Ω(r  ( r))− r(Ω  ( r))]
+ [¨(r  ( r))− r(¨  ( r))] by (A.1) & (A.5)
= 3"h"b(Ω) + "2b(Ω _) + ("b%u + Ω2%t)(Ω r)− 3"hΩ2(r)
− "bΩ2(r _) + 2"2b(Ω2− "gΩ)− 3Ω2"b("b− "gr)− 3"g"b("bΩ− Ω2r)
+ "b("b¨− &hr)− 2"bΩ2("b− "hΩ) + 3Ω4(r2− "hr) + 3"gΩ2(r2Ω− "br)
− Ω2(r2¨− &or)− 3"h("h− 2r)− "b(&n− &dr)− %t("b− "gr)
− %u(r2− "hr) + 2"b"m + 3"g"mr− dir by (5.1a); (5.23a) & (5.23b)
= 3"h"b(Ω) + "2b(Ω _) + ("b%u + Ω2%t)(Ω r)− 3"hΩ2(r)
− "bΩ2(r _) + 2"2bΩ2− 2"2b"gΩ− 3Ω2"2b + 3Ω2"b"gr− 3"g"2bΩ + 3"g"bΩ2r
+ "2b¨− "b&hr− 2"2bΩ2 + 2"b"hΩ2Ω + 3Ω4r2− 3Ω4"hr + 3"gΩ2r2Ω− 3"g"bΩ2r
− Ω2r2¨ + Ω2&or− 3"2h + 3"h2r− "b&n + "b&dr− %t"b + %t"gr
− %ur2 + %u"hr + 2"b"m + 3"g"mr− dir
= 3"h"b(Ω) + "2b(Ω _) + ("b%u + Ω2%t)(Ω r)− 3"hΩ2(r)− "bΩ2(r _)
+ (2"2bΩ
2 − 3Ω2"2b − 2"2bΩ2 + 3Ω4r2 − 3"2h − "b&n − %t"b − %ur2 + 2"b"m)
+ (3Ω2"b"g + 3"g"bΩ2 − "b&h − 3Ω4"h − 3"g"bΩ2 + Ω2&o + 3"h2 + "b&d + %t"g
+ %u"h + 3"g"m − di)r + (−2"2b"g − 3"g"2b + 2"b"hΩ2 + 3"gΩ2r2)Ω + ("2b − Ω2r2)¨
= 3"h"b(Ω) + "2b(Ω _) + ("b%u + Ω2%t)(Ω r)− 3"hΩ2(r)
− "bΩ2(r _) + [3Ω2(Ω2r2 − "2b)− 3"2h − "b&n − %t"b − %ur2 + 2"b"m]
+ (3Ω2"b"g − "b&h − 3Ω4"h + Ω2&o + 3"h2 + "b&d + %t"g + %u"h + 3"g"m − di)r
+ (3r2Ω2"g + 2Ω2"b"h − 5"g"2b)Ω− (Ω2r2 − "2b)¨
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= 3"h"b(Ω) + "2b(Ω _) + ("b%u + Ω2%t)(Ω r)− 3"hΩ2(r)
− "bΩ2(r _) + (3Ω2’2a − 3"2h − "b&n − %t"b − %ur2 + 2"b"m)
+ (3Ω2"b"g − "b&h − 3Ω4"h + Ω2&o + 3"h2 + "b&d + %t"g + %u"h + 3"g"m − di)r
+ (3r2Ω2"g + 2Ω2"b"h − 5"g"2b)Ω− ’2a¨ by (5.1b)
= 3"h"b(Ω) + "2b(Ω _) + yi(Ω r)− 3"hΩ2(r )
− "bΩ2(r _) + yj + ylr + ykΩ− ’2a¨ by (5.23n)
(5.44g)
Jh = a _e by (3.15b)
= [(Ω  r)Ω− Ω2r +  r] [xo(bpΩ) + ’g’h(bp) + xrΩ + ’i− xubp]
by (1.4a) & (5.40a)
= xo"b[Ω (bpΩ)] + ’g’h"b[Ω (bp)] + ’i"b(Ω)− xu"b(Ω bp)
− xoΩ2[r (bpΩ)]− ’g’hΩ2[r (bp)]− xrΩ2(rΩ)− ’iΩ2(r)
+ xuΩ2(r bp) + xo[( r) (bpΩ)] + ’g’h[( r) (bp)]
− xr[Ω ( r)]− ’i[ ( r)] + xu[bp ( r)] by (5.1a)
= ’i"b(Ω)− xu"b(Ω bp)− xrΩ2(rΩ)− ’iΩ2(r) + xuΩ2(r bp)
+ xo"b[Ω2bp−Ω(bp Ω)] + ’g’h"b[bp(Ω )−(Ω  bp)]− xoΩ2[bp(r Ω)−Ω(bp  r)]
− ’g’hΩ2[bp(r )−(r  bp)] + xo[bp(Ω  ( r))−Ω(bp  ( r))]
+ ’g’h[bp(  ( r))−(bp  ( r))]− xr[(Ω  r)− r(Ω )]
− ’i[(  r)− 2r] + xu[(bp  r)− r(bp )] by (A.1) & (A.5)
= ’i"b(Ω)− xu"b(Ω bp)− xrΩ2(rΩ)− ’iΩ2(r) + xuΩ2(r bp)
+ xo"b(Ω2bp− "cΩ) + ’g’h"b("gbp− "c)− xoΩ2("bbp− "fΩ)
− ’g’hΩ2("hbp− "f) + xo("mbp− "oΩ)− ’g’h"o− xr("b− "gr)
− ’i("h− 2r) + xu("f− "ir) by (5.1a)
= ’i"b(Ω)− xu"b(Ω bp)− xrΩ2(rΩ)− ’iΩ2(r) + xuΩ2(r bp)
+ xo"bΩ2bp− xo"b"cΩ + ’g’h"b"gbp− ’g’h"b"c− xoΩ2"bbp + xoΩ2"fΩ
− ’g’hΩ2"hbp + ’g’hΩ2"f + xo"mbp− xo"oΩ− ’g’h"o− xr"b + xr"gr
− ’i"h + ’i2r + xu"f− xu"ir
= ’i"b(Ω)− xu"b(Ω bp)− xrΩ2(rΩ)− ’iΩ2(r) + xuΩ2(r bp)
+ (xo"bΩ2 + ’g’h"b"g − xoΩ2"b − ’g’hΩ2"h + xo"m)bp + (−xo"b"c + xoΩ2"f − xo"o)Ω
+ (−’g’h"b"c + ’g’hΩ2"f − ’g’h"o − xr"b − ’i"h + xu"f ) + (xr"g + ’i2 − xu"i)r
= ’i"b(Ω)− xu"b(Ω bp)− xrΩ2(rΩ)− ’iΩ2(r) + xuΩ2(r bp)
+ xo(Ω2"f − "b"c − "o)Ω + (xr"g + ’i2 − xu"i)r + [’g’h("b"g − "hΩ2) + xo"m]bp
+ [xu"f − xr"b − ’i"h + ’g’h(Ω2"f − "b"c − "o)]
= ’i"b(Ω)− xu"b(Ω bp)− xrΩ2(rΩ)− ’iΩ2(r) + xuΩ2(r bp)
+ xoymΩ + ynr + yobp + yp by (5.23n) (5.44h)
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Ji = a e¨ by (3.15b)
= [(Ω  r)Ω− Ω2r +  r] [xp(bpΩ) + 2xo(bp) + ’g’h(bp _) + xsΩ
+ 2xr + ’i _− xvbp] by (1.4a) & (5.40b)
= xp"b[Ω (bpΩ)] + 2xo"b[Ω (bp)] + ’g’h"b[Ω (bp _)] + 2xr"b(Ω)
+ ’i"b(Ω _)− xv"b(Ω bp)− xpΩ2[r (bpΩ)]− 2xoΩ2[r (bp)]
− ’g’hΩ2[r (bp _)]− xsΩ2(rΩ)− 2xrΩ2(r)− ’iΩ2(r _) + xvΩ2(r bp)
+ xp[( r) (bpΩ)] + 2xo[( r) (bp)] + ’g’h[( r) (bp _)]
− xs[Ω ( r)]− 2xr[ ( r)]− ’i[ _ ( r)] + xv[bp ( r)] by (5.1a)
= 2xr"b(Ω) + ’i"b(Ω _)− xv"b(Ω bp)− xsΩ2(rΩ)− 2xrΩ2(r)
− ’iΩ2(r _) + xvΩ2(r bp) + xp"b[Ω2bp−Ω(bp Ω)] + 2xo"b[bp(Ω )−(Ω  bp)]
+ ’g’h"b[bp(Ω  _)− _(bp Ω)]− xpΩ2[bp(r Ω)−Ω(bp  r)]− 2xoΩ2[bp(r )−(r  bp)]
− ’g’hΩ2[bp(r  _)− _(bp  r)] + xp[bp(Ω  ( r))−Ω(bp  ( r))]
+ 2xo[bp(  ( r))−(bp  ( r))] + ’g’h[bp( _  ( r))− _(bp  ( r))]
− xs[(Ω  r)− r(Ω )]− 2xr[(  r)− 2r]− ’i[( _  r)− r(  _)]
+ xv[(bp  r)− r(bp )] by (A.1) & (A.5)
= 2xr"b(Ω) + ’i"b(Ω _)− xv"b(Ω bp)− xsΩ2(rΩ)− 2xrΩ2(r)
− ’iΩ2(r _) + xvΩ2(r bp) + xp"b(Ω2bp− "cΩ) + 2xo"b("gbp− "c)
+ ’g’h"b(&cbp− "c _)− xpΩ2("bbp− "fΩ)− 2xoΩ2("hbp− "f)
− ’g’hΩ2(&nbp− "f _) + xp("mbp− "oΩ)− 2xo"o + ’g’h(dhbp− "o _)
− xs("b− "gr)− 2xr("h− 2r)− ’i(&n− &dr)
+ xv("f− "ir) by (5.1a); (5.23a) & (5.23b)
= 2xr"b(Ω) + ’i"b(Ω _)− xv"b(Ω bp)− xsΩ2(rΩ)− 2xrΩ2(r )
− ’iΩ2(r _) + xvΩ2(r bp) + xp"bΩ2bp− xp"b"cΩ + 2xo"b"gbp− 2xo"b"c
+ ’g’h"b&cbp− ’g’h"b"c _− xpΩ2"bbp + xpΩ2"fΩ− 2xoΩ2"hbp + 2xoΩ2"f
− ’g’hΩ2&nbp + ’g’hΩ2"f _ + xp"mbp− xp"oΩ− 2xo"o + ’g’hdhbp− ’g’h"o _
− xs"b + xs"gr− 2xr"h + 2xr2r− ’i&n + ’i&dr + xv"f− xv"ir
= 2xr"b(Ω) + ’i"b(Ω _)− xv"b(Ω bp)− xsΩ2(rΩ)− 2xrΩ2(r)− ’iΩ2(r _)
+ xvΩ2(r bp) + (−xp"b"c + xpΩ2"f − xp"o)Ω + (−’g’h"b"c + ’g’hΩ2"f − ’g’h"o) _
+ (xp"bΩ2 + 2xo"b"g + ’g’h"b&c − xpΩ2"b − 2xoΩ2"h − ’g’hΩ2&n + xp"m + ’g’hdh)bp
+ (xs"g + 2xr2 + ’i&d − xv"i)r + (−2xo"b"c + 2xoΩ2"f − 2xo"o − xs"b − 2xr"h − ’i&n + xv"f )
= 2xr"b(Ω) + ’i"b(Ω _)− xv"b(Ω bp)− xsΩ2(rΩ)− 2xrΩ2(r)
− ’iΩ2(r _) + xvΩ2(r bp) + xp(Ω2"f − "b"c − "o)Ω + ’g’h(Ω2"f − "b"c − "o) _
+ (xs"g + 2xr2 + ’i&d − xv"i)r + [xp"m + 2xo("b"g − Ω2"h) + ’g’h("b&c − Ω2&n + dh)]bp
+ [xv"f − xs"b − 2xr"h − ’i&n + 2xo(Ω2"f − "b"c − "o)]
= 2xr"b(Ω) + ’i"b(Ω _)− xv"b(Ω bp)− xsΩ2(rΩ)− 2xrΩ2(r)
− ’iΩ2(r _) + xvΩ2(r bp) + xpymΩ + ’g’hym _ + yqr + yrbp + ys
by (5.23n) & (5.23o)
(5.44i)
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Jj = _a a¨ by (3.15b)
= [2"hΩ− 3"gr + _ r− Ω2(Ω r) + "b] [3"h + "b _ + %tΩ + %ur
+ 2"b(Ω)− 3Ω2( r)− 3"g(Ω r) + (¨ r)] by (5.30a) & (5.30b)
= 6"2h(Ω) + 2"b"h(Ω _) + 2%u"h(Ω r) + 4"b"h[Ω (Ω)]− 6Ω2"h[Ω ( r)]
− 6"g"h[Ω (Ω r)] + 2"h[Ω (¨ r)]− 9"h"g(r)− 3"b"g(r _)− 3%t"g(r Ω)
− 6"b"g[r (Ω)] + 9Ω2"g[r ( r)] + 9"2g[r (Ω r)]− 3"g[r (¨ r)]
− 3"h[ ( _ r)]− "b[ _ ( _ r)]− %t[Ω ( _ r)]− %u[r ( _ r)]
+ 2"b[( _ r) (Ω)]− 3Ω2[( _ r) ( r)]− 3"g[( _ r) (Ω r)]
+ [( _ r) (¨ r)] + 3"hΩ2[ (Ω r)] + "bΩ2[ _ (Ω r)] + %tΩ2[Ω (Ω r)]
+ %uΩ2[r (Ω r)]− 2"bΩ2[(Ω r) (Ω)] + 3Ω4[(Ω r) ( r)]
− Ω2[(Ω r) (¨ r)] + "2b( _) + %t"b(Ω) + %u"b( r) + 2"2b[ (Ω)]
− 3Ω2"b[ ( r)]− 3"g"b[ (Ω r)] + "b[ (¨ r)]
= (6"2h − %t"b)(Ω) + 2"b"h(Ω _) + (2%u"h + 3%t"g)(Ω r) + (9"h"g + %u"b)( r)
− 3"b"g(r _) + "2b( _) + 4"b"h[Ω2−Ω(Ω )]− 6Ω2"h[(Ω  r)− r(Ω )]
+ (%tΩ2 − 6"g"h)[Ω(Ω  r)− Ω2r] + 2"h[¨(Ω  r)− r(Ω  ¨)]− 6"b"g[(r Ω)−Ω(r )]
+ 9Ω2"g[r2− r(r )] + (9"2g + %uΩ2)[r2Ω− r(r Ω)]− 3"g[r2¨− r(¨  r)]
− 3"h[ _(  r)− r(  _)]− "b[ _( _  r)− _2r]− %t[ _(Ω  r)− r(Ω  _)]− %u[r2 _− r(r  _)]
+ 3("hΩ2 − "g"b)[Ω(  r)− r( Ω)] + "bΩ2[Ω( _  r)− r( _ Ω)] + 2"2b[( Ω)−2Ω]
− 3Ω2"b[(  r)−2r] + "b[¨(  r)− r(  ¨)] + 2"b[(Ω  ( _ r))−Ω(  ( _ r))]
− 3Ω2[(r  ( _ r))− r(  ( _ r))]− 3"g[Ω(r  ( _ r))− r(Ω  ( _ r))]
+ [¨(r  ( _ r))− r(¨  ( _ r))]− 2"bΩ2[(Ω  (Ω r))−Ω(  (Ω r))]
+ 3Ω4[(r  (Ω r))− r(  (Ω r))]− Ω2[¨(r  (Ω r))− r(¨  (Ω r))] by (A.1) & (A.5)
= (6"2h − %t"b)(Ω) + 2"b"h(Ω _) + (2%u"h + 3%t"g)(Ω r) + (9"h"g + %u"b)( r)
− 3"b"g(r _) + "2b( _) + 4"b"h(Ω2− "gΩ)− 6Ω2"h("b− "gr)
+ (%tΩ2 − 6"g"h)("bΩ− Ω2r) + 2"h("b¨− &hr)− 6"b"g("b− "hΩ) + 9Ω2"g(r2− "hr)
+ (9"2g + %uΩ
2)(r2Ω− "br)− 3"g(r2¨− &or)− 3"h("h _− &dr)− "b(&n _− _2r)
− %t("b _− &cr)− %u(r2 _− &nr) + 3("hΩ2 − "g"b)("hΩ− "gr) + "bΩ2(&nΩ− &cr)
+ 2"2b("g−2Ω)− 3Ω2"b("h−2r) + "b("h¨− &ir) + 2"b(−dl + dhΩ)− 3Ω2dhr
− 3"gdlr− djr + 2"bΩ2dkΩ + 3Ω4"mr + Ω2dmr by (5.1a); (5.23a); (5.23b) & (A.4)
= (6"2h − %t"b)(Ω) + 2"b"h(Ω _) + (2%u"h + 3%t"g)(Ω r) + (9"h"g + %u"b)( r)
− 3"b"g(r _) + "2b( _) + 4"b"hΩ2− 4"b"h"gΩ− 6Ω2"h"b + 6Ω2"h"gr
+ "b(%tΩ2 − 6"g"h)Ω− Ω2(%tΩ2 − 6"g"h)r + 2"h"b¨− 2"h&hr− 6"2b"g + 6"b"g"hΩ
+ 9Ω2"gr2− 9Ω2"g"hr + r2(9"2g + %uΩ2)Ω− "b(9"2g + %uΩ2)r− 3"gr2¨ + 3"g&or− 3"2h _
+ 3"h&dr− "b&n _ + "b _2r− %t"b _ + %t&cr− %ur2 _ + %u&nr + 3"h("hΩ2 − "g"b)Ω
− 3"g("hΩ2 − "g"b)r + "bΩ2&nΩ− "bΩ2&cr + 2"2b"g− 2"2b2Ω− 3Ω2"b"h + 3Ω2"b2r
+ "b"h¨− "b&ir− 2"bdl + 2"bdhΩ− 3Ω2dhr− 3"gdlr− djr + 2"bΩ2dkΩ + 3Ω4"mr + Ω2dmr
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= (6"2h − %t"b)(Ω) + 2"b"h(Ω _) + (2%u"h + 3%t"g)(Ω r) + (9"h"g + %u"b)( r)
− 3"b"g(r _) + "2b( _) + (−3"2h − "b&n − %t"b − %ur2) _ + (2"h"b − 3"gr2 + "b"h)¨
+ (4"b"hΩ2 − 6Ω2"h"b − 6"2b"g + 9Ω2"gr2 + 2"2b"g − 3Ω2"b"h − 2"bdl)
+ [−4"b"h"g + "b(%tΩ2 − 6"g"h) + 6"b"g"h + r2(9"2g + %uΩ2) + 3"h("hΩ2 − "g"b)
+ "bΩ2&n − 2"2b2 + 2"bdh + 2"bΩ2dk]Ω
+ [6Ω2"h"g − Ω2(%tΩ2 − 6"g"h)− 2"h&h − 9Ω2"g"h − "b(9"2g + %uΩ2) + 3"g&o + "b _
2
+ %t&c
+ %u&n − 3"g("hΩ2 − "g"b)− "bΩ2&c + 3Ω2"b2 − "b&i − 3Ω2dh − 3"gdl − dj
+ 3Ω4"m + Ω2dm + 3"h&d]r
= (6"2h − %t"b)(Ω) + 2"b"h(Ω _) + (2%u"h + 3%t"g)(Ω r) + (9"h"g + %u"b)( r)
− 3"b"g(r _) + "2b( _)− (3"2h + "b&n + %t"b + %ur2) _ + 3("h"b − "gr2)¨
+ [5Ω2(r2"g − "b"h) + 4"g(r2Ω2 − "2b)− 2"bdl]
+ [7"g(r2"g − "b"h) + Ω2"b(%t + 2dk + &n) + Ω2(r2%u + 3"2h) + 2"b(dh − 2"b) + 2r2"2g]Ω
+ [Ω4(3"m − %t) + Ω2(dm − 3dh) + Ω2"b(32 − %u − &c) + "b( _2 − 6"2g − &i)
+ "h(3&d − 2&h) + 3"g(&o − dl) + %t&c + %u&n − dj ]r
= (6"2h − %t"b)(Ω) + 2"b"h(Ω _) + (2%u"h + 3%t"g)(Ω r) + (9"h"g + %u"b)( r)
− 3"b"g(r _) + "2b( _)− (3"2h + "b&n + %t"b + %ur2) _− 3("gr2 − "h"b)¨
+ [5Ω2(r2"g − "b"h) + 4"g(r2Ω2 − "2b)− 2"bdl]
+ [7"g(r2"g − "b"h) + Ω2"b(%t + 2dk + &n) + Ω2(r2%u + 3"2h) + 2"b(dh − 2"b) + 2r2"2g]Ω
+ [Ω4(3"m − %t) + Ω2(dm − 3dh) + Ω2"b(32 − %u − &c) + "b( _2 − 6"2g − &i)
+ "h(3&d − 2&h) + 3"g(&o − dl) + %t&c + %u&n − dj ]r
= (6"2h − %t"b)(Ω) + 2"b"h(Ω _) + (2%u"h + 3%t"g)(Ω r) + (9"h"g + %u"b)( r)
− 3"b"g(r  _) + "2b( _) + (5Ω2’c + 4"g’2a − 2"bdl)− (3"2h + "b&n + %t"b + %ur2) _
− 3’c¨ + [7"g’c + Ω2"b(%t + 2dk + &n) + Ω2(r2%u + 3"2h) + 2"b(dh − 2"b) + 2r2"2g]Ω
+ [Ω4(3"m − %t) + Ω2(dm − 3dh) + Ω2"b(32 − %u − &c) + "b( _2 − 6"2g − &i)
+ "h(3&d − 2&h) + 3"g(&o − dl) + %t&c + %u&n − dj ]r by (5.1b)
= yt(Ω) + 2"b"h(Ω _) + yu(Ω r) + yv( r)− 3"b"g(r  _) + "2b( _)
+ yw− yx _− 3’c¨ + yyΩ + yzr by (5.23o)
(5.44j)
Jk = _a _e by (3.15b)
= [2"hΩ− 3"gr + _ r− Ω2(Ω r) + "b] [xo(bpΩ) + ’g’h(bp) + xrΩ + ’i− xubp]
by (5.30a) & (5.40a)
= 2xo"h[Ω (bpΩ)] + 2’g’h"h[Ω (bp)] + 2’i"h(Ω)− 2xu"h(Ω bp)
− 3xo"g[r (bpΩ)]− 3’g’h"g[r (bp)]− 3xr"g(rΩ)− 3’i"g(r)
+ 3xu"g(r bp) + xo[( _ r) (bpΩ)] + ’g’h[( _ r) (bp)]− xr[Ω ( _ r)]
− ’i[ ( _ r)] + xu[bp ( _ r)]− xoΩ2[(Ω r) (bpΩ)]− ’g’hΩ2[(Ω r) (bp)]
+ xrΩ2[Ω (Ω r)] + ’iΩ2[ (Ω r)]− xuΩ2[bp (Ω r)] + xo"b[ (bpΩ)]
+ ’g’h"b[ (bp)] + xr"b(Ω)− xu"b( bp)
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= (2’i"h − xr"b)(Ω)− 2xu"h(Ω bp)− 3xr"g(rΩ)− 3’i"g(r)
+ 3xu"g(r bp)− xu"b( bp) + 2xo"h[Ω2bp−Ω(bp Ω)] + 2’g’h"h[bp(Ω )−(Ω  bp)]
− 3xo"g[bp(Ω  r)−Ω(bp  r)]− 3’g’h"g[bp(r )−(r  bp)]− xr[ _(Ω  r)− r(Ω  _)]
− ’i[ _(  r)− r(  _)] + xu[ _(bp  r)− r(bp  _)] + xrΩ2[Ω(Ω  r)− Ω2r]
+ ’iΩ2[Ω(  r)− r(Ω )]− xuΩ2[Ω(bp  r)− r(bp Ω)] + xo"b[bp( Ω)−Ω(  bp)]
+ ’g’h"b[2bp−(  bp)] + xo[bp(Ω  ( _ r))−Ω(bp  ( _ r))]
+ ’g’h[bp(  ( _ r))−(bp  ( _ r))]− xoΩ2[bp(Ω  (Ω r))−Ω(bp  (Ω r))]
− ’g’hΩ2[bp(  (Ω r))−(bp  (Ω r))] by (A.1) & (A.5)
= (2’i"h − xr"b)(Ω)− 2xu"h(Ω bp)− 3xr"g(rΩ)− 3’i"g(r)
+ 3xu"g(r bp)− xu"b( bp) + 2xo"h(Ω2bp− "cΩ) + 2’g’h"h("gbp− "c)
− 3xo"g("bbp− "fΩ)− 3’g’h"g("hbp− "f)− xr("b _− &cr)− ’i("h _− &dr)
+ xu("f _− &ar) + xrΩ2("bΩ− Ω2r) + ’iΩ2("hΩ− "gr)− xuΩ2("fΩ− "cr)
+ xo"b("gbp− "iΩ) + ’g’h"b(2bp− "i) + xo(−dlbp− dnΩ) + ’g’h(−dhbp− dn)
+ "lxoΩ2Ω− ’g’hΩ2(−"mbp− "l) by (5.1a); (5.23a) & (5.23b)
= (2’i"h − xr"b)(Ω)− 2xu"h(Ω bp)− 3xr"g(rΩ)− 3’i"g(r)
+ 3xu"g(r  bp)− xu"b( bp) + 2xo"hΩ2bp− 2xo"h"cΩ + 2’g’h"h"gbp− 2’g’h"h"c
− 3xo"g"bbp + 3xo"g"fΩ− 3’g’h"g"hbp + 3’g’h"g"f− xr"b _ + xr&cr− ’i"h _ + ’i&dr
+ xu"f _− xu&ar + xrΩ2"bΩ− xrΩ4r + ’iΩ2"hΩ− ’iΩ2"gr− xuΩ2"fΩ + xuΩ2"cr
+ xo"b"gbp− xo"b"iΩ + ’g’h"b2bp− ’g’h"b"i− xodlbp− xodnΩ− ’g’hdhbp− ’g’hdn
+ "lxoΩ2Ω + ’g’hΩ2"mbp + ’g’hΩ2"l
= (2’i"h − xr"b)(Ω)− 2xu"h(Ω bp)− 3xr"g(rΩ)− 3’i"g(r) + 3xu"g(r bp)
− xu"b( bp) + (−xr"b − ’i"h + xu"f ) _ + (xr&c + ’i&d − xu&a − xrΩ4 − ’iΩ2"g + xuΩ2"c)r
+ (2xo"hΩ2 + 2’g’h"h"g − 3xo"g"b − 3’g’h"g"h + xo"b"g + ’g’h"b2 − xodl − ’g’hdh
+ ’g’hΩ2"m)bp + (−2xo"h"c + 3xo"g"f + xrΩ2"b + ’iΩ2"h − xuΩ2"f − xo"b"i − xodn + "lxoΩ2)Ω
+ (−2xo"h"c + 3xo"g"f + xrΩ2"b + ’iΩ2"h − xuΩ2"f − xo"b"i − xodn + "lxoΩ2
− 2’g’h"h"c + 3’g’h"g"f − ’g’h"b"i − ’g’hdn + ’g’hΩ2"l)
= (2’i"h − xr"b)(Ω)− 2xu"h(Ω bp)− 3xr"g(rΩ)− 3’i"g(r)
+ 3xu"g(r bp)− xu"b( bp) + [xr(&c − Ω4) + ’i(&d − Ω2"g) + xu(Ω2"c − &a)]r
+ [Ω2(2"hxo + "m’g’h)− xo(dl + 2"b"g) + ’g’h(2"b − dh − "g"h)]bp
+ [Ω2("lxo − "f xu + "bxr + "h’i) + xo(3"f"g − 2"c"h − "b"i − dn)]Ω
+ ’g’h(−2"c"h + 3"f"g − "b"i − dn + Ω2"l) + (xu"f − xr"b − ’i"h) _
= κa(Ω)− 2xu"h(Ω bp)− 3xr"g(rΩ)− 3’i"g(r) + 3xu"g(r bp)
− xu"b( bp) + κbr + κebp + κfΩ + ’g’hκd + κc _ by (5.23p) (5.44k)
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Jl = _a e¨ by (3.15b)
= [2"hΩ− 3"gr + _ r− Ω2(Ω r) + "b] [xp(bpΩ) + 2xo(bp) + ’g’h(bp _)
+ xsΩ + 2xr + ’i _− xvbp] by (5.30a) & (5.40b)
= 2xp"h[Ω (bpΩ)] + 4xo"h[Ω (bp)] + 2’g’h"h[Ω (bp _)]
+ 2xs"h(ΩΩ) + 4xr"h(Ω) + 2’i"h(Ω _)− 2xv"h(Ω bp)
− 3xp"g[r (bpΩ)]− 6xo"g[r (bp)]− 3’g’h"g[r (bp _)]
− 3xs"g(rΩ)− 6xr"g(r)− 3’i"g(r _) + 3xv"g(r bp)
+ xp[( _ r) (bpΩ)] + 2xo[( _ r) (bp)] + ’g’h[( _ r) (bp _)]
− xs[Ω ( _ r)]− 2xr[ ( _ r)]− ’i[ _ ( _ r)] + xv[bp ( _ r)]
− xpΩ2[(Ω r) (bpΩ)]− 2xoΩ2[(Ω r) (bp)]− ’g’hΩ2[(Ω r) (bp _)]
+ xsΩ2[Ω (Ω r)] + 2xrΩ2[ (Ω r)] + ’iΩ2[ _ (Ω r)]− xvΩ2[bp (Ω r)]
+ xp"b[ (bpΩ)] + 2xo"b[ (bp)] + ’g’h"b[ (bp _)] + xs"b(Ω)
+ 2xr"b() + ’i"b( _)− xv"b( bp)
= (4xr"h − xs"b)(Ω)− 2xv"h(Ω bp)− 3xs"g(rΩ)− 6xr"g(r)
+ 3xv"g(r bp)− xv"b( bp) + 2’i"h(Ω _)− 3’i"g(r _) + ’i"b( _)
+ 2xp"h[Ω (bpΩ)] + 4xo"h[Ω (bp)] + 2’g’h"h[Ω (bp _)]
− 3xp"g[r (bpΩ)]− 6xo"g[r (bp)]− 3’g’h"g[r (bp _)]
− xs[Ω ( _ r)]− 2xr[ ( _ r)]− ’i[ _ ( _ r)] + xv[bp ( _ r)]
+ xsΩ2[Ω (Ω r)] + 2xrΩ2[ (Ω r)] + ’iΩ2[ _ (Ω r)]− xvΩ2[bp (Ω r)]
+ xp"b[ (bpΩ)] + 2xo"b[ (bp)] + ’g’h"b[ (bp _)]
+ xp[( _ r) (bpΩ)] + 2xo[( _ r) (bp)] + ’g’h[( _ r) (bp _)]
− xpΩ2[(Ω r) (bpΩ)]− 2xoΩ2[(Ω r) (bp)]− ’g’hΩ2[(Ω r) (bp _)]
= (4xr"h − xs"b)(Ω)− 2xv"h(Ω bp)− 3xs"g(rΩ)− 6xr"g(r)
+ 3xv"g(r bp)− xv"b( bp) + 2’i"h(Ω _)− 3’i"g(r _) + ’i"b( _)
+ 2xp"h[Ω2bp−Ω(Ω  bp)] + 4xo"h[bp(Ω )−(Ω  bp)] + 2’g’h"h[bp(Ω  _)− _(Ω  bp)]
− 3xp"g[bp(r Ω)−Ω(r  bp)]− 6xo"g[bp(r )−(r  bp)]− 3’g’h"g[bp(r  _)− _(r  bp)]
− xs[ _(Ω  r)− r(Ω  _)]− 2xr[ _(  r)− r(  _)]− ’i[ _( _  r)− _2r]
+ xv[ _(bp  r)− r(bp  _)] + xsΩ2[Ω(Ω  r)− Ω2r] + 2xrΩ2[Ω(  r)− r( Ω)]
+ ’iΩ2[Ω( _  r)− r( _ Ω)]− xvΩ2[Ω(bp  r)− r(bp Ω)] + xp"b[bp( Ω)−Ω(  bp)]
+ 2xo"b[2bp−(  bp)] + ’g’h"b[bp(  _)− _(  bp)] + xp[bp(Ω  ( _ r))−Ω(bp  ( _ r))]
+ 2xo[bp(  ( _ r))−(bp  ( _ r))] + ’g’h[bp( _  ( _ r))− _(bp  ( _ r))]
− xpΩ2[bp(Ω  (Ω r))−Ω(bp  (Ω r))]− 2xoΩ2[bp(  (Ω r))−(bp  (Ω r))]
− ’g’hΩ2[bp( _  (Ω r))− _(bp  (Ω r))] by (A.1) & (A.5)
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= (4xr"h − xs"b)(Ω)− 2xv"h(Ω bp)− 3xs"g(rΩ)− 6xr"g(r)
+ 3xv"g(r bp)− xv"b( bp) + 2’i"h(Ω _)− 3’i"g(r  _) + ’i"b( _)
+ 2xp"h(Ω2bp− "cΩ) + 4xo"h("gbp− "c) + 2’g’h"h(&cbp− "c _)− 3xp"g("bbp− "fΩ)
− 6xo"g("hbp− "f)− 3’g’h"g(&nbp− "f _)− xs("b _− &cr)− 2xr("h _− &dr)− ’i(&n _− _2r)
+ xv("f _− &ar) + xsΩ2("bΩ− Ω2r) + 2xrΩ2("hΩ− "gr) + ’iΩ2(&nΩ− &cr)− xvΩ2("fΩ− "cr)
+ xp"b("gbp− "iΩ) + 2xo"b(2bp− "i) + ’g’h"b(&dbp− "i _) + xp(−dlbp− dnΩ)
+ 2xo(−dhbp− dn) + ’g’h(−dn _)− xpΩ2(−"lΩ)− 2xoΩ2(−"mbp− "l)
− ’g’hΩ2(dlbp− "l _) by (5.1a); (5.23a) & (5.23b)
= (4xr"h − xs"b)(Ω)− 2xv"h(Ω bp)− 3xs"g(rΩ)− 6xr"g(r)
+ 3xv"g(r bp)− xv"b( bp) + 2’i"h(Ω _)− 3’i"g(r  _) + ’i"b( _)
+ 2xp"hΩ2bp− 2xp"h"cΩ + 4xo"h"gbp− 4xo"h"c + 2’g’h"h&cbp− 2’g’h"h"c _
− 3xp"g"bbp + 3xp"g"fΩ− 6xo"g"hbp + 6xo"g"f− 3’g’h"g&nbp + 3’g’h"g"f _
− xs"b _ + xs&cr− 2xr"h _ + 2xr&dr− ’i&n _ + ’i _2r + xv"f _− xv&ar + xsΩ2"bΩ− xsΩ4r
+ 2xrΩ2"hΩ− 2xrΩ2"gr + ’iΩ2&nΩ− ’iΩ2&cr− xvΩ2"fΩ + xvΩ2"cr + xp"b"gbp− xp"b"iΩ
+ 2xo"b2bp− 2xo"b"i + ’g’h"b&dbp− ’g’h"b"i _− xpdlbp− xpdnΩ− 2xodhbp− 2xodn
− ’g’hdn _ + xpΩ2"lΩ + 2xoΩ2"mbp + 2xoΩ2"l− ’g’hΩ2dlbp + ’g’hΩ2"l _
= (4xr"h − xs"b)(Ω)− 2xv"h(Ω bp)− 3xs"g(rΩ)− 6xr"g(r)
+ 3xv"g(r bp)− xv"b( bp) + 2’i"h(Ω _)− 3’i"g(r  _) + ’i"b( _)
+ [2xp"hΩ2 + 4xo"h"g + 2’g’h"h&c − 3xp"g"b − 6xo"g"h − 3’g’h"g&n + xp"b"g + 2xo"b2
+ ’g’h"b&d − 2xodh − xpdl + 2xoΩ2"m − ’g’hΩ2dl]bp
+ [−4xo"h"c + 6xo"g"f − 2xo"b"i − 2xodn + 2xoΩ2"l]
+ [xs&c + 2xr&d + ’i _
2 − xv&a − xsΩ4 − 2xrΩ2"g − ’iΩ2&c + xvΩ2"c]r
+ [−2xp"h"c + 3xp"g"f + xsΩ2"b + 2xrΩ2"h + ’iΩ2&n − xvΩ2"f − xp"b"i − xpdn + xpΩ2"l]Ω
+ [−2’g’h"h"c + 3’g’h"g"f − xs"b − 2xr"h − ’i&n + xv"f − ’g’h"b"i − ’g’hdn + ’g’hΩ2"l] _
= (4xr"h − xs"b)(Ω)− 2xv"h(Ω bp)− 3xs"g(rΩ)− 6xr"g(r)
+ 3xv"g(r bp)− xv"b( bp) + 2’i"h(Ω _)− 3’i"g(r _) + ’i"b( _)
+ [2Ω2(xp"h + xo"m) + 2xo("b2 − "g"h − dh) + ’g’h(−Ω2dl + 2"h&c − 3"g&n + "b&d)
− xp(2"g"b + dl)]bp + 2xo[Ω2"l − 2"h"c + 3"g"f − "b"i − dn]
+ [Ω2(xs"b + 2xr"h + ’i&n − xv"f + xp"l) + xp(3"g"f − 2"h"c − "b"i − dn)]Ω
+ [’g’h(3"g"f − 2"h"c − "b"i − dn + Ω2"l)− xs"b − 2xr"h − ’i&n + xv"f ] _
+ [xs(&c − Ω4) + 2xr(&d − Ω2"g) + ’i( _2 − Ω2&c) + xv(Ω2"c − &a)]r
= κg(Ω)− 2xv"h(Ω bp)− 3xs"g(r Ω)− 6xr"g(r)
+ 3xv"g(r bp)− xv"b( bp) + 2’i"h(Ω _)− 3’i"g(r _) + ’i"b( _)
+ κibp + 2xoκh + κjΩ + κk _ + κlr by (5.23p) (5.44l)
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Jn = _e a¨ by (3.15b)
= [xo(bpΩ) + ’g’h(bp) + xrΩ + ’i− xubp] [3"h + "b _ + %tΩ + %ur
+ 2"b(Ω)− 3Ω2( r)− 3"g(Ω r) + (¨ r)] by (5.30b) & (5.40a)
= −3"hxo[ (bpΩ)]− "bxo[ _ (bpΩ)]− %txo[Ω (bpΩ)]− %uxo[r (bpΩ)]
+ 2"bxo[(bpΩ) (Ω)]− 3Ω2xo[(bpΩ) ( r)]− 3"gxo[(bpΩ) (Ω r)]
+ xo[(bpΩ) (¨ r)]− 3"h’g’h[ (bp)]− "b’g’h[ _ (bp)]
− %t’g’h[Ω (bp)]− %u’g’h[r (bp)] + 2"b’g’h[(bp) (Ω)]
− 3Ω2’g’h[(bp) ( r)]− 3"g’g’h[(bp) (Ω r)] + ’g’h[(bp) (¨ r)]
+ 3"hxr(Ω) + "bxr(Ω _) + %uxr(Ω r) + 2"bxr[Ω (Ω)]
− 3Ω2xr[Ω ( r)]− 3"gxr[Ω (Ω r)] + xr[Ω (¨ r)] + "b’i( _) + %t’i(Ω)
+ %u’i( r) + 2"b’i[ (Ω)]− 3Ω2’i[ ( r)]− 3"g’i[ (Ω r)]
+ ’i[ (¨ r)]− 3"hxu(bp)− "bxu(bp _)− %txu(bpΩ)− %uxu(bp r)
− 2"bxu[bp (Ω)] + 3Ω2xu[bp ( r)] + 3"gxu[bp (Ω r)]− xu[bp (¨ r)]
= (3"hxr − %t’i)(Ω) + %uxr(Ω r) + %u’i( r)− %txu(bpΩ)
− %uxu(bp r)− 3"hxu(bp)− "bxu(bp _) + "bxr(Ω _) + "b’i( _)
− 3"hxo[ (bpΩ)]− "bxo[ _ (bpΩ)]− %txo[Ω (bpΩ)]− %uxo[r (bpΩ)]
− 3"h’g’h[ (bp)]− "b’g’h[ _ (bp)]− %t’g’h[Ω (bp)]
− %u’g’h[r (bp)] + 2"bxr[Ω (Ω)]− 3Ω2xr[Ω ( r)]− 3"gxr[Ω (Ω r)]
+ xr[Ω (¨ r)] + 2"b’i[ (Ω)]− 3Ω2’i[ ( r)]− 3"g’i[ (Ω r)]
+ ’i[ (¨ r)]− 2"bxu[bp (Ω)] + 3Ω2xu[bp ( r)] + 3"gxu[bp (Ω r)]
− xu[bp (¨ r)] + 2"bxo[(bpΩ) (Ω)]− 3Ω2xo[(bpΩ) ( r)]
− 3"gxo[(bpΩ) (Ω r)] + xo[(bpΩ) (¨ r)] + 2"b’g’h[(bp) (Ω)]
− 3Ω2’g’h[(bp) ( r)]− 3"g’g’h[(bp) (Ω r)] + ’g’h[(bp) (¨ r)]
= (3"hxr − %t’i)(Ω) + %uxr(Ω r) + %u’i( r)− %txu(bpΩ)
− %uxu(bp r)− 3"hxu(bp)− "bxu(bp _) + "bxr(Ω _) + "b’i( _)
− 3"hxo[bp( Ω)−Ω(  bp)]− "bxo[bp( _ Ω)−Ω(bp  _)]− %txo[Ω2bp−Ω(Ω  bp)]
− %uxo[bp(r Ω)−Ω(r  bp)]− 3"h’g’h[2bp−(  bp)]− "b’g’h[bp( _ )−(bp  _)]
− %t’g’h[bp(Ω )−(Ω  bp)]− %u’g’h[bp(r )−(r  bp)] + 2"bxr[Ω2−Ω(Ω )]
− 3Ω2xr[(Ω  r)− r(Ω )]− 3"gxr[Ω(Ω  r)− Ω2r] + xr[¨(Ω  r)− r(Ω  ¨)]
+ 2"b’i[( Ω)− 2Ω]− 3Ω2’i[(  r)− 2r]− 3"g’i[Ω(  r)− r( Ω)]
+ ’i[¨(  r)− r(  ¨)]− 2"bxu[(bp Ω)−Ω(bp )] + 3Ω2xu[(bp  r)− r(bp )]
+ 3"gxu[Ω(bp  r)− r(bp Ω)]− xu[¨(bp  r)− r(bp  ¨)] + 2"bxo[(Ω  (bpΩ))−Ω(  (bpΩ))]
− 3Ω2xo[(r  (bpΩ))− r(  (bpΩ))]− 3"gxo[Ω(r  (bpΩ))− r(Ω  (bpΩ))]
+ xo[¨(r  (bpΩ))− r(¨  (bpΩ))] + 2"b’g’h[(Ω  (bp))−Ω(  (bp))]
− 3Ω2’g’h[(r  (bp))− r(  (bp))]− 3"g’g’h[Ω(r  (bp))− r(Ω  (bp))]
+ ’g’h[¨(r  (bp))− r(¨  (bp))] by (A.1) & (A.5)
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= (3"hxr − %t’i)(Ω) + %uxr(Ω r) + %u’i( r)− %txu(bpΩ)
− %uxu(bp r)− 3"hxu(bp)− "bxu(bp _) + "bxr(Ω _) + "b’i( _)
− 3"hxo("gbp− "iΩ)− "bxo(&cbp− &aΩ)− %txo(Ω2bp− "cΩ)− %uxo("bbp− "fΩ)
− 3"h’g’h(2bp− "i)− "b’g’h(&dbp− &a)− %t’g’h("gbp− "c)− %u’g’h("hbp− "f)
+ 2"bxr(Ω2− "gΩ)− 3Ω2xr("b− "gr)− 3"gxr("bΩ− Ω2r) + xr("b¨− &hr)
+ 2"b’i("g− 2Ω)− 3Ω2’i("h− 2r)− 3"g’i("hΩ− "gr) + ’i("h¨− &ir)
− 2"bxu("c− "iΩ) + 3Ω2xu("f− "ir) + 3"gxu("fΩ− "cr)− xu("f ¨− &fr)
− 2"bxodoΩ− 3Ω2xo("l− dor)− 3"gxo"lΩ + xo("l¨− dqr)− 2"b’g’hdo
− 3Ω2’g’h"o− 3"g’g’h("oΩ + dor) + ’g’h("o¨− dsr) by (5.1a); (5.23a); (5.23b) & (A.4)
= (3"hxr − %t’i)(Ω) + %uxr(Ω r) + %u’i( r)− %txu(bpΩ)
− %uxu(bp r)− 3"hxu(bp)− "bxu(bp _) + "bxr(Ω _) + "b’i( _)
− 3"hxo"gbp + 3"hxo"iΩ− "bxo&cbp + "bxo&aΩ− %txoΩ2bp + %txo"cΩ− %uxo"bbp + %uxo"fΩ
− 3"h’g’h2bp + 3"h’g’h"i− "b’g’h&dbp + "b’g’h&a− %t’g’h"gbp + %t’g’h"c
− %u’g’h"hbp + %u’g’h"f + 2"bxrΩ2− 2"bxr"gΩ− 3Ω2xr"b + 3Ω2xr"gr
− 3"gxr"bΩ + 3"gxrΩ2r + xr"b¨− xr&hr + 2"b’i"g− 2"b’i2Ω− 3Ω2’i"h + 3Ω2’i2r
− 3"g’i"hΩ + 3"g’i"gr + ’i"h¨− ’i&ir− 2"bxu"c + 2"bxu"iΩ + 3Ω2xu"f− 3Ω2xu"ir
+ 3"gxu"fΩ− 3"gxu"cr− xu"f ¨ + xu&fr− 2"bxodoΩ− 3Ω2xo"l + 3Ω2xodor
− 3"gxo"lΩ + xo"l¨− xodqr− 2"b’g’hdo− 3Ω2’g’h"o
− 3"g’g’h"oΩ− 3"g’g’hdor + ’g’h"o¨− ’g’hdsr
= (3"hxr − %t’i)(Ω) + %uxr(Ω r) + %u’i( r)− %txu(bpΩ)
− %uxu(bp r)− 3"hxu(bp)− "bxu(bp _) + "bxr(Ω _) + "b’i( _)
+ [−3"hxo"g − "bxo&c − %txoΩ2 − %uxo"b − 3"h’g’h2 − "b’g’h&d − %t’g’h"g − %u’g’h"h]bp
+ [3Ω2xr"g + 3"gxrΩ2 − xr&h + 3Ω2’i2 + 3"g’i"g − ’i&i − 3Ω2xu"i − 3"gxu"c
+ xu&f + 3Ω2xodo − xodq − 3"g’g’hdo − ’g’hds]r + [xr"b + ’i"h − xu"f + xo"l + ’g’h"o]¨
+ [3"hxo"i + "bxo&a + %txo"c + %uxo"f − 2"bxr"g − 3"gxr"b − 2"b’i2 − 3"g’i"h
+ 2"bxu"i + 3"gxu"f − 2"bxodo − 3"gxo"l − 3"g’g’h"o]Ω
+ [3"h’g’h"i + "b’g’h&a + %t’g’h"c + %u’g’h"f + 2"bxrΩ2 − 3Ω2xr"b + 2"b’i"g
− 3Ω2’i"h − 2"bxu"c + 3Ω2xu"f − 3Ω2xo"l − 2"b’g’hdo − 3Ω2’g’h"o]
= (3"hxr − %t’i)(Ω) + %uxr(Ω r) + %u’i( r)− %txu(bpΩ)
− %uxu(bp r)− 3"hxu(bp)− "bxu(bp _) + "bxr(Ω _) + "b’i( _)
+ [−xo(3"h"g + "b&c + %tΩ2 + %u"b) + ’g’h(−3"h2 − "b&d − %t"g − %u"h)]bp
+ [3Ω2(2xr"g + ’i2 − xu"i + xodo) + ’i(3"2g − &i) + xu(&f − 3"g"c)
− ’g’h(3"gdo + ds)− xodq − xr&h]r + [xr"b + ’i"h − xu"f + xo"l + ’g’h"o]¨
+ [xo(3"h"i + "b&a + %t"c + %u"f ) + 2"b(xu"i − xodo − xr"g − ’i2)
+ 3"g(xu"f − xo"l − ’g’h"o − "bxr − ’i"h)]Ω
+ [’g’h(3"h"i + "b&a + %t"c + %u"f )− 3Ω2(xr"b + ’i"h − xu"f + xo"l + ’g’h"o)
+ 2"b(’i"g + xrΩ2 − xu"c − ’g’hdo)]
= κm(Ω) + %uxr(Ω r) + %u’i( r)− %txu(bpΩ)
− %uxu(bp r)− 3"hxu(bp)− "bxu(bp _) + "bxr(Ω _) + "b’i( _)
+ κobp + κpr + κqΩ + κr + κn¨ by (5.23q) (5.44m)
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Jo = _e e¨ by (3.15b)
= [xo(bpΩ) + ’g’h(bp) + xrΩ + ’i− xubp] [xp(bpΩ) + 2xo(bp)
+ ’g’h(bp _) + xsΩ + 2xr + ’i _− xvbp] by (5.40)
= 2x2o[(bpΩ) (bp)] + ’g’hxo[(bpΩ) (bp _)]− xsxo[Ω (bpΩ)]− 2xrxo[ (bpΩ)]
− ’ixo[ _ (bpΩ)] + xvxo[bp (bpΩ)] + xp’g’h[(bp) (bpΩ)] + ’2g’2h[(bp) (bp _)]
− xs’g’h[Ω (bp)]− 2xr’g’h[ (bp)]− ’i’g’h[ _ (bp)] + xv’g’h[bp (bp)]
+ xpxr[Ω (bpΩ)] + 2xoxr[Ω (bp)] + ’g’hxr[Ω (bp _)] + 2x2r(Ω) + ’ixr(Ω _)
− xvxr(Ω bp) + xp’i[ (bpΩ)] + 2xo’i[ (bp)] + ’g’h’i[ (bp _)]
+ xs’i(Ω) + ’2i ( _)− xv’i( bp)− xpxu[bp (bpΩ)]− 2xoxu[bp (bp)]
− ’g’hxu[bp (bp _)]− xsxu(bpΩ)− 2xrxu(bp)− ’ixu(bp _)
= (2x2r − xs’i)(Ω) + ’ixr(Ω _) + (xsxu − xvxr)(Ω bp) + (xv’i − 2xrxu)(bp)
− ’ixu(bp _) + ’2i ( _) + (xpxr − xsxo)[Ω (bpΩ)] + (xp’i − 2xrxo)[ (bpΩ)]
− ’ixo[ _ (bpΩ)] + (xvxo − xpxu)[bp (bpΩ)] + (2xoxr − xs’g’h)[Ω (bp)]
+ 2(xo’i − xr’g’h)[ (bp)]− ’i’g’h[ _ (bp)] + (xv’g’h − 2xoxu)[bp (bp)]
+ ’g’hxr[Ω (bp _)] + ’g’h’i[ (bp _)]− ’g’hxu[bp (bp _)]




= (2x2r − xs’i)(Ω) + ’ixr(Ω _) + (xsxu − xvxr)(Ω bp) + (xv’i − 2xrxu)(bp )− ’ixu(bp _)
+ ’2i ( _) + (xpxr − xsxo)[Ω2bp−Ω(Ω  bp)] + (xp’i − 2xrxo)[bp( Ω)−Ω(bp )]
− ’ixo[bp( _ Ω)−Ω( _  bp)] + (xvxo − xpxu)[bp(bp Ω)−Ω] + (2xoxr − xs’g’h)[bp(Ω )−(Ω  bp)]
+ 2(xo’i − xr’g’h)[2bp−(  bp)]− ’i’g’h[bp( _ )−( _  bp)]
+ (xv’g’h − 2xoxu)[bp(bp )−] + ’g’hxr[bp(Ω  _)− _(Ω  bp)] + ’g’h’i[bp(  _)− _(  bp)]
− ’g’hxu[bp(bp  _)− _] + 2x2o[bp(  (bpΩ))−(bp  (bpΩ))]
+ ’g’hxo[bp( _  (bpΩ))− _(bp  (bpΩ))] + xp’g’h[bp(Ω  (bp))−Ω(bp  (bp))]
+ ’2g’
2
h[bp( _  (bp))− _(bp  (bp))] by (A.1) & (A.5)
= (2x2r − xs’i)(Ω) + ’ixr(Ω _) + (xsxu − xvxr)(Ω bp) + (xv’i − 2xrxu)(bp)
− ’ixu(bp _) + ’2i ( _) + (xpxr − xsxo)(Ω2bp− "cΩ) + (xp’i − 2xrxo)("gbp− "iΩ)
− ’ixo(&cbp− &aΩ) + (xvxo − xpxu)("cbp−Ω) + (2xoxr − xs’g’h)("gbp− "c)
+ 2(xo’i − xr’g’h)(2bp− "i)− ’i’g’h(&dbp− &a) + (xv’g’h − 2xoxu)("ibp−)
+ ’g’hxr(&cbp− "c _) + ’g’h’i(&dbp− "i _)− ’g’hxu(&abp− _) + 2x2odobp + ’g’hxodpbp
− xp’g’hdobp + ’2g’2hdrbp by (5.1a); (5.23a) & (5.23b)
= (2x2r − xs’i)(Ω) + ’ixr(Ω _) + (xsxu − xvxr)(Ω bp) + (xv’i − 2xrxu)(bp)
− ’ixu(bp _) + ’2i ( _) + Ω2(xpxr − xsxo)bp− "c(xpxr − xsxo)Ω + "g(xp’i − 2xrxo)bp
− "i(xp’i − 2xrxo)Ω− &c’ixobp + &a’ixoΩ + "c(xvxo − xpxu)bp− (xvxo − xpxu)Ω
+ "g(2xoxr − xs’g’h)bp− "c(2xoxr − xs’g’h) + 22(xo’i − xr’g’h)bp− 2"i(xo’i − xr’g’h)
− &d’i’g’hbp + &a’i’g’h + "i(xv’g’h − 2xoxu)bp− (xv’g’h − 2xoxu)
+ ’g’hxr(&cbp− "c _) + &d’g’h’ibp− "i’g’h’i _− &a’g’hxubp + ’g’hxu _
+ 2x2odobp + ’g’hxodpbp− xp’g’hdobp + ’2g’2hdrbp
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= (2x2r − xs’i)(Ω) + ’ixr(Ω _) + (xsxu − xvxr)(Ω bp) + (xv’i − 2xrxu)(bp)
− ’ixu(bp _) + ’2i ( _) + [Ω2(xpxr − xsxo) + "g(xp’i − 2xrxo)− &c’ixo
+ "c(xvxo − xpxu) + "g(2xoxr − xs’g’h) + 22(xo’i − xr’g’h)− &d’i’g’h
+ "i(xv’g’h − 2xoxu) + &d’g’h’i − &a’g’hxu + &c’g’hxr + 2x2odo + ’g’hxodp
− xp’g’hdo + ’2g’2hdr]bp + [’g’hxu − ’g’h"cxr − ’g’h"i’i] _
+ [&a’i’g’h − "c(2xoxr − xs’g’h)− 2"i(xo’i − xr’g’h)− (xv’g’h − 2xoxu)]
+ [&a’ixo − "c(xpxr − xsxo)− "i(xp’i − 2xrxo)− (xvxo − xpxu)]Ω
= κs(Ω) + ’ixr(Ω _) + κt(Ω bp) + κu(bp)− ’ixu(bp _) + ’2i ( _)
+ κwbp + ’g’hκv _ + κx + κyΩ by (5.23q): (5.44n)
Art 22g. Development of equation (3.15c).
Having the foregoing derivations in view, we have that
Jp = b4Ja + b5Jb +  _YJc − Y¨Jd + _YJe + b6Jf + b1Jg by (3.15c)
= b4["b(bκΩ)− Ω2(bκ r) + "d− ar]
+ b5[2"h(bκΩ)− 3"g(bκ  r) + "b(bκ) + "d _− "dΩ2Ω + yar]
+  _Y[3"h(bκ) + "b(bκ _) + %t(bκΩ) + %u(bκ r) + yb− ycΩ + ydr + "d¨]
− Y¨[xr(bκΩ) + ’i(bκ)− xu(bκ  bp) + yebp− "exoΩ− "e’g’h]
+ _Y[xs(bκΩ) + 2xr(bκ) + ’i(bκ _)− xv(bκ  bp) + yf bp− xp"eΩ− 2xo"e− ’g’h"e _]
+ b6[yg(Ω r) + "2b(Ω)− "bΩ2(r)− ’2a _ + yhr + Ω2’2aΩ + 3’c]
+ b1[3"h"b(Ω) + "2b(Ω _) + yi(Ω r)− 3"hΩ2(r)− "bΩ2(r _) + yj + ylr
+ ykΩ− ’2a¨] by (5.44)
= (b4"b + 2b5"h +  _Y%t − Y¨xr + _Yxs)(bκΩ) + (−b4Ω2 − 3b5"g +  _Y%u)(bκ  r)
+ (b5"b + 3 _Y"h − Y¨’i + 2 _Yxr)(bκ) + ( _Y"b + _Y’i)(bκ  _) + (Y¨xu − _Yxv)(bκ bp)
+ (b6yg + b1yi)(Ω r) + (b6"2b + 3b1"h"b)(Ω) + b1"2b(Ω _)− b1"bΩ2(r _)
− (b6"bΩ2 + 3b1"hΩ2)(r ) + (b4"d +  _Yyb + Y¨"e’g’h − 2 _Yxo"e + 3b6’c + b1yj)
+ (−b4a + b5ya +  _Yyd + b6yh + b1yl)r + (b5"d − _Y’g’h"e − b6’2a) _ + ( _Yyf − Y¨ye)bp
+ (−b5"dΩ2 −  _Yyc + Y¨"exo − _Yxp"e + b6Ω2’2a + b1yk)Ω + ( _Y"d − b1’2a)¨
(5.45a)
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Jq = −¨Jh + b1Ji + 2Jj − b2Jk + Jl + Jn + Jo by (3.15c)
= −¨[’i"b(Ω)− xu"b(Ω bp)− xrΩ2(r Ω)− ’iΩ2(r)
+ xuΩ2(r bp) + xoymΩ + ynr + yobp + yp]
+ b1[2xr"b(Ω) + ’i"b(Ω _)− xv"b(Ω bp)− xsΩ2(rΩ)− 2xrΩ2(r)
− ’iΩ2(r _) + xvΩ2(r bp) + xpymΩ + ’g’hym _ + yqr + yrbp + ys]
+ 2[yt(Ω) + 2"b"h(Ω _) + yu(Ω r) + yv( r)− 3"b"g(r _)
+ "2b( _) + yw− yx _− 3’c¨ + yyΩ + yzr]
− b2[κa(Ω)− 2xu"h(Ω bp)− 3xr"g(rΩ)− 3’i"g(r) + 3xu"g(r bp)
− xu"b( bp) + κbr + κebp + κfΩ + ’g’hκd + κc _]
+ [κg(Ω)− 2xv"h(Ω bp)− 3xs"g(rΩ)− 6xr"g(r) + 3xv"g(r bp)− xv"b( bp)
+ 2’i"h(Ω _)− 3’i"g(r _) + ’i"b( _) + κibp + 2xoκh + κjΩ + κk _ + κlr]
+ [κm(Ω) + %uxr(Ω r) + %u’i( r)− %txu(bpΩ)− %uxu(bp r)− 3"hxu(bp)
− "bxu(bp _) + "bxr(Ω _) + "b’i( _) + κobp + κpr + κqΩ + κr + κn¨]
+ [κs(Ω) + ’ixr(Ω _) + κt(Ω bp) + κu(bp)− ’ixu(bp _) + ’2i ( _)
+ κwbp + ’g’hκv _ + κx + κyΩ]
= (−¨xrΩ2 + b1xsΩ2 + 2yu − 3b2xr"g + 3xs"g + %uxr)(Ω r)
+ (−¨’i"b + 2b1xr"b + 2yt − b2κa + κg + κm + κs)(Ω)
+ (b1’i"b + 22"b"h + 2’i"h + "bxr + ’ixr)(Ω _)
+ (¨xu"b − b1xv"b + 2b2xu"h − 2xv"h + %txu + κt)(Ω bp)
+ (−b1’iΩ2 − 32"b"g − 3’i"g)(r _)
+ (¨’iΩ2 − 2b1xrΩ2 − 2yv + 3b2’i"g − 6xr"g − %u’i)(r)
+ (−¨xuΩ2 + b1xvΩ2 − 3b2xu"g + 3xv"g + %uxu)(r bp)− ("bxu + ’ixu)(bp _)
+ (−b2xu"b + xv"b − 3"hxu + κu)(bp) + (2"2b + ’i"b + "b’i + ’2i )( _)
+ (−¨yp + b1ys + 2yw − b2’g’hκd + 2xoκh + κr + κx)
+ (−¨yn + b1yq + 2yz − b2κb + κl + κp)r + (−¨yo + b1yr − b2κe + κi + κo + κw)bp
+ (−¨xoym + b1xpym + 2yy − b2κf + κj + κq + κy)Ω
+ (b1’g’hym − 2yx − b2κc + κk + ’g’hκv) _ + (−32’c + κn)¨
(5.45b)
Jp + Jq
= (b4"b + 2b5"h +  _Y%t − Y¨xr + _Yxs)(bκΩ) + (−b4Ω2 − 3b5"g +  _Y%u)(bκ  r)
+ (b5"b + 3 _Y"h − Y¨’i + 2 _Yxr)(bκ) + ( _Y"b + _Y’i)(bκ  _) + (Y¨xu − _Yxv)(bκ bp)
+ (b6yg + b1yi)(Ω r) + (b6"2b + 3b1"h"b)(Ω) + b1"2b(Ω _)− b1"bΩ2(r _)
− (b6"bΩ2 + 3b1"hΩ2)(r ) + (b4"d +  _Yyb + Y¨"e’g’h − 2 _Yxo"e + 3b6’c + b1yj)
+ (−b4a + b5ya +  _Yyd + b6yh + b1yl)r + (b5"d − _Y’g’h"e − b6’2a) _ + ( _Yyf − Y¨ye)bp
+ (−b5"dΩ2 −  _Yyc + Y¨"exo − _Yxp"e + b6Ω2’2a + b1yk)Ω + ( _Y"d − b1’2a)¨
+ (−¨xrΩ2 + b1xsΩ2 + 2yu − 3b2xr"g + 3xs"g + %uxr)(Ω r)
+ (−¨’i"b + 2b1xr"b + 2yt − b2κa + κg + κm + κs)(Ω) +   
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   + (b1’i"b + 22"b"h + 2’i"h + "bxr + ’ixr)(Ω _)
+ (¨xu"b − b1xv"b + 2b2xu"h − 2xv"h + %txu + κt)(Ω bp)
+ (−b1’iΩ2 − 32"b"g − 3’i"g)(r  _)
+ (¨’iΩ2 − 2b1xrΩ2 − 2yv + 3b2’i"g − 6xr"g − %u’i)(r)
+ (−¨xuΩ2 + b1xvΩ2 − 3b2xu"g + 3xv"g + %uxu)(r bp)− ("bxu + ’ixu)(bp _)
+ (−b2xu"b + xv"b − 3"hxu + κu)(bp) + (2"2b + ’i"b + "b’i + ’2i )( _)
+ (−¨yp + b1ys + 2yw − b2’g’hκd + 2xoκh + κr + κx)
+ (−¨yn + b1yq + 2yz − b2κb + κl + κp)r + (−¨yo + b1yr − b2κe + κi + κo + κw)bp
+ (−¨xoym + b1xpym + 2yy − b2κf + κj + κq + κy)Ω
+ (b1’g’hym − 2yx − b2κc + κk + ’g’hκv) _ + (−32’c + κn)¨ by (5.45a) & (5.45b)
= (b4"b + 2b5"h +  _Y%t − Y¨xr + _Yxs)(bκΩ) + (−b4Ω2 − 3b5"g +  _Y%u)(bκ  r)
+ (b5"b + 3 _Y"h − Y¨’i + 2 _Yxr)(bκ) + ( _Y"b + _Y’i)(bκ  _) + (Y¨xu − _Yxv)(bκ bp)
+ (b6yg + b1yi − ¨xrΩ2 + b1xsΩ2 + 2yu − 3b2xr"g + 3xs"g + %uxr)(Ω r)
+ (b6"2b + 3b1"h"b − ¨’i"b + 2b1xr"b + 2yt − b2κa + κg + κm + κs)(Ω)
+ (b1"2b + b1’i"b + 2
2"b"h + 2’i"h + "bxr + ’ixr)(Ω _)
+ (¨xu"b − b1xv"b + 2b2xu"h − 2xv"h + %txu + κt)(Ω bp)
+ (−b1"bΩ2 − b1’iΩ2 − 32"b"g − 3’i"g)(r  _)
+ (−b6"bΩ2 − 3b1"hΩ2 + ¨’iΩ2 − 2b1xrΩ2 − 2yv + 3b2’i"g − 6xr"g − %u’i)(r)
+ (−¨xuΩ2 + b1xvΩ2 − 3b2xu"g + 3xv"g + %uxu)(r bp)− ("bxu + ’ixu)(bp _)
+ (−b2xu"b + xv"b − 3"hxu + κu)(bp) + (2"2b + ’i"b + "b’i + ’2i )( _)
+ (b4"d +  _Yyb + Y¨"e’g’h − 2 _Yxo"e + 3b6’c + b1yj − ¨yp + b1ys + 2yw
− b2’g’hκd + 2xoκh + κr + κx) +   
   + (−b4a + b5ya +  _Yyd + b6yh + b1yl − ¨yn + b1yq + 2yz − b2κb + κl + κp)r
+ ( _Yyf − Y¨ye − ¨yo + b1yr − b2κe + κi + κo + κw)bp
+ (−b5"dΩ2 −  _Yyc + Y¨"exo − _Yxp"e + b6Ω2’2a + b1yk − ¨xoym + b1xpym
+ 2yy − b2κf + κj + κq + κy)Ω
+ (b5"d − _Y’g’h"e − b6’2a + b1’g’hym − 2yx − b2κc + κk + ’g’hκv) _
+ ( _Y"d − b1’2a − 32’c + κn)¨
(5.45c)
Jr = _Ybκ + b1a +  _a + _e by (3.15c)
= (cxf − 2xx)bκ + (xi − 1)a +  _a + _e by (5.42a) & (5.43a)
= (cxf − 2xx)bκ + (xi − 1)[(Ω  r)Ω− Ω2r +  r] + [2"hΩ− 3"gr + _ r− Ω2(Ω r)
+ "b] + xo(bpΩ) + ’g’h(bp) + xrΩ + ’i− xubp by (1.4); (5.30a) & (5.40a)
= (cxf − 2xx)bκ + "b(xi − 1)Ω− Ω2(xi − 1)r + (xi − 1)( r) + 2"hΩ− 3"gr + ( _ r)
− Ω2(Ω r) + "b + xo(bpΩ) + ’g’h(bp) + xrΩ + ’i− xubp by (5.1a)
= (xi − 1)( r) + ( _ r)− Ω2(Ω r) + xo(bpΩ) + ’g’h(bp) + (cxf − 2xx)bκ
+ ["b(xi − 1) + 2"h + xr]Ω− [Ω2(xi − 1) + 3"g]r + ("b + ’i)− xubp
= vbbκ + vcΩ− vdr + ve− xubp + va( r) + ( _ r)
− Ω2(Ω r) + xo(bpΩ) + ’g’h(bp) by (5.23r): (5.45d)
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Equations (5.42a), (5.43a) and (5.23r) together give
_Y = vb; Y¨ = vf ;
...
Y = vg
b1 = va; b2 = vh; b3 = vi; b4 = vj ; b5 = vk; b6 = vl
(5.46)
on account of which (5.45c) becomes
Jp + Jq
= (vj"b + 2vk"h + vb%t − vf xr + vbxs)(bκ Ω) + (−vjΩ2 − 3vk"g + vb%u)(bκ  r)
+ (vk"b + 3vb"h − vf’i + 2vbxr)(bκ) + (vb"b + vb’i)(bκ  _) + (vf xu − vbxv)(bκ bp)
+ (vlyg + vayi − xjxrΩ2 + vaxsΩ2 + 2yu − 3vhxr"g + 3xs"g + %uxr)(Ω r)
+ (vl"2b + 3va"h"b − vf’i"b + 2vaxr"b + 2yt − vhκa + κg + κm + κs)(Ω)
+ (va"2b + va’i"b + 2
2"b"h + 2’i"h + "bxr + ’ixr)(Ω _)
+ (vf xu"b − vaxv"b + 2vhxu"h − 2xv"h + %txu + κt)(Ω bp)
+ (−va"bΩ2 − va’iΩ2 − 32"b"g − 3’i"g)(r _)
+ (−vl"bΩ2 − 3va"hΩ2 + vf’iΩ2 − 2vaxrΩ2 − 2yv + 3vh’i"g − 6xr"g − %u’i)(r)
+ (−xjxuΩ2 + vaxvΩ2 − 3vhxu"g + 3xv"g + %uxu)(r bp)− ("bxu + ’ixu)(bp _)
+ (−vhxu"b + xv"b − 3"hxu + κu)(bp) + (2"2b + ’i"b + "b’i + ’2i )( _)
+ (vj"d + vbyb + vf "e’g’h − 2vbxo"e + 3vl’c + vayj − vfyp + vays + 2yw
− vh’g’hκd + 2xoκh + κr + κx)
+ (−vja + vkya + vbyd + vlyh + vayl − vfyn + vayq + 2yz − vhκb + κl + κp)r
+ (vbyf − vfye − vfyo + vayr − vhκe + κi + κo + κw)bp
+ (−vk"dΩ2 − vbyc + vf"exo − vbxp"e + vlΩ2’2a + vayk − vf xoym + vaxpym
+ 2yy − vhκf + κj + κq + κy)Ω
+ (vk"d − vb’g’h"e − vl’2a + va’g’hym − 2yx − vhκc + κk + ’g’hκv) _
+ (vb"d − va’2a − 32’c + κn)¨
= [vj"b + 2vk"h%t − vf xr + vb(+ xs)](bκ Ω) + (vb%u − vjΩ2 − 3vk"g)(bκ r)
+ [vk"b − vf’i + vb(3"h + 2xr)](bκ) + vb("b + ’i)(bκ  _) + (vf xu − vbxv)(bκ  bp)
+ [vlyg + va(yi + xsΩ2) + (yu + 3xs"g) + xr(%u − xjΩ2 − 3vh"g)](Ω r)
+ [κs − vhκa + "b(vl"b − xj’i + va(3"h + 2xr)) + (κg + κm + yt)](Ω)
+ ["b(xr + va"b + 2"h) + ’i(xr + va"b + 2"h)](Ω _)
+ [κt + %txu + "b(xjxu − vaxv) + 2"h(vhxu − xv)](Ω bp)
− [vaΩ2("b + ’i) + 3"g("b + ’i)](r  _)
+ [’i(3vh"g + xjΩ2)− Ω2(vl"b + va(3"h + 2xr))− (yv + 6xr"g + %u’i)](r )
+ [%uxu + Ω2(vaxv − xjxu) + 3"g(xv − vhxu)](r  bp)− xu("b + ’i)(bp _)
+ [κu − vhxu"b + (xv"b − 3"hxu)](bp) + ["b("b + ’i) + ’i("b + ’i)]( _)
+ [κx − xjyp + 3vl’c + vj"d + vb(yb − 2xo"e) + va(ys + yj)
+ (κr + yw + 2xoκh) + ’g’h(vf "e − vhκd)] +   
   + [vkya − vja + vlyh − xjyn + vayq − vhκb + (κl + κp + yz + vbyd + vayl)]r
+ [κw − xjyo + vayr + vbyf − vfye − vhκe + (κi + κo)]bp
+ [κy − vhκf + Ω2(vl’2a − vk"d) + xo(vf "e − xjym)
+ (vayk − vbyc + κj + κq + yy) + xp(vaym − vb"e)]Ω
+ [vk"d − vl’2a − vhκc + ’g’h(κv − vb"e + vaym) + (κk − yx)] _
+ (vb"d − va’2a − 3’c + κn)¨
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= vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ )
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)
by (5.23s); (5.23t) & (5.24a):
(5.47)
Consequently, we derive
  (Jp + Jq)
=   [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx( ) + vy(  r) + vz(  bp) + oa( Ω) + ob(  _) + oc(  ¨) + vm[  (bκΩ)]
+ vn[  (bκ r)] + vo[  (bκ )] + vbve[  (bκ _)] + vp[  (bκ bp)] + vq[  (Ω r)]
+ vr[  (Ω)] + vs[  (Ω _)] + vt[  (Ω bp)]− vevd[  (r  _)] + vu[  (r)]
+ vv[  (r bp)]− xuve[  (bp _)] + vw[  (bp)] + v2e[  ( _)]
= vx2 + vy"h + vz"i + oa"g + ob&d + oc&i − vmde − vn"n − vbvedu + vpb − vq"m
− vsdv − vtdo − vevddh + vv"o + xuvedr by (5.1a); (5.13a); (5.23a); (5.23b) & (5.23c)
= od by (5.24a) (5.48a)
r  (Jp + Jq)
= r  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx(r ) + vy(r  r) + vz(r  bp) + oa(r Ω) + ob(r  _) + oc(r  ¨) + vm[r  (bκΩ)]
+ vn[r  (bκ r)] + vo[r  (bκ)] + vbve[r  (bκ  _)] + vp[r  (bκ  bp)] + vq [r  (Ω r)]
+ vr[r  (Ω)] + vs[r  (Ω _)] + vt[r  (Ω bp)]− vevd[r  (r _)] + vu[r  (r)]
+ vv[r  (r bp)]− xuve[r  (bp _)] + vw[r  (bp)] + v2e[r  ( _)]
= vx"h + vyr2 + vz"f + oa"b + ob&n + oc&o + vm"k + vo"n + vbvedc − vpdt + vr"m
− vsdl − vt"l − xuvedn + vw"o − v2edh by (5.1a); (5.23a); (5.23b) & (5.23c)
= oe by (5.24a) (5.48b)
bp  (Jp + Jq)
= bp  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx(bp ) + vy(bp  r) + vz(bp  bp) + oa(bp Ω) + ob(bp  _) + oc(bp  ¨) + vm[bp  (bκΩ)]
+ vn[bp  (bκ r)] + vo[bp  (bκ)] + vbve[bp  (bκ _)] + vp[bp  (bκ bp)] + vq[bp  (Ω r)]
+ vr[bp  (Ω)] + vs[bp  (Ω _)] + vt[bp  (Ω bp)]− vevd[bp  (r _)] + vu[bp  (r)]
+ vv[bp  (r bp)]− xuve[bp  (bp _)] + vw[bp  (bp)] + v2e[bp  ( _)]
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= vx"i + vy"f + vz + oa"c + ob&a + oc&f − vm"j + vndt − vob − vbveda + vq"l
+ vrdo + vsdp + vevddn − vu"o + v2edr by (5.1a); (5.13a); (5.23a); (5.23b) & (5.23c)
= of by (5.24b) (5.48c)
Ω  (Jp + Jq)
= Ω  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx(Ω ) + vy(Ω  r) + vz(Ω  bp) + oa(Ω Ω) + ob(Ω  _) + oc(Ω  ¨) + vm[Ω  (bκΩ)]
+ vn[Ω  (bκ r)] + vo[Ω  (bκ )] + vbve[Ω  (bκ _)] + vp[Ω  (bκ bp)] + vq[Ω  (Ω r)]
+ vr[Ω  (Ω)] + vs[Ω  (Ω _)] + vt[Ω  (Ω bp)]− vevd[Ω  (r _)] + vu[Ω  (r)]
+ vv[Ω  (r bp)]− xuve[Ω  (bp _)] + vw[Ω  (bp)] + v2e[Ω  ( _)]
= vx"g + vy"b + vz"c + oaΩ2 + ob&c + oc&h − vn"k + vode − vbvedf + vp"j − vevddl
− vu"m + vv"l + xuvedp − vwdo + v2edv by (5.1a); (5.23a); (5.23b) & (5.23c)
= og by (5.24b) (5.48d)
_  (Jp + Jq)
= _  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx( _ ) + vy( _  r) + vz( _  bp) + oa( _ Ω) + ob( _  _) + oc( _  ¨) + vm[ _  (bκΩ)]
+ vn[ _  (bκ r)] + vo[ _  (bκ )] + vbve[ _  (bκ _)] + vp[ _  (bκ bp)] + vq[ _  (Ω r)]
+ vr[ _  (Ω)] + vs[ _  (Ω _)] + vt[ _  (Ω bp)]− vevd[ _  (r  _)] + vu[ _  (r)]
+ vv[ _  (r bp)]− xuve[ _  (bp _)] + vw[ _  (bp)] + v2e[ _  ( _)]
= vx&d + vy&n + vz&a + oa&c + ob&e + oc&j + vmdf − vndc + vodu + vpda + vqdl
+ vrdv − vtdp − vudh + vvdn + vwdr by (5.23a); (5.23b) & (5.23c)
= oh by (5.24b) (5.48e)
¨  (Jp + Jq)
= ¨  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx(¨ ) + vy(¨  r) + vz(¨  bp) + oa(¨ Ω) + ob(¨  _) + oc(¨  ¨) + vm[¨  (bκΩ)]
+ vn[¨  (bκ r)] + vo[¨  (bκ )] + vbve[¨  (bκ _)] + vp[¨  (bκ bp)] + vq[¨  (Ω r)]
+ vr[¨  (Ω)] + vs[¨  (Ω _)] + vt[¨  (Ω bp)]− vevd[¨  (r  _)] + vu[¨  (r)]
+ vv[¨  (r bp)]− xuve[¨  (bp _)] + vw[¨  (bp)] + v2e[¨  ( _)]
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= vx&i + vy&o + vz&f + oa&h + ob&j + oc&k + vmdw − vndd + vodx + vbvedy + vpdb
+ vqdm + vrdz + vspa − vtdq + vevddj − vudi + vvpb − xuvepc + vwds + v2epd
by (5.23a); (5.23b) & (5.23c)
= oi by (5.24b) (5.48f)
(bκΩ)  (Jp + Jq)
= (bκΩ)  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ )
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx[  (bκΩ)] + vy [r  (bκΩ)] + vz [bp  (bκΩ)] + oa[Ω  (bκΩ)] + ob[ _  (bκΩ)]
+ oc[¨  (bκΩ)] + vm[(bκΩ)  (bκΩ)] + vn[(bκΩ)  (bκ r)] + vo[(bκΩ)  (bκ)]
+ vbve[(bκΩ)  (bκ _)] + vp[(bκΩ)  (bκ  bp)] + vq [(bκΩ)  (Ω r)]
+ vr[(bκΩ)  (Ω)] + vs[(bκΩ)  (Ω _)] + vt[(bκ Ω)  (Ω bp)]
− vevd[(bκΩ)  (r _)] + vu[(bκΩ)  (r)] + vv[(bκ Ω)  (r bp)]
− xuve[(bκΩ)  (bp _)] + vw[(bκΩ)  (bp)] + v2e[(bκ Ω)  ( _)]
= −vxde + vy"k − vz"j + obdf + ocdw
+ vm[Ω2 − (bκ Ω)2] + vn[(Ω  r)− (bκ  r)(Ω  bκ)] + vo[(Ω )− (bκ )(Ω  bκ)]
+ vbve[(Ω  _)− (bκ  _)(Ω  bκ)] + vp[(Ω  bp)− (bκ  bp)(bκ Ω)] + vq[(bκ Ω)(Ω  r)− (bκ  r)Ω2]
+ vr [(bκ Ω)(Ω )− (bκ )Ω2] + vs[(bκ Ω)(Ω  _)− (bκ  _)Ω2] + vt[(bκ Ω)(Ω  bp)− (bκ  bp)Ω2]
− vevd[(bκ  r)(Ω  _)− (bκ  _)(r Ω)] + vu[(bκ  r)(Ω )− (bκ )(Ω  r)]
+ vv[(bκ  r)(Ω  bp)− (bκ  bp)(Ω  r)]− xuve[(bκ  bp)(Ω  _)− (bκ  _)(Ω  bp)]
+ vw [(bκ  bp)(Ω )− (bκ )(Ω  bp)] + v2e[(bκ )(Ω  _)− (bκ  _)(Ω )]
by (5.1a); (5.23b); (5.23c) & (A.2)
= −vxde + vy"k − vz"j + obdf + ocdw + vm(Ω2 − "2a) + vn("b − "d"a) + vo("g − a"a)
+ vbve(&c − &b"a) + vp("c − "e"a) + vq("a"b − "dΩ2) + vr("a"g − aΩ2)
+ vs("a&c − &bΩ2) + vt("a"c − "eΩ2)− vevd("d&c − &b"b) + vu("d"g − a"b)
+ vv("d"c − "e"b)− xuve("e&c − &b"c) + vw("e"g − a"c) + v2e(a&c − &b"g)
by (5.1a); (5.13a) & (5.23a)
= oj by (5.24c) (5.48g)
(bκ r)  (Jp + Jq)
= (bκ r)  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκ Ω) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx[  (bκ  r)] + vy[r  (bκ r)] + vz [bp  (bκ r)] + oa[Ω  (bκ r)] + ob[ _  (bκ r)]
+ oc[¨  (bκ  r)] + vm[(bκ r)  (bκΩ)] + vn[(bκ r)  (bκ  r)] + vo[(bκ r)  (bκ)]
+ vbve[(bκ r)  (bκ _)] + vp[(bκ r)  (bκ  bp)] + vq [(bκ r)  (Ω r)]
+ vr[(bκ  r)  (Ω)] + vs[(bκ r)  (Ω _)] + vt[(bκ  r)  (Ω bp)]
− vevd[(bκ  r)  (r _)] + vu[(bκ r)  (r)] + vv[(bκ  r)  (r bp)]
− xuve[(bκ r)  (bp _)] + vw[(bκ  r)  (bp)] + v2e[(bκ  r)  ( _)]
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= −vx"n + vzdt − oa"k − obdc − ocdd + vm[(r Ω)− (bκ Ω)(bκ  r)] + vn[r2 − (bκ  r)2]
+ vo[(r )− (bκ )(r  bκ)] + vbve[(r  _)− (bκ  _)(bκ  r)]
+ vp[(r  bp)− (bκ  bp)(bκ  r)] + vq[(bκ Ω)r2 − (bκ  r)(r Ω)]
+ vr[(bκ Ω)(r )− (bκ )(r Ω)] + vs[(bκ Ω)(r  _)− (bκ  _)(r Ω)]
+ vt[(bκ Ω)(r  bp)− (bκ  bp)(r Ω)]− vevd[(bκ  r)(r  _)− (bκ  _)r2]
+ vu[(bκ  r)(r )− (bκ )r2] + vv[(bκ  r)(r  bp)− (bκ  bp)r2]
− xuve[(bκ  bp)(r  _)− (bκ  _)(r  bp)] + vw[(bκ  bp)(r )− (bκ )(r  bp)]
+ v2e[(bκ )(r  _)− (bκ  _)(r )] by (5.1a); (5.23b) & (A.2)
= −vx"n + vzdt − oa"k − obdc − ocdd + vm("b − "a"d) + vn(r2 − "2d)
+ vo("h − a"d) + vbve(&n − &b"d) + vp("f − "e"d) + vq("ar2 − "d"b)
+ vr("a"h − a"b) + vs("a&n − &b"b) + vt("a"f − "e"b)− vevd("d&n − &br2)
+ vu("d"h − ar2) + vv("d"f − "er2)− xuve("e&n − &b"f ) + vw("e"h − a"f)
+ v2e(a&n − &b"h) by (5.1a); (5.13a) & (5.23a)
= ok by (5.24c) (5.48h)
(bκ)  (Jp + Jq)
= (bκ)  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx[  (bκ)] + vy [r  (bκ)] + vz [bp  (bκ)] + oa[Ω  (bκ)] + ob[ _  (bκ)]
+ oc[¨  (bκ)] + vm[(bκ)  (bκΩ)] + vn[(bκ)  (bκ r)] + vo[(bκ)  (bκ)]
+ vbve[(bκ)  (bκ _)] + vp[(bκ)  (bκ  bp)] + vq [(bκ)  (Ω r)]
+ vr[(bκ)  (Ω)] + vs[(bκ)  (Ω _)] + vt[(bκ )  (Ω bp)]
− vevd[(bκ )  (r _)] + vu[(bκ )  (r)] + vv[(bκ )  (r bp)]
− xuve[(bκ)  (bp _)] + vw[(bκ)  (bp)] + v2e[(bκ )  ( _)]
= vy"n − vzb + oade + obdu + ocdx + vm[( Ω)− (bκ Ω)(  bκ)]
+ vn[(  r)− (bκ  r)(  bκ)] + vo[2 − (bκ )2] + vbve[(  _)− (bκ  _)(bκ )]
+ vp[(  bp)− (bκ  bp)(  bκ)] + vq[(bκ Ω)(  r)− (bκ  r)( Ω)]
+ vr [(bκ Ω)2 − (bκ )( Ω)] + vs[(bκ Ω)(  _)− (bκ  _)( Ω)]
+ vt[(bκ Ω)(  bp)− (bκ  bp)( Ω)]− vevd[(bκ  r)(  _)− (bκ  _)(  r)]
+ vu[(bκ  r)2 − (bκ )(  r)] + vv[(bκ  r)(  bp)− (bκ  bp)(  r)]
− xuve[(bκ  bp)(  _)− (bκ  _)(  bp)] + vw[(bκ  bp)2 − (bκ )(  bp)]
+ v2e[(bκ )(  _)− (bκ  _)2] by (5.1a); (5.13a); (5.23b); (5.23c) & (A.2)
= vy"n − vzb + oade + obdu + ocdx + vm("g − "aa) + vn("h − "da)
+ vo(2 − 2a) + vbve(&d − &ba) + vp("i − "ea) + vq("a"h − "d"g)
+ vr("a2 − a"g) + vs("a&d − &b"g) + vt("a"i − "e"g)− vevd("d&d − &b"h)
+ vu("d2 − a"h) + vv("d"i − "e"h)− xuve("e&d − &b"i) + vw("e2 − a"i)
+ v2e(a&d − &b2) by (5.1a); (5.13a) & (5.23a)
= ol by (5.24d) (5.48i)
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(bκ _)  (Jp + Jq)
= (bκ _)  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx[  (bκ _)] + vy [r  (bκ _)] + vz [bp  (bκ _)] + oa[Ω  (bκ _)] + ob[ _  (bκ _)]
+ oc[¨  (bκ _)] + vm[(bκ _)  (bκΩ)] + vn[(bκ _)  (bκ r)] + vo[(bκ _)  (bκ)]
+ vbve[(bκ _)  (bκ _)] + vp[(bκ _)  (bκ  bp)] + vq [(bκ _)  (Ω r)]
+ vr[(bκ _)  (Ω)] + vs[(bκ _)  (Ω _)] + vt[(bκ  _)  (Ω bp)]
− vevd[(bκ  _)  (r _)] + vu[(bκ  _)  (r)] + vv[(bκ  _)  (r bp)]
− xuve[(bκ _)  (bp _)] + vw[(bκ _)  (bp)] + v2e[(bκ  _)  ( _)]
= −vxdu + vydc − vzda − oadf + ocdy + vm[( _ Ω)− (bκ Ω)( _  bκ)]
+ vn[( _  r)− (bκ  r)( _  bκ)] + vo[( _ )− (bκ )( _  bκ)] + vbve[( _  _)− (bκ  _)2]
+ vp[( _  bp)− (bκ  bp)( _  bκ)] + vq[(bκ Ω)( _  r)− (bκ  r)( _ Ω)]
+ vr[(bκ Ω)( _ )− (bκ )( _ Ω)] + vs[(bκ Ω) _2 − (bκ  _)( _ Ω)]
+ vt[(bκ Ω)( _  bp)− (bκ  bp)( _ Ω)]− vevd[(bκ  r) _2 − (bκ  _)( _  r)]
+ vu[(bκ  r)( _ )− (bκ )( _  r)] + vv[(bκ  r)( _  bp)− (bκ  bp)( _  r)]
− xuve[(bκ  bp) _2 − (bκ  _)( _  bp)] + vw[(bκ  bp)( _ )− (bκ )( _  bp)]
+ v2e[(bκ ) _2 − (bκ  _)( _ )] by (5.23b); (5.23c) & (A.2)
= −vxdu + vydc − vzda − oadf + ocdy + vm(&c − "a&b) + vn(&n − "d&b)
+ vo(&d − a&b) + vbve(&e − &2b ) + vp(&a − "e&b) + vq("a&n − "d&c)
+ vr("a&d − a&c) + vs("a&e − &b&c) + vt("a&a − "e&c)− vevd("d&e − &b&n)
+ vu("d&d − a&n) + vv("d&a − "e&n)− xuve("e&e − &b&a) + vw("e&d − a&a)
+ v2e(a&e − &b&d) by (5.1a); (5.13a) & (5.23a)
= om by (5.24d) (5.48j)
(bκ bp)  (Jp + Jq)
= (bκ bp)  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ )
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx[  (bκ bp)] + vy[r  (bκ bp)] + vz [bp  (bκ bp)] + oa[Ω  (bκ  bp)] + ob[ _  (bκ bp)]
+ oc[¨  (bκ bp)] + vm[(bκ bp)  (bκΩ)] + vn[(bκ bp)  (bκ r)] + vo[(bκ bp)  (bκ )]
+ vbve[(bκ bp)  (bκ _)] + vp[(bκ bp)  (bκ  bp)] + vq [(bκ bp)  (Ω r)]
+ vr[(bκ bp)  (Ω)] + vs[(bκ bp)  (Ω _)] + vt[(bκ  bp)  (Ω bp)]
− vevd[(bκ bp)  (r  _)] + vu[(bκ bp)  (r)] + vv[(bκ  bp)  (r bp)]
− xuve[(bκ  bp)  (bp _)] + vw [(bκ bp)  (bp)] + v2e[(bκ  bp)  ( _)]
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= vxb − vydt + oa"j + obda + ocdb + vm[(bp Ω)− (bκ Ω)(bp  bκ)]
+ vn[(bp  r)− (bκ  r)(bp  bκ)] + vo[(bp )− (bκ )(bκ  bp)] + vbve[(bp  _)− (bκ  _)(bp  bκ)]
+ vp[1− (bκ  bp)2] + vq[(bκ Ω)(bp  r)− (bκ  r)(bp Ω)] + vr[(bκ Ω)(bp )− (bκ )(bp Ω)]
+ vs[(bκ Ω)(bp  _)− (bκ  _)(bp Ω)] + vt[(bκ Ω)− (bκ  bp)(bp Ω)]
− vevd[(bκ  r)(bp  _)− (bκ  _)(bp  r)] + vu[(bκ  r)(bp )− (bκ )(bp  r)]
+ vv[(bκ  r)− (bκ  bp)(bp  r)]− xuve[(bκ  bp)(bp  _)− (bκ  _)] + vw[(bκ  bp)(bp )− (bκ )]
+ v2e[(bκ )(bp  _)− (bκ  _)(bp )] by (5.1a); (5.13a); (5.23b); (5.23c) & (A.2)
= vxb − vydt + oa"j + obda + ocdb + vm("c − "a"e) + vn("f − "d"e) + vo("i − a"e)
+ vbve(&a − &b"e) + vp(1 − "2e) + vq("a"f − "d"c) + vr("a"i − a"c) + vs("a&a − &b"c)
+ vt("a − "e"c)− vevd("d&a − &b"f ) + vu("d"i − a"f ) + vv("d − "e"f )
− xuve("e&a − &b) + vw("e"i − a) + v2e(a&a − &b"i) by (5.1a); (5.13a) & (5.23a)
= on by (5.24e) (5.48k)
(Ω r)  (Jp + Jq)
= (Ω r)  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx[  (Ω r)] + vy [r  (Ω r)] + vz [bp  (Ω r)] + oa[Ω  (Ω r)] + ob[ _  (Ω r)]
+ oc[¨  (Ω r)] + vm[(Ω r)  (bκΩ)] + vn[(Ω r)  (bκ r)] + vo[(Ω r)  (bκ)]
+ vbve[(Ω r)  (bκ _)] + vp[(Ω r)  (bκ  bp)] + vq [(Ω r)  (Ω r)]
+ vr[(Ω r)  (Ω)] + vs[(Ω r)  (Ω _)] + vt[(Ω r)  (Ω bp)]
− vevd[(Ω r)  (r _)] + vu[(Ω r)  (r)] + vv[(Ω r)  (r bp)]
− xuve[(Ω r)  (bp _)] + vw[(Ω r)  (bp)] + v2e[(Ω r)  ( _)]
= −vx"m + vz"l + obdl + ocdm + vm[(Ω  bκ)(r Ω)− Ω2(r  bκ)] + vn[(Ω  bκ)r2 − (Ω  r)(r  bκ)]
+ vo[(Ω  bκ)(r )− (Ω )(r  bκ)] + vbve[(Ω  bκ)(r  _)− (Ω  _)(bκ  r)]
+ vp[(Ω  bκ)(r  bp)− (Ω  bp)(r  bκ)] + vq[Ω2r2 − (Ω  r)2]
+ vr[Ω2(r )− (Ω )(r Ω)] + vs[Ω2(r  _)− (Ω  _)(r Ω)]
+ vt[Ω2(r  bp)− (Ω  bp)(r Ω)]− vevd[(Ω  r)(r  _)− (Ω  _)r2]
+ vu[(Ω  r)(r )− (Ω )r2] + vv[(Ω  r)(r  bp)− (Ω  bp)r2]
− xuve[(Ω  bp)(r  _)− (Ω  _)(r  bp)] + vw [(Ω  bp)(r )− (Ω )(r  bp)]
+ v2e[(Ω )(r  _)− (Ω  _)(r )] by (5.1a); (5.23b) & (A.2)
= −vx"m + vz"l + obdl + ocdm + vm("a"b − Ω2"d) + vn("ar2 − "b"d)
+ vo("a"h − "g"d) + vbve("a&n − &c"d) + vp("a"f − "c"d) + vq(Ω2r2 − "2b)
+ vr(Ω2"h − "g"b) + vs(Ω2&n − &c"b) + vt(Ω2"f − "c"b)− vevd("b&n − &cr2)
+ vu("b"h − "gr2) + vv("b"f − "cr2)− xuve("c&n − &c"f) + vw("c"h − "g"f )
+ v2e("g&n − &c"h) by (5.1a) & (5.23a)
= oo by (5.24e) (5.48l)
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(Ω)  (Jp + Jq)
= (Ω)  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx[  (Ω)] + vy[r  (Ω)] + vz [bp  (Ω)] + oa[Ω  (Ω)] + ob[ _  (Ω)]
+ oc[¨  (Ω)] + vm[(Ω)  (bκΩ)] + vn[(Ω)  (bκ r)] + vo[(Ω)  (bκ)]
+ vbve[(Ω)  (bκ _)] + vp[(Ω)  (bκ  bp)] + vq [(Ω)  (Ω r)]
+ vr[(Ω)  (Ω)] + vs[(Ω)  (Ω _)] + vt[(Ω)  (Ω bp)]
− vevd[(Ω)  (r _)] + vu[(Ω)  (r)] + vv[(Ω)  (r bp)]
− xuve[(Ω)  (bp _)] + vw[(Ω)  (bp)] + v2e[(Ω)  ( _)]
= vy"m + vzdo + obdv + ocdz + vm[(Ω  bκ)( Ω)− Ω2(  bκ)]
+ vn[(Ω  bκ)(  r)− (Ω  r)(  bκ)] + vo[(Ω  bκ)2 − (Ω )(  bκ)]
+ vbve[(Ω  bκ)(  _)− (Ω  _)(  bκ)] + vp[(Ω  bκ)(  bp)− (Ω  bp)(  bκ)]
+ vq[Ω2(  r)− (Ω  r)( Ω)] + vr [Ω22 − (Ω )2] + vs[Ω2(  _)− (Ω  _)( Ω)]
+ vt[Ω2(  bp)− (Ω  bp)( Ω)]− vevd[(Ω  r)(  _)− (Ω  _)(  r)]
+ vu[(Ω  r)2 − (Ω )(  r)] + vv[(Ω  r)(  bp)− (Ω  bp)(  r)]
− xuve[(Ω  bp)(  _)− (Ω  _)(  bp)] + vw[(Ω  bp)2 − (Ω )(  bp)]
+ v2e[(Ω )(  _)− (Ω  _)2] by (5.1a); (5.23b); (5.23c) & (A.2)
= vy"m + vzdo + obdv + ocdz + vm("a"g − Ω2a) + vn("a"h − "ba)
+ vo("a2 − "ga) + vbve("a&d − &ca) + vp("a"i − "ca) + vq(Ω2"h − "b"g)
+ vr(Ω22 − "2g) + vs(Ω2&d − &c"g) + vt(Ω2"i − "c"g)− vevd("b&d − &c"h)
+ vu("b2 − "g"h) + vv("b"i − "c"h)− xuve("c&d − &c"i) + vw("c2 − "g"i)
+ v2e("g&d − &c2) by (5.1a); (5.13a) & (5.23a)
= op by (5.24f) (5.48m)
(Ω _)  (Jp + Jq)
= (Ω _)  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx[  (Ω _)] + vy[r  (Ω _)] + vz [bp  (Ω _)] + oa[Ω  (Ω _)] + ob[ _  (Ω _)]
+ oc[¨  (Ω _)] + vm[(Ω _)  (bκΩ)] + vn[(Ω _)  (bκ r)] + vo[(Ω _)  (bκ)]
+ vbve[(Ω _)  (bκ _)] + vp[(Ω _)  (bκ  bp)] + vq [(Ω _)  (Ω r)]
+ vr[(Ω _)  (Ω)] + vs[(Ω _)  (Ω _)] + vt[(Ω _)  (Ω bp)]
− vevd[(Ω _)  (r _)] + vu[(Ω _)  (r)] + vv[(Ω _)  (r bp)]
− xuve[(Ω _)  (bp _)] + vw[(Ω _)  (bp)] + v2e[(Ω _)  ( _)]
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= −vxdv − vydl + vzdp + ocpa + vm[(Ω  bκ)( _ Ω)− Ω2( _  bκ)]
+ vn[(Ω  bκ)( _  r)− (Ω  r)( _  bκ)] + vo[(Ω  bκ)( _ )− (Ω )( _  bκ)]
+ vbve[(Ω  bκ) _2 − (Ω  _)( _  bκ)] + vp[(Ω  bκ)( _  bp)− (Ω  bp)( _  bκ)]
+ vq[Ω2( _  r)− (Ω  r)( _ Ω)] + vr[Ω2( _ )− (Ω )( _ Ω)] + vs[Ω2 _2 − (Ω  _)2]
+ vt[Ω2( _  bp)− (Ω  bp)( _ Ω)]− vevd[(Ω  r) _2 − (Ω  _)( _  r)]
+ vu[(Ω  r)( _ )− (Ω )( _  r)] + vv[(Ω  r)( _  bp)− (Ω  bp)( _  r)]
− xuve[(Ω  bp) _2 − (Ω  _)( _  bp)] + vw[(Ω  bp)( _ )− (Ω )( _  bp)]
+ v2e[(Ω ) _
2 − (Ω  _)( _ )] by (5.23b); (5.23c) & (A.2)
= −vxdv − vydl + vzdp + ocpa + vm("a&c − Ω2&b) + vn("a&n − "b&b) + vo("a&d − "g&b)
+ vbve("a&e − &c&b) + vp("a&a − "c&b) + vq(Ω2&n − "b&c) + vr(Ω2&d − "g&c)
+ vs(Ω2&e − &2c ) + vt(Ω2&a − "c&c)− vevd("b&e − &c&n) + vu("b&d − "g&n) + vv("b&a − "c&n)
− xuve("c&e − &c&a) + vw("c&d − "g&a) + v2e("g&e − &c&d) by (5.1a) & (5.23a)
= oq by (5.24g) (5.48n)
(Ω bp)  (Jp + Jq)
= (Ω bp)  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx[  (Ω bp)] + vy[r  (Ω bp)] + vz [bp  (Ω bp)] + oa[Ω  (Ω bp)] + ob[ _  (Ω bp)]
+ oc[¨  (Ω bp)] + vm[(Ω bp)  (bκΩ)] + vn[(Ω bp)  (bκ r)] + vo[(Ω bp)  (bκ)]
+ vbve[(Ω bp)  (bκ _)] + vp[(Ω bp)  (bκ  bp)] + vq [(Ω bp)  (Ω r)]
+ vr[(Ω bp)  (Ω)] + vs[(Ω bp)  (Ω _)] + vt[(Ω bp)  (Ω bp)]
− vevd[(Ω bp)  (r _)] + vu[(Ω bp)  (r)] + vv[(Ω bp)  (r  bp)]
− xuve[(Ω bp)  (bp _)] + vw[(Ω bp)  (bp)] + v2e[(Ω bp)  ( _)]
= −vxdo − vy"l − obdp − ocdq + vm[(Ω  bκ)(bp Ω)− Ω2(bp  bκ)]
+ vn[(Ω  bκ)(bp  r)− (Ω  r)(bp  bκ)] + vo[(Ω  bκ)(bp )− (Ω )(bp  bκ)]
+ vbve[(Ω  bκ)(bp  _)− (Ω  _)(bp  bκ)] + vp[(Ω  bκ)− (Ω  bp)(bp  bκ)]
+ vq[Ω2(bp  r)− (Ω  r)(bp Ω)] + vr[Ω2(bp )− (Ω )(bp Ω)]
+ vs[Ω2(bp  _)− (Ω  _)(bp Ω)] + vt[Ω2 − (Ω  bp)2]− vevd[(Ω  r)(bp  _)− (Ω  _)(bp  r)]
+ vu[(Ω  r)(bp )− (Ω )(bp  r)] + vv[(Ω  r)− (Ω  bp)(bp  r)]
− xuve[(Ω  bp)(bp  _)− (Ω  _)] + vw[(Ω  bp)(bp )− (Ω )]
+ v2e[(Ω )(bp  _)− (Ω  _)(bp )] by (5.1a); (5.23b) & (A.2)
= −vxdo − vy"l − obdp − ocdq + vm("a"c − Ω2"e) + vn("a"f − "b"e) + vo("a"i − "g"e)
+ vbve("a&a − &c"e) + vp("a − "c"e) + vq(Ω2"f − "b"c) + vr(Ω2"i − "g"c)
+ vs(Ω2&a − &c"c) + vt(Ω2 − "2c)− vevd("b&a − &c"f ) + vu("b"i − "g"f ) + vv("b − "c"f)
− xuve("c&a − &c) + vw("c"i − "g) + v2e("g&a − &c"i) by (5.1a) & (5.23a)
= or by (5.24h) (5.48o)
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(r _)  (Jp + Jq)
= (r _)  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ  r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx[  (r _)] + vy [r  (r _)] + vz [bp  (r _)] + oa[Ω  (r _)] + ob[ _  (r _)]
+ oc[¨  (r  _)] + vm[(r _)  (bκΩ)] + vn[(r _)  (bκ r)] + vo[(r _)  (bκ)]
+ vbve[(r _)  (bκ  _)] + vp[(r _)  (bκ  bp)] + vq [(r _)  (Ω r)]
+ vr[(r  _)  (Ω)] + vs[(r _)  (Ω _)] + vt[(r  _)  (Ω bp)]
− vevd[(r  _)  (r _)] + vu[(r  _)  (r)] + vv[(r  _)  (r bp)]
− xuve[(r _)  (bp _)] + vw[(r _)  (bp)] + v2e[(r  _)  ( _)]
= vxdh − vzdn + oadl − ocdj + vm[(r  bκ)( _ Ω)− (r Ω)( _  bκ)]
+ vn[(r  bκ)( _  r)− r2( _  bκ)] + vo[(r  bκ)( _ )− (r )( _  bκ)]
+ vbve[(r  bκ) _2 − (r  _)( _  bκ)] + vp[(r  bκ)( _  bp)− (r  bp)( _  bκ)]
+ vq[(r Ω)( _  r)− r2( _ Ω)] + vr[(r Ω)( _ )− (r )( _ Ω)]
+ vs[(r Ω) _2 − (r  _)( _ Ω)] + vt[(r Ω)( _  bp)− (r  bp)( _ Ω)]
− vevd[r2 _2 − (r  _)2] + vu[r2( _ )− (r )( _  r)]
+ vv[r2( _  bp)− (r  bp)( _  r)]− xuve[(r  bp) _2 − (r  _)( _  bp)]
+ vw[(r  bp)( _ )− (r )( _  bp)] + v2e[(r ) _2 − (r  _)( _ )]
by (5.23b) & (A.2)
= vxdh − vzdn + oadl − ocdj + vm("d&c − "b&b) + vn("d&n − r2&b) + vo("d&d − "h&b)
+ vbve("d&e − &n&b) + vp("d&a − "f &b) + vq("b&n − r2&c) + vr("b&d − "h&c)
+ vs("b&e − &n&c) + vt("b&a − "f &c)− vevd(r2&e − &2n) + vu(r2&d − "h&n)
+ vv(r2&a − "f &n)− xuve("f &e − &n&a) + vw("f &d − "h&a) + v2e("h&e − &n&d)
by (5.1a) & (5.23a)
= os by (5.24h) (5.48p)
(r)  (Jp + Jq)
= (r)  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ  r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx[  (r)] + vy [r  (r)] + vz [bp  (r)] + oa[Ω  (r)] + ob[ _  (r)]
+ oc[¨  (r )] + vm[(r)  (bκΩ)] + vn[(r)  (bκ r)] + vo[(r)  (bκ)]
+ vbve[(r)  (bκ  _)] + vp[(r)  (bκ  bp)] + vq [(r)  (Ω r)]
+ vr[(r )  (Ω)] + vs[(r)  (Ω _)] + vt[(r )  (Ω bp)]
− vevd[(r )  (r _)] + vu[(r )  (r)] + vv[(r )  (r bp)]
− xuve[(r)  (bp _)] + vw[(r)  (bp)] + v2e[(r )  ( _)]
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= −vz"o − oa"m − obdh − ocdi + vm[(r  bκ)( Ω)− (r Ω)(  bκ)]
+ vn[(r  bκ)(  r)− r2(  bκ)] + vo[(r  bκ)2 − (r )(  bκ)]
+ vbve[(r  bκ)(  _)− (r  _)(  bκ)] + vp[(r  bκ)(  bp)− (r  bp)(  bκ)]
+ vq [(r Ω)(  r)− r2( Ω)] + vr[(r Ω)2 − (r )( Ω)]
+ vs[(r Ω)(  _)− (r  _)( Ω)] + vt[(r Ω)(  bp)− (r  bp)( Ω)]
− vevd[r2(  _)− (r  _)(  r)] + vu[r22 − (r )2] + vv[r2(  bp)− (r  bp)(  r)]
− xuve[(r  bp)(  _)− (r  _)(  bp)] + vw[(r  bp)2 − (r )(  bp)]
+ v2e[(r )(  _)− (r  _)2] by (5.1a); (5.23b) & (A.2)
= −vz"o − oa"m − obdh − ocdi + vm("d"g − "ba) + vn("d"h − r2a) + vo("d2 − "ha)
+ vbve("d&d − &na) + vp("d"i − "fa) + vq("b"h − r2"g) + vr("b2 − "h"g)
+ vs("b&d − &n"g) + vt("b"i − "f"g)− vevd(r2&d − &n"h) + vu(r22 − "2h)
+ vv(r2"i − "f"h)− xuve("f &d − &n"i) + vw("f2 − "h"i) + v2e("h&d − &n2)
by (5.1a); (5.13a) & (5.23a)
= ot by (5.24i) (5.48q)
(r bp)  (Jp + Jq)
= (r bp)  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx[  (r bp)] + vy [r  (r bp)] + vz [bp  (r bp)] + oa[Ω  (r bp)] + ob[ _  (r bp)]
+ oc[¨  (r bp)] + vm[(r bp)  (bκΩ)] + vn[(r bp)  (bκ r)] + vo[(r bp)  (bκ)]
+ vbve[(r bp)  (bκ _)] + vp[(r bp)  (bκ  bp)] + vq [(r bp)  (Ω r)]
+ vr[(r bp)  (Ω)] + vs[(r bp)  (Ω _)] + vt[(r  bp)  (Ω bp)]
− vevd[(r bp)  (r _)] + vu[(r bp)  (r)] + vv[(r  bp)  (r bp)]
− xuve[(r bp)  (bp _)] + vw[(r bp)  (bp)] + v2e[(r  bp)  ( _)]
= vx"o + oa"l + obdn + ocpb + vm[(r  bκ)(bp Ω)− (r Ω)(bp  bκ)]
+ vn[(r  bκ)(bp  r)− r2(bp  bκ)] + vo[(r  bκ)(bp )− (r )(bp  bκ)]
+ vbve[(r  bκ)(bp  _)− (r  _)(bp  bκ)] + vp[(r  bκ)− (r  bp)(bp  bκ)]
+ vq[(r Ω)(bp  r)− r2(bp Ω)] + vr[(r Ω)(bp )− (r )(bp Ω)]
+ vs[(r Ω)(bp  _)− (r  _)(bp Ω)] + vt[(r Ω)− (r  bp)(bp Ω)]
− vevd[r2(bp  _)− (r  _)(bp  r)] + vu[r2(bp )− (r )(bp  r)] + vv[r2 − (r  bp)2]
− xuve[(r  bp)(bp  _)− (r  _)] + vw[(r  bp)(bp )− (r )]
+ v2e[(r )(bp  _)− (r  _)(bp )] by (5.1a); (5.23b); (5.23c) & (A.2)
= vx"o + oa"l + obdn + ocpb + vm("d"c − "b"e) + vn("d"f − r2"e) + vo("d"i − "h"e)
+ vbve("d&a − &n"e) + vp("d − "f"e) + vq("b"f − r2"c) + vr("b"i − "h"c)
+ vs("b&a − &n"c) + vt("b − "f"c)− vevd(r2&a − &n"f ) + vu(r2"i − "h"f )
+ vv(r2 − "2f )− xuve("f &a − &n) + vw("f"i − "h) + v2e("h&a − &n"i)
by (5.1a) & (5.23a)
= ou by (5.24i) (5.48r)
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(bp _)  (Jp + Jq)
= (bp _)  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx[  (bp _)] + vy[r  (bp _)] + vz [bp  (bp _)] + oa[Ω  (bp _)] + ob[ _  (bp _)]
+ oc[¨  (bp _)] + vm[(bp _)  (bκΩ)] + vn[(bp _)  (bκ r)] + vo[(bp _)  (bκ )]
+ vbve[(bp _)  (bκ _)] + vp[(bp _)  (bκ  bp)] + vq [(bp _)  (Ω r)]
+ vr[(bp _)  (Ω)] + vs[(bp _)  (Ω _)] + vt[(bp _)  (Ω bp)]
− vevd[(bp _)  (r _)] + vu[(bp _)  (r)] + vv[(bp _)  (r bp)]
− xuve[(bp _)  (bp _)] + vw[(bp _)  (bp)] + v2e[(bp _)  ( _)]
= −vxdr + vydn − oadp + ocpc + vm[(bp  bκ)( _ Ω)− (bp Ω)( _  bκ)]
+ vn[(bp  bκ)( _  r)− (bp  r)( _  bκ)] + vo[(bp  bκ)( _ )− (bp )( _  bκ)]
+ vbve[(bp  bκ) _2 − (bp  _)( _  bκ)] + vp[(bp  bκ)( _  bp)− ( _  bκ)]
+ vq [(bp Ω)( _  r)− (bp  r)( _ Ω)] + vr[(bp Ω)( _ )− (bp )( _ Ω)]
+ vs[(bp Ω) _2 − (bp  _)( _ Ω)] + vt[(bp Ω)( _  bp)− ( _ Ω)]
− vevd[(bp  r) _2 − (bp  _)( _  r)] + vu[(bp  r)( _ )− (bp )( _  r)]
+ vv[(bp  r)( _  bp)− ( _  r)]− xuve[ _2 − (bp  _)2] + vw[( _ )− (bp )( _  bp)]
+ v2e[(bp ) _2 − (bp  _)( _ )] by (5.23b); (5.23c) & (A.2)
= −vxdr + vydn − oadp + ocpc + vm("e&c − "c&b) + vn("e&n − "f &b) + vo("e&d − "i&b)
+ vbve("e&e − &a&b) + vp("e&a − &b) + vq("c&n − "f &c) + vr("c&d − "i&c)
+ vs("c&e − &a&c) + vt("c&a − &c)− vevd("f &e − &a&n) + vu("f &d − "i&n)
+ vv("f &a − &n)− xuve(&e − &2a) + vw(&d − "i&a) + v2e("i&e − &a&d)
by (5.1a) & (5.23a)
= ov by (5.24j) (5.48s)
(bp)  (Jp + Jq)
= (bp)  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx[  (bp)] + vy[r  (bp)] + vz [bp  (bp)] + oa[Ω  (bp)] + ob[ _  (bp)]
+ oc[¨  (bp)] + vm[(bp)  (bκΩ)] + vn[(bp)  (bκ r)] + vo[(bp)  (bκ )]
+ vbve[(bp)  (bκ _)] + vp[(bp)  (bκ  bp)] + vq [(bp)  (Ω r)]
+ vr[(bp)  (Ω)] + vs[(bp)  (Ω _)] + vt[(bp)  (Ω bp)]
− vevd[(bp)  (r _)] + vu[(bp)  (r)] + vv[(bp)  (r bp)]
− xuve[(bp)  (bp _)] + vw[(bp)  (bp)] + v2e[(bp)  ( _)]
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= vy"o − oado + obdr + ocds + vm[(bp  bκ)( Ω)− (bp Ω)(  bκ)]
+ vn[(bp  bκ)(  r)− (bp  r)(  bκ)] + vo[(bp  bκ)2 − (bp )(  bκ)]
+ vbve[(bp  bκ)(  _)− (bp  _)(  bκ)] + vp[(bp  bκ)(  bp)− (  bκ)]
+ vq[(bp Ω)(  r)− (bp  r)( Ω)] + vr[(bp Ω)2 − (bp )( Ω)]
+ vs[(bp Ω)(  _)− (bp  _)( Ω)] + vt[(bp Ω)(  bp)− ( Ω)]
− vevd[(bp  r)(  _)− (bp  _)(  r)] + vu[(bp  r)2 − (bp )(  r)]
+ vv[(bp  r)(  bp)− (  r)]− xuve[(  _)− (bp  _)(  bp)] + vw[2 − (bp )2]
+ v2e[(bp )(  _)− (bp  _)2] by (5.1a); (5.23b) & (A.2)
= vy"o − oado + obdr + ocds + vm("e"g − "ca) + vn("e"h − "fa) + vo("e2 − "ia)
+ vbve("e&d − &aa) + vp("e"i − a) + vq("c"h − "f"g) + vr("c2 − "i"g)
+ vs("c&d − &a"g) + vt("c"i − "g)− vevd("f &d − &a"h) + vu("f2 − "i"h)
+ vv("f"i − "h)− xuve(&d − &a"i) + vw(2 − "2i ) + v2e("i&d − &a2)
by (5.1a); (5.13a) & (5.23a)
= ow by (5.24j) (5.48t)
( _)  (Jp + Jq)
= ( _)  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκ Ω) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx[  ( _)] + vy[r  ( _)] + vz [bp  ( _)] + oa[Ω  ( _)] + ob[ _  ( _)]
+ oc[¨  ( _)] + vm[( _)  (bκΩ)] + vn[( _)  (bκ r)] + vo[( _)  (bκ)]
+ vbve[( _)  (bκ _)] + vp[( _)  (bκ  bp)] + vq [( _)  (Ω r)]
+ vr[( _)  (Ω)] + vs[( _)  (Ω _)] + vt[( _)  (Ω bp)]
− vevd[( _)  (r _)] + vu[( _)  (r)] + vv[( _)  (r bp)]
− xuve[( _)  (bp _)] + vw[( _)  (bp)] + v2e[( _)  ( _)]
= −vydh + vzdr + oadv + ocpd + vm[(  bκ)( _ Ω)− ( Ω)( _  bκ)]
+ vn[(  bκ)( _  r)− (  r)( _  bκ)] + vo[(  bκ)( _ )− 2( _  bκ)]
+ vbve[(  bκ) _2 − (  _)( _  bκ)] + vp[(  bκ)( _  bp)− (  bp)( _  bκ)]
+ vq[( Ω)( _  r)− (  r)( _ Ω)] + vr[( Ω)( _ )− 2( _ Ω)]
+ vs[( Ω) _2 − (  _)( _ Ω)] + vt[( Ω)( _  bp)− (  bp)( _ Ω)]
− vevd[(  r) _2 − (  _)( _  r)] + vu[(  r)( _ )− 2( _  r)]
+ vv[(  r)( _  bp)− (  bp)( _  r)]− xuve[(  bp) _2 − (  _)( _  bp)]
+ vw[(  bp)( _ )− 2( _  bp)] + v2e[2 _2 − (  _)2]
by (5.23b); (5.23c) & (A.2)
= −vydh + vzdr + oadv + ocpd + vm(a&c − "g&b) + vn(a&n − "h&b) + vo(a&d − 2&b)
+ vbve(a&e − &d&b) + vp(a&a − "i&b) + vq("g&n − "h&c) + vr("g&d − 2&c)
+ vs("g&e − &d&c) + vt("g&a − "i&c)− vevd("h&e − &d&n) + vu("h&d − 2&n)
+ vv("h&a − "i&n)− xuve("i&e − &d&a) + vw("i&d − 2&a) + v2e(2&e − &2d)
by (5.1a); (5.13a) & (5.23a)
= ox by (5.24k): (5.48u)
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Similarly, we derive
bκ  (Jp + Jq)
= bκ  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ )
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx(bκ ) + vy(bκ  r) + vz(bκ  bp) + oa(bκ Ω) + ob(bκ  _) + oc(bκ  ¨) + vq[bκ  (Ω r)]
+ vr[bκ  (Ω)] + vs[bκ  (Ω _)] + vt[bκ  (Ω bp)]− vevd[bκ  (r _)] + vu[bκ  (r)]
+ vv[bκ  (r bp)]− xuve[bκ  (bp _)] + vw[bκ  (bp)] + v2e[bκ  ( _)]
= vxa + vy"d + vz"e + oa"a + ob&b + oc&g + vq"k − vrde + vsdf − vt"j + vevddc
− vu"n + vvdt − xuveda + vwb + v2edu by (5.1a); (5.13a); (5.23a); (5.23b) & (5.23c)
= oy by (5.24k) (5.49a)
(¨ bp)  (Jp + Jq)
= (¨ bp)  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx[  (¨ bp)] + vy[r  (¨ bp)] + vz [bp  (¨ bp)] + oa[Ω  (¨ bp)] + ob[ _  (¨ bp)]
+ oc[¨  (¨ bp)] + vm[(¨ bp)  (bκΩ)] + vn[(¨ bp)  (bκ r)] + vo[(¨ bp)  (bκ )]
+ vbve[(¨ bp)  (bκ _)] + vp[(¨ bp)  (bκ  bp)] + vq [(¨ bp)  (Ω r)]
+ vr[(¨ bp)  (Ω)] + vs[(¨ bp)  (Ω _)] + vt[(¨ bp)  (Ω bp)]
− vevd[(¨ bp)  (r _)] + vu[(¨ bp)  (r)] + vv[(¨ bp)  (r bp)]
− xuve[(¨ bp)  (bp _)] + vw[(¨ bp)  (bp)] + v2e[(¨ bp)  ( _)]
= vxds − vypb + oadq + obpc + vm[(¨  bκ)(bp Ω)− (¨ Ω)(bp  bκ)]
+ vn[(¨  bκ)(bp  r)− (¨  r)(bp  bκ)] + vo[(¨  bκ)(bp )− (¨ )(bp  bκ)]
+ vbve[(¨  bκ)(bp  _)− (¨  _)(bp  bκ)] + vp[(¨  bκ)− (¨  bp)(bp  bκ)]
+ vq [(¨ Ω)(bp  r)− (¨  r)(bp Ω)] + vr[(¨ Ω)(bp )− (¨ )(bp Ω)]
+ vs[(¨ Ω)(bp  _)− (¨  _)(bp Ω)] + vt[(¨ Ω)− (¨  bp)(bp Ω)]
− vevd[(¨  r)(bp  _)− (¨  _)(bp  r)] + vu[(¨  r)(bp )− (¨ )(bp  r)]
+ vv[(¨  r)− (¨  bp)(bp  r)]− xuve[(¨  bp)(bp  _)− (¨  _)]
+ vw [(¨  bp)(bp )− (¨ )] + v2e[(¨ )(bp  _)− (¨  _)(bp )]
by (5.23b); (5.23c) & (A.2)
= vxds − vypb + oadq + obpc + vm(&g"c − &h"e) + vn(&g"f − &o"e) + vo(&g"i − &i"e)
+ vbve(&g&a − &j"e) + vp(&g − &f"e) + vq(&h"f − &o"c) + vr(&h"i − &i"c)
+ vs(&h&a − &j"c) + vt(&h − &f"c)− vevd(&o&a − &j"f ) + vu(&o"i − &i"f )
+ vv(&o − &f"f )− xuve(&f &a − &j) + vw(&f "i − &i) + v2e(&i&a − &j"i)
by (5.1a) & (5.23a)
= oz by (5.24l) (5.49b)
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(¨ r)  (Jp + Jq)
= (¨ r)  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ  r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx[  (¨ r)] + vy [r  (¨ r)] + vz [bp  (¨ r)] + oa[Ω  (¨ r)] + ob[ _  (¨ r)]
+ oc[¨  (¨ r)] + vm[(¨ r)  (bκΩ)] + vn[(¨ r)  (bκ r)] + vo[(¨ r)  (bκ)]
+ vbve[(¨ r)  (bκ  _)] + vp[(¨ r)  (bκ  bp)] + vq [(¨ r)  (Ω r)]
+ vr[(¨ r)  (Ω)] + vs[(¨ r)  (Ω _)] + vt[(¨ r)  (Ω bp)]
− vevd[(¨ r)  (r _)] + vu[(¨ r)  (r)] + vv[(¨ r)  (r bp)]
− xuve[(¨ r)  (bp _)] + vw[(¨ r)  (bp)] + v2e[(¨ r)  ( _)]
= −vxdi + vzpb − oadm − obdj + vm[(¨  bκ)(r Ω)− (¨ Ω)(r  bκ)]
+ vn[(¨  bκ)r2 − (¨  r)(r  bκ)] + vo[(¨  bκ)(r )− (¨ )(r  bκ)]
+ vbve[(¨  bκ)(r  _)− (¨  _)(r  bκ)] + vp[(¨  bκ)(r  bp)− (¨  bp)(r  bκ)]
+ vq[(¨ Ω)r2 − (¨  r)(r Ω)] + vr[(¨ Ω)(r )− (¨ )(r Ω)]
+ vs[(¨ Ω)(r  _)− (¨  _)(r Ω)] + vt[(¨ Ω)(r  bp)− (¨  bp)(r Ω)]
− vevd[(¨  r)(r  _)− (¨  _)r2] + vu[(¨  r)(r )− (¨ )r2]
+ vv[(¨  r)(r  bp)− (¨  bp)r2]− xuve[(¨  bp)(r  _)− (¨  _)(r  bp)]
+ vw[(¨  bp)(r )− (¨ )(r  bp)] + v2e[(¨ )(r  _)− (¨  _)(r )]
by (5.23b); (5.23c) & (A.2)
= −vxdi + vzpb − oadm − obdj + vm(&g"b − &h"d) + vn(&gr2 − &o"d) + vo(&g"h − &i"d)
+ vbve(&g&n − &j"d) + vp(&g"f − &f"d) + vq(&hr2 − &o"b) + vr(&h"h − &i"b)
+ vs(&h&n − &j"b) + vt(&h"f − &f"b)− vevd(&o&n − &jr2) + vu(&o"h − &ir2)
+ vv(&o"f − &fr2)− xuve(&f &n − &j"f ) + vw(&f"h − &i"f ) + v2e(&i&n − &j"h)
by (5.1a) & (5.23a)
= fa by (5.24m) (5.49c)
(
...
  r)  (Jp + Jq)
= (
...
  r)  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ )
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx[  (
...
  r)] + vy[r  (
...
  r)] + vz [bp  (...  r)] + oa[Ω  (...  r)] + ob[ _  (...  r)]
+ oc[¨  (
...
  r)] + vm[(
...
  r)  (bκΩ)] + vn[(...  r)  (bκ r)] + vo[(...  r)  (bκ)]
+ vbve[(
...
 r)  (bκ _)] + vp[(...  r)  (bκ  bp)] + vq [(...  r)  (Ω r)]
+ vr[(
...
  r)  (Ω)] + vs[(
...
  r)  (Ω _)] + vt[(
...
  r)  (Ω bp)]
− vevd[(
...
  r)  (r  _)] + vu[(
...
  r)  (r)] + vv[(
...
  r)  (r bp)]
− xuve[(
...
  r)  (bp _)] + vw [(...  r)  (bp)] + v2e[(...  r)  ( _)]
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= vxpe + vzpf + oapg + obph + ocpi + vm[(
...
  bκ)(r Ω)− (... Ω)(r  bκ)]
+ vn[(
...
  bκ)r2 − (...  r)(r  bκ)] + vo[(...  bκ)(r )− (... )(r  bκ)]
+ vbve[(
...
  bκ)(r  _)− (...  _)(r  bκ)] + vp[(...  bκ)(r  bp)− (...  bp)(r  bκ)]
+ vq[(
...
 Ω)r2 − (...  r)(r Ω)] + vr[(
...
 Ω)(r )− (... )(r Ω)]
+ vs[(
...
 Ω)(r  _)− (...  _)(r Ω)] + vt[(
...
 Ω)(r  bp)− (...  bp)(r Ω)]
− vevd[(
...
  r)(r  _)− (...  _)r2] + vu[(
...
  r)(r )− (... )r2]
+ vv[(
...
  r)(r  bp)− (...  bp)r2]− xuve[(...  bp)(r  _)− (...  _)(r  bp)]
+ vw[(
...
  bp)(r )− (... )(r  bp)] + v2e[(... )(r  _)− (...  _)(r )]
by (5.23c) & (A.2)
= vxpe + vzpf + oapg + obph + ocpi + vm(&p"b − &m"d) + vn(&pr2 − &q"d)
+ vo(&p"h − &r"d) + vbve(&p&n − &s"d) + vp(&p"f − &l"d) + vq(&mr2 − &q"b)
+ vr(&m"h − &r"b) + vs(&m&n − &s"b) + vt(&m"f − &l"b)− vevd(&q&n − &sr2)
+ vu(&q"h − &rr2) + vv(&q"f − &lr2)− xuve(&l&n − &s"f ) + vw(&l"h − &r"f )
+ v2e(&r&n − &s"h) by (5.1a) & (5.23a)
= fb by (5.24m): (5.49d)
As a consequence of the foregoing derivations, we get
jJp + Jqj2
= (Jp + Jq)  [vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)] by (5.47)
= vx[  (Jp + Jq)] + vy [r  (Jp + Jq)] + vz [bp  (Jp + Jq)] + oa[Ω  (Jp + Jq)]
+ ob[ _  (Jp + Jq)] + oc[¨  (Jp + Jq)] + vm[(Jp + Jq)  (bκ Ω)]
+ vn[(Jp + Jq)  (bκ r)] + vo[(Jp + Jq)  (bκ)] + vbve[(Jp + Jq)  (bκ _)]
+ vp[(Jp + Jq)  (bκ  bp)] + vq [(Jp + Jq)  (Ω r)] + vr[(Jp + Jq)  (Ω)]
+ vs[(Jp + Jq)  (Ω _)] + vt[(Jp + Jq)  (Ω bp)]− vevd[(Jp + Jq)  (r _)]
+ vu[(Jp + Jq)  (r )] + vv[(Jp + Jq)  (r bp)]− xuve[(Jp + Jq)  (bp _)]
+ vw [(Jp + Jq)  (bp)] + v2e[(Jp + Jq)  ( _)]
= vxod + vyoe + vzof + oaog + oboh + ocoi + vmoj + vnok + vool + vbveom + vpon
+ vqoo + vrop + vsoq + vtor − vevdos + vuot + vvou − xuveov + vwow + v2eox
by (5.49)
∴ jJp + Jqj = fc by (5.24n) (5.50a)
jJrj2 = [vbbκ + vcΩ− vdr + ve− xubp + va( r) + ( _ r)− Ω2(Ω r) + xo(bpΩ)
+ ’g’h(bp)]2 by (5.45d)
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= v2b + 2vcvb(bκ Ω)− 2vdvb(bκ  r) + 2vevb(bκ )− 2xuvb(bκ  bp) + 2vavb[bκ  ( r)]
+ 2vb[bκ  ( _ r)]− 2Ω2vb[bκ  (Ω r)] + 2xovb[bκ  (bpΩ)] + 2’g’hvb[bκ  (bp)]
+ v2cΩ
2 − 2vdvc(Ω  r) + 2vevc(Ω )− 2xuvc(Ω  bp) + 2vavc[Ω  ( r)]
+ 2vc[Ω  ( _ r)] + 2’g’hvc[Ω  (bp)] + v2dr2 − 2vevd(r ) + 2xuvd(r  bp)
− 2xovd[r  (bpΩ)]− 2vd’g’h[r  (bp)] + v2e2 − 2xuve(  bp) + 2ve[  ( _ r)]
− 2Ω2ve[  (Ω r)] + 2xove[  (bpΩ)] + x2u − 2vaxu[bp  ( r)]− 2xu[bp  ( _ r)]
+ 2Ω2xu[bp  (Ω r)] + v2a[( r)  ( r)] + 2va[( r)  ( _ r)]
− 2Ω2va[( r)  (Ω r)] + 2xova[( r)  (bpΩ)] + 2’g’hva[( r)  (bp)]
+ 2[( _ r)  ( _ r)]− 22Ω2[(Ω r)  ( _ r)] + 2xo[( _ r)  (bpΩ)]
+ 2’g’h[( _ r)  (bp)] + 2Ω4[(Ω r)  (Ω r)]− 2xoΩ2[(Ω r)  (bpΩ)]




= v2b + 2vcvb"a − 2vdvb"d + 2vevba − 2xuvb"e + 2vavb"n + 2vbdc − 2Ω2vb"k + 2xovb"j
+ 2’g’hvbb + v2cΩ
2 − 2vdvc"b + 2vevc"g − 2xuvc"c + 2vavc"m − 2vcdl − 2’g’hvcdo
+ v2dr
2 − 2vevd"h + 2xuvd"f − 2xovd"l − 2vd’g’h"o + v2e2 − 2xuve"i − 2vedh
+ 2Ω2ve"m + 2xovedo + x2u − 2vaxu"o − 2xudn + 2Ω2xu"l + v2a[( r)  ( r)]
+ 2va[( r)  ( _ r)]− 2Ω2va[( r)  (Ω r)] + 2xova[( r)  (bpΩ)]
+ 2’g’hva[( r)  (bp)]− 22Ω2[(Ω r)  ( _ r)] + 2Ω4[(Ω r)  (Ω r)]
− 2xoΩ2[(Ω r)  (bpΩ)]− 2’g’hΩ2[(Ω r)  (bp)] + 2[( _ r)  ( _ r)]
+ 2xo[( _ r)  (bpΩ)] + 2’g’h[( _ r)  (bp)] + x2o[(bpΩ)  (bpΩ)]
+ 2’g’hxo[(bpΩ)  (bp)] + ’2g’2h[(bp)  (bp)] by (5.1a); (5.13a); (5.23a) & (5.23b)
= fd + v2a[
2r2 − (  r)2] + 2va[(  _)r2 − (  r)(r  _)]
− 2Ω2va[( Ω)r2 − (  r)(r Ω)] + 2xova[(  bp)(r Ω)− ( Ω)(r  bp)]
+ 2’g’hva[(  bp)(r )− 2(r  bp)]− 22Ω2[(Ω  _)r2 − (Ω  r)(r  _)]
+ 2Ω4[Ω2r2 − (Ω  r)2]− 2xoΩ2[(Ω  bp)(r Ω)− Ω2(r  bp)]
− 2’g’hΩ2[(Ω  bp)(r )− (Ω )(r  bp)] + 2[ _2r2 − ( _  r)2]
+ 2xo[( _  bp)(r Ω)− ( _ Ω)(r  bp)] + 2’g’h[( _  bp)(r )− ( _ )(r  bp)]
+ x2o[Ω
2 − (bp Ω)2] + 2’g’hxo[(Ω )− (bp )(Ω  bp)] + ’2g’2h[2 − (bp )2]
by (5.24o) & (A.2)
= fd + v2a(
2r2 − "2h) + 2va(&dr2 − "h&n)− 2Ω2va("gr2 − "h"b) + 2xova("i"b − "g"f )
+ 2’g’hva("i"h − 2"f )− 22Ω2(&cr2 − "b&n) + 2Ω4(Ω2r2 − "2b)− 2xoΩ2("c"b − Ω2"f)
− 2’g’hΩ2("c"h − "g"f ) + 2(&er2 − &2n) + 2xo(&a"b − &c"f ) + 2’g’h(&a"h − &d"f )
+ x2o(Ω
2 − "2c) + 2’g’hxo("g − "i"c) + ’2g’2h(2 − "2i ) by (5.1a) & (5.23a)
∴ jJrj = fe by (5.24o) (5.50b)
Art 22h. Development of equation (3.15d).
The quantities dened by (3.15d) evaluate as
@1 = bκ  (Jp + Jq) by (3.15d)
= oy by (5.49a) (5.51a)
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@2 = a  (Jp + Jq) by (3.15d)
= (Jp + Jq)  ["bΩ− Ω2r +  r] by (1.4a) & (5.1a)
= "b[Ω  (Jp + Jq)]− Ω2[r  (Jp + Jq)] + ( r)  (Jp + Jq)
= "bog − Ω2oe − ot by (5.48) (5.51b)
@3 = _a  (Jp + Jq) by (3.15d)
= (Jp + Jq)  [2"hΩ− 3"gr + _ r− Ω2(Ω r) + "b] by (5.30a)
= 2"h[Ω  (Jp + Jq)]− 3"g[r  (Jp + Jq)] + [( _ r)  (Jp + Jq)]
− Ω2[(Ω r)  (Jp + Jq)] + "b[  (Jp + Jq)]
= 2"hog − 3"goe − os − Ω2oo + "bod by (5.48) (5.51c)
@4 = a¨  (Jp + Jq) by (3.15d)
= (Jp + Jq)  [3"h + "b _ + %tΩ + %ur + 2"b(Ω)− 3Ω2( r)− 3"g(Ω r)
+ (¨ r)] by (5.30b)
= 3"h[(Jp + Jq) ] + "b[(Jp + Jq)  _] + %t[(Jp + Jq) Ω] + %u[(Jp + Jq)  r]
+ 2"b[(Jp + Jq)  (Ω)]− 3Ω2[(Jp + Jq)  ( r)]− 3"g[(Jp + Jq)  (Ω r)]
+ [(Jp + Jq)  (¨ r)]
= 3"hod + "boh + %tog + %uoe − 2"bop + 3Ω2ot − 3"goo + fa by (5.48) & (5.49c) (5.51d)
@5 = ...a  (Jp + Jq) by (3.15d)
= (Jp + Jq)  [(%t + 3&n) + 4"h _ + "b¨ + %vΩ + 5%wr− 5"b(Ω _)− 6Ω2( _ r)
+ 5"h(Ω)− 12"g( r) + %u(Ω r) +
...
 r] by (5.30c)
= (%t + 3&n)[(Jp + Jq) ] + 4"h[(Jp + Jq)  _] + "b[(Jp + Jq)  ¨] + %v[(Jp + Jq) Ω]
+ 5%w[(Jp + Jq)  r]− 5"b[(Jp + Jq)  (Ω _)]− 6Ω2[(Jp + Jq)  ( _ r)]
+ 5"h[(Jp + Jq)  (Ω)]− 12"g[(Jp + Jq)  ( r)] + %u[(Jp + Jq)  (Ω r)]
+ [(Jp + Jq)  (
...
  r)]
= (%t + 3&n)od + 4"hoh + "boi + %vog + 5%woe − 5"boq + 6Ω2os − 5"hop
+ 12"got + %uoo + fb by (5.48) & (5.49d)
(5.51e)
@6 = ...e  (Jp + Jq) by (3.15d)
= (Jp + Jq)  [xq(bpΩ) + 3xp(bp) + 3xo(bp _) + ’g’h(bp ¨)
+ xtΩ + 3xs + 3xr _ + ’i¨− xwbp] by (5.40c)
= xq[(Jp + Jq)  (bpΩ)] + 3xp[(Jp + Jq)  (bp)] + 3xo[(Jp + Jq)  (bp _)]
+ ’g’h[(Jp + Jq)  (bp ¨)] + xt[(Jp + Jq) Ω] + 3xs[(Jp + Jq) ]
+ 3xr[(Jp + Jq)  _] + ’i[(Jp + Jq)  ¨]− xw[(Jp + Jq)  bp]
= −xqor + 3xpow + 3xoov − ’g’hoz + xtog + 3xsod + 3xroh
+ ’ioi − xwof by (5.48) & (5.49b)
(5.51f)
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...
Y@1 + ...@2 + 3¨@3 + b3@4 + @5 + @6
= vg@1 + xk@2 + 3xj@3 + vi@4 + @5 + @6 by (5.46) & (5.35)
= vgoy + xk("bog − Ω2oe − ot) + 3xj(2"hog − 3"goe − os − Ω2oo + "bod)
+ vi(3"hod + "boh + %tog + %uoe − 2"bop + 3Ω2ot − 3"goo + fa)
− xqor + 3xpow + 3xoov − ’g’hoz + xtog + 3xsod + 3xroh + ’ioi − xwof
+ [(%t + 3&n)od + 4"hoh + "boi + %vog + 5%woe − 5"boq + 6Ω2os − 5"hop
+ 12"got + %uoo + fb] by (5.51)
= ff by (5.24p): (5.52)
Art 22i. Results of the computations.












vbbκ + vcΩ− vdr + ve− xubp + va( r) + ( _ r)− Ω2(Ω r)





vx + vyr + vzbp + oaΩ + ob _ + oc¨ + vm(bκΩ) + vn(bκ r) + vo(bκ)
+ vbve(bκ _) + vp(bκ bp) + vq(Ω r) + vr(Ω) + vs(Ω _) + vt(Ω bp)
− vevd(r _) + vu(r) + vv(r bp)− xuve(bp _) + vw(bp) + v2e( _)
(5.53c)
as the complete set of equations describing the apparent path of the light source for a rotating
observer.
Art 23. Apparent geometry of obliquated rays.
To evaluate (3.26) for a rotating observer, we introduce, in addition to (5.1), (5.13), (5.23) and
(5.24), the quantities
Ka = Yva − vb; Kb = −’g’h"l − va(’j"f − ’i"b) + ’g’h(’j − ’i"c)
Kc = ’i"b − ’j"f + ’g’h"l; Kd = xu’i − ’j(va"b + 2"h + xr)
Ke = −vb"a − va"m − va(’i"g − ’j"i) + ’i(Ω4 − &c) + ’j(&a − Ω2"c)− ’g’hdp
− (2"hΩ2 − 2"g"b − dl)− (xrΩ2 + ’i"g − xu"c)
(5.54a)
Kf = −vb’g’h"a − va’g’h"m + 2’g’h("g"b − "hΩ2) + ’g’h"m
+ ’g’h(xu"c − xrΩ2 − ’i"g + ’g’hdo) + ’i(xoΩ2 + ’g’h"g)− ’j(xo"c + ’g’h"i)
Kg = vb"d + vb’g’h"e − va’2a − va’g’h(Ω2"f − "b"c − "o)
+ ’g’h(2"h"c − 3"g"f + "b"i − Ω2"l) + Ω2(’j"f − ’i"b)− 3’c
+ ’g’h(xr"c + ’i"i − xu) + xo(’j − ’i"c)− (xu"f − xr"b − ’i"h − xo"l)
(5.54b)
Kh = Kf + yo + Y(xo"a + ’g’ha); Ki = Ke + (yn + yh)− Y(&b − Ω2"a)− Kaa
Kj = Kg + xo(ym − Y"e) + Ω2(’2a − Y"d); Kk = Ka"b − vb’i + Y(xr + 2"h)
Kl = (Kc + Y"d − ’2a); Km = Kb + Ka"d − Y’g’h"e + (yp + 3’c)
Kn = KaΩ2 + 3Y"g; Ko = −’ivd + (xrΩ2 + yg); Kp = vb’j − Yxu
Kq = Kd + xu"b; Kr = ’jvd − xuΩ2
(5.54c)
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Kr = Kh + Ki"f + Kj"c + Km"i + Kl&a − Kk"j − Kndt − Yveb + v2edo + Ko"l + Ω2ve"o
Ks = Kh"f + Kir2 + Kj"b + Km"h + Kl&n + Kk"k + Yve"n − Kpdt + v2e"m + Kq"l
− ’jve"o
Kt = Kh"c + Ki"b + KjΩ2 + Km"g + Kl&c + Kn"k + Yvede + Kp"j + Ω2ve"m
− Kr"l + ’jvedo
Ku = Kh"i + Ki"h + Kj"g + Km2 + Kl&d − Kkde + Kn"n + Kpb + Kqdo − Ko"m − Kr"o
Kv = Kh&a + Ki&n + Kj&c + Km&d + Kl&e + Kkdf + Kndc + Yvedu + Kpda + v2edv + Kqdp
+ Kodl + Ω2vedh − Krdn − ’jvedr
(5.54d)
Kw = −Kh"j + Ki"k − Kmde + Kldf + Kk(Ω2 − "2a)− Kn("b − "d"a) + Yve("g − a"a)
+ Kp("c − "e"a) + v2e("a"g − aΩ2) + Kq("eΩ2 − "a"c) + Ko("a"b − "dΩ2)
− Ω2ve("d"g − a"b) + Kr("e"b − "d"c)− ’jve("e"g − a"c)
Kx = Khdt − Kj"k − Km"n − Kldc + Kk("b − "a"d)− Kn(r2 − "2d) + Yve("h − a"d)
+ Kp("f − "e"d) + v2e("a"h − a"b) + Kq("e"b − "a"f) + Ko("ar2 − "d"b)
− Ω2ve("d"h − ar2) + Kr("er2 − "d"f )− ’jve("e"h − a"f )
(5.54e)
Ky = −Khb + Ki"n + Kjde + Kldu + Kk("g − "aa)− Kn("h − "da) + Yve(2 − 2a)
+ Kp("i − "ea) + v2e("a2 − a"g) + Kq("e"g − "a"i) + Ko("a"h − "d"g)
− Ω2ve("d2 − a"h) + Kr("e"h − "d"i)− ’jve("e2 − a"i)
Kz = −Kidt + Kj"j + Kmb + Klda + Kk("c − "a"e)− Kn("f − "d"e) + Yve("i − a"e)
+ Kp(1− "2e) + v2e("a"i − a"c) + Kq("e"c − "a) + Ko("a"f − "d"c)
− Ω2ve("d"i − a"f) + Kr("e"f − "d)− ’jve("e"i − a)
(5.54f)
Ha = Khdo + Ki"m + Kldv + Kk("a"g − Ω2a)− Kn("a"h − "ba) + Yve("a2 − "ga)
+ Kp("a"i − "ca) + v2e(Ω22 − "2g) + Kq("c"g − Ω2"i) + Ko(Ω2"h − "b"g)
− Ω2ve("b2 − "g"h) + Kr("c"h − "b"i)− ’jve("c2 − "g"i)
Hb = Ki"l + Kmdo + Kldp + Kk("eΩ2 − "c"a)− Kn("e"b − "f"a) + Yve("e"g − "i"a)
+ Kp("e"c − "a) + v2e("c"g − "iΩ2) + Kq(Ω2 − "2c) + Ko("c"b − "fΩ2)
− Ω2ve("f"g − "i"b) + Kr("b − "f"c)− ’jve("g − "i")
(5.54g)
Hc = Kh"l − Km"m + Kldl + Kk("a"b − Ω2"d)− Kn("ar2 − "b"d) + Yve("a"h − "g"d)
+ Kp("a"f − "c"d) + v2e(Ω2"h − "g"b) + Kq("c"b − Ω2"f ) + Ko(Ω2r2 − "2b)
− Ω2ve("b"h − "gr2) + Kr("cr2 − "b"f )− ’jve("c"h − "g"f )
Hd = −Kh"o − Kj"m − Kldh + Kk("d"g − "ba)− Kn("d"h − r2a) + Yve("d2 − "ha)
+ Kp("d"i − "fa) + v2e("b2 − "h"g) + Kq("f"g − "b"i) + Ko("b"h − r2"g)
− Ω2ve(r22 − "2h) + Kr("f"h − r2"i)− ’jve("f2 − "h"i)
(5.54h)
He = −Kj"l − Km"o − Kldn + Kk("e"b − "c"d)− Kn("er2 − "f"d) + Yve("e"h − "i"d)
+ Kp("e"f − "d) + v2e("c"h − "i"b) + Kq("b − "c"f) + Ko("cr2 − "f"b)
− Ω2ve("f"h − "ir2) + Kr(r2 − "2f )− ’jve("h − "i"f )
Hf = Ki"o − Kjdo + Kldr + Kk("e"g − "ca)− Kn("e"h − "fa) + Yve("e2 − "ia)
+ Kp("e"i − a) + v2e("c2 − "i"g) + Kq("g − "c"i) + Ko("c"h − "f"g)
− Ω2ve("f2 − "i"h) + Kr("h − "f"i)− ’jve(2 − "2i )
(5.54i)
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Hg = −Kidn + Kjdp + Kmdr + Kk(&b"c − &c"e)− Kn(&b"f − &n"e) + Yve(&b"i − &d"e)
+ Kp(&b − &a"e) + v2e(&c"i − &d"c) + Kq(&a"c − &c) + Ko(&c"f − &n"c)
− Ω2ve(&n"i − &d"f ) + Kr(&a"f − &n)− ’jve(&a"i − &d)
Hh = Khdn − Kjdl − Kmdh + Kk(&b"b − &c"d)− Kn(&br2 − &n"d) + Yve(&b"h − &d"d)
+ Kp(&b"f − &a"d) + v2e(&c"h − &d"b) + Kq(&a"b − &c"f ) + Ko(&cr2 − &n"b)
− Ω2ve(&n"h − &dr2) + Kr(&ar2 − &n"f )− ’jve(&a"h − &d"f)
(5.54j)
Hi = Khpb − Kjdm − Kmdi − Kldj + Kk(&g"b − &h"d)− Kn(&gr2 − &o"d)
+ Yve(&g"h − &i"d) + Kp(&g"f − &f"d) + v2e(&h"h − &i"b) + Kq(&f "b − &h"f )
+ Ko(&hr2 − &o"b)− Ω2ve(&o"h − &ir2) + Kr(&f r2 − &o"f )− ’jve(&f "h − &i"f )
Hj = Kh"e + Ki"d + Kj"a + Kma + Kl&b − v2ede + Kq"j + Ko"k
+ Ω2ve"n − Krdt − ’jveb
(5.54k)
Hk = [KhKr + KiKs + KjKt + KmKu + KlKv + KkKw − KnKx + YveKy
+ KpKz + v2eHa + KqHb + KoHc − Ω2veHd + KrHe − ’jveHf ]1/2
Hl = vfHj + xj("bKt − Ω2Ks − Hd) + vh(2"hKt − 3"gKs + Hh − Ω2Hc + "bKu)
+ (3"hKu + "bKv + %tKt + %uKs − 2"bHa + 3Ω2Hd − 3"gHc + Hi)
+ xpHb + 2xoHf − ’g’hHg + xsKt + 2xrKu + ’iKv − xvKr:
(5.54l)
Art 23a. Development of equation (3.24a).
With the above quantities in view, we derive
Sa = bκ u by (3.24a)
= bκ (Ω r) by (1.4c)
= Ω(bκ  r)− r(bκ Ω) by (A.1)
= "dΩ− "ar by (5.1a) (5.55a)
Sb = bκ a by (3.24a)
= bκ ("bΩ− Ω2r +  r) by (1.4a) & (5.1a)
= "b(bκΩ)− Ω2(bκ r) + bκ ( r)
= "b(bκΩ)− Ω2(bκ r) + (bκ  r)− r(bκ ) by (A.1)
= "b(bκΩ)− Ω2(bκ r) + "d− ar by (5.1a) & (5.13a) (5.55b)
Sc = bκ e by (3.24a)
= bκ [s2(bpΩ) + s3Ω− s4bp] by (1.4b)
= s2[bκ (bpΩ)] + s3(bκΩ)− s4(bκ bp)
= s2[bp(bκ Ω)−Ω(bκ  bp)] + s3(bκΩ)− s4(bκ bp) by (A.1)
= s2("abp− "eΩ) + s3(bκΩ)− s4(bκ bp) by (5.1a)
= ’g’h("abp− "eΩ) + ’i(bκΩ)− ’j(bκ bp) by (5.5) (5.55c)
Sd = bκ _a by (3.24a)
= bκ [2"hΩ− 3"gr + _ r− Ω2(Ω r) + "b] by (5.30a)
= 2"h(bκΩ)− 3"g(bκ  r) + [bκ ( _ r)]− Ω2[bκ (Ω r)] + "b(bκ )
= 2"h(bκΩ)− 3"g(bκ  r) + "b(bκ) + [ _(bκ  r)− r(bκ  _)]
− Ω2[Ω(bκ  r)− r(bκ Ω)] by (A.1)
= 2"h(bκΩ)− 3"g(bκ  r) + "b(bκ) + "d _− &br
− Ω2("dΩ− "ar) by (5.1a) & (5.23a)
(5.55d)
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Se = bκ _e by (3.24a)
= bκ [xo(bpΩ) + ’g’h(bp) + xrΩ + ’i− xubp] by (5.40a)
= xo[bκ (bpΩ)] + ’g’h[bκ (bp)] + xr(bκ Ω) + ’i(bκ)− xu(bκ bp)
= xo[bp(bκ Ω)−Ω(bκ  bp)] + ’g’h[bp(bκ )−(bκ  bp)] + xr(bκΩ)
+ ’i(bκ)− xu(bκ bp) by (A.1)
= xo("abp− "eΩ) + ’g’h(abp− "e) + xr(bκΩ) + ’i(bκ)− xu(bκ  bp)
by (5.1a) & (5.13a)
(5.55e)
Sf = a u by (3.24a)
= ("bΩ− Ω2r +  r) (Ω r) by (1.4a); (1.4c) & (5.1a)
= "b[Ω (Ω r)]− Ω2[r (Ω r)] + ( r) (Ω r)
= "b[Ω(Ω  r)− Ω2r]− Ω2[r2Ω− r(r Ω)] + [Ω(r  ( r))− r((Ω  ( r)))]
by (A.1) & (A.5)
= "b("bΩ− Ω2r)− Ω2(r2Ω− "br)− "mr by (5.1a)
= ("2b − Ω2r2)Ω− "mr = −’2aΩ− "mr by (5.1b) (5.55f)
Sg = a e by (3.24a)
= ("bΩ− Ω2r +  r) [s2(bpΩ) + s3Ω− s4bp] by (1.4a); (1.4b) & (5.1a)
= s2"b[(Ω (bpΩ)] + s3"b(ΩΩ)− s4"b(Ω bp)− s2Ω2[r (bpΩ)]
− s3Ω2(rΩ) + s4Ω2(r bp) + s2[( r) (bpΩ)]
− s3[Ω ( r)] + s4[bp ( r)]
= s4Ω2(r  bp)− s4"b(Ω bp)− s3Ω2(r Ω) + s2"b[Ω2bp−Ω(Ω  bp)]
− s2Ω2[bp(r Ω)−Ω(r  bp)]− s3[(Ω  r)− r(Ω )] + s4[(bp  r)− r(bp )]
+ s2[bp(Ω  ( r))−Ω(bp  ( r))] by (A.1) & (A.5)
= s4Ω2(r bp)− s4"b(Ω bp)− s3Ω2(rΩ) + s2"b(Ω2bp− "cΩ)
− s2Ω2("bbp− "fΩ)− s3("b− "gr) + s4("f− "ir) + s2("mbp− "oΩ) by (5.1a)
= s4Ω2(r bp)− s4"b(Ω bp)− s3Ω2(rΩ) + s2"bΩ2bp− s2"b"cΩ
− s2Ω2"bbp + s2Ω2"fΩ− s3"b + s3"gr + s4"f− s4"ir + s2"mbp− s2"oΩ
= s4Ω2(r bp)− s4"b(Ω bp)− s3Ω2(rΩ) + s2"bΩ2bp− s2Ω2"bbp + s2"mbp
− s2"b"cΩ + s2Ω2"fΩ− s2"oΩ− s3"b + s4"f + s3"gr− s4"ir
= s4Ω2(r bp)− s4"b(Ω bp)− s3Ω2(r Ω) + s2("bΩ2 − Ω2"b + "m)bp
+ s2(Ω2"f − "b"c − "o)Ω + (s4"f − s3"b) + (s3"g − s4"i)r
= ’jΩ2(r bp)− ’j"b(Ω bp)− ’iΩ2(rΩ) + ’g’h"mbp
+ ’g’h(Ω2"f − "b"c − "o)Ω + (’j"f − ’i"b) + (’i"g − ’j"i)r by (5.5)
(5.55g)
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Sh = a _a by (3.24a)
= ("bΩ− Ω2r +  r) [2"hΩ− 3"gr + _ r− Ω2(Ω r) + "b]
by (1.4a); (5.1a) & (5.30a)
= 2"h"b(ΩΩ)− 3"g"b(Ω r) + "b[Ω ( _ r)]− Ω2"b[Ω (Ω r)]
+ "2b(Ω)− 2"hΩ2(rΩ) + 3"gΩ2(r r)− Ω2[r ( _ r)] + Ω4[r (Ω r)]
− "bΩ2(r) + 2"h[( r)Ω]− 3"g[( r) r] + [( r) ( _ r)]
− Ω2[( r) (Ω r)] + "b[( r)]
= −3"g"b(Ω r) + "2b(Ω)− 2"hΩ2(rΩ)− "bΩ2(r) + "b[Ω ( _ r)]
− Ω2"b[Ω (Ω r)]− Ω2[r ( _ r)] + Ω4[r (Ω r)]− 2"h[Ω ( r)]
+ 3"g[r ( r)]− "b[ ( r)] + [( r) ( _ r)]− Ω2[( r) (Ω r)]
= −3"g"b(Ω r) + "2b(Ω)− 2"hΩ2(r Ω)− "bΩ2(r) + "b[ _(Ω  r)− r(Ω  _)]
− Ω2"b[Ω(Ω  r)− Ω2r]− Ω2[r2 _− r(r  _)] + Ω4[r2Ω− r(r Ω)]
− 2"h[(Ω  r)− r(Ω )] + 3"g[r2− r(r )]− "b[(  r)− 2r]
+ [ _(r  ( r))− r( _  ( r))]− Ω2[Ω(r  ( r))− r(Ω  ( r))]
= −3"g"b(Ω r) + "2b(Ω)− 2"hΩ2(r Ω)− "bΩ2(r) + "b("b _− &cr)
− Ω2"b("bΩ− Ω2r)− Ω2(r2 _− &nr) + Ω4(r2Ω− "br)− 2"h("b− "gr)
+ 3"g(r2− "hr)− "b("h− 2r)− dhr + Ω2"mr by (5.1a); (5.23a) & (5.23b)
= (2"hΩ2 − 3"g"b)(Ω r) + "2b(Ω)− "bΩ2(r) + "2b _− "b&cr
− Ω2"2bΩ + "bΩ4r− Ω2r2 _ + Ω2&nr + Ω4r2Ω− Ω4"br− 2"h"b + 2"h"gr
+ 3"gr2− 3"g"hr− "b"h + "b2r + (Ω2"m − dh)r
= (2"hΩ2 − 3"g"b)(Ω r) + "2b(Ω)− "bΩ2(r) + "2b _− Ω2r2 _
− "b&cr + "bΩ4r + Ω2&nr− Ω4"br + 2"h"gr− 3"g"hr + "b2r + (Ω2"m − dh)r
− Ω2"2bΩ + Ω4r2Ω− 2"h"b + 3"gr2− "b"h
= (2"hΩ2 − 3"g"b)(Ω r) + "2b(Ω)− "bΩ2(r) + ("2b − Ω2r2) _
+ (−"b&c + Ω2&n − "g"h + "b2 + Ω2"m − dh)r− Ω2("2b − Ω2r2)Ω + 3("gr2 − "h"b)
= (2"hΩ2 − 3"g"b)(Ω r) + "2b(Ω)− "bΩ2(r)− ’2a _ + Ω2’2aΩ + 3’c
+ ["b(2 − &c) + Ω2("m + &n)− "g"h − dh]r by (5.1b)
(5.55h)
Si = a _e by (3.24a)
= ("bΩ− Ω2r +  r) [xo(bpΩ) + ’g’h(bp) + xrΩ + ’i− xubp]
by (1.4a); (5.1a) & (5.40a)
= xo"b[Ω (bpΩ)] + ’g’h"b[Ω (bp)] + xr"b(ΩΩ) + ’i"b(Ω)
− xu"b(Ω bp)− xoΩ2[r (bpΩ)]− ’g’hΩ2[r (bp)]− xrΩ2(rΩ)
− ’iΩ2(r ) + xuΩ2(r bp) + xo[( r) (bpΩ)] + ’g’h[( r) (bp)]
+ xr[( r)Ω] + ’i[( r)]− xu[( r) bp]
= ’i"b(Ω)− xu"b(Ω bp)− xrΩ2(rΩ)− ’iΩ2(r) + xuΩ2(r bp)
+ xo"b[Ω (bpΩ)] + ’g’h"b[Ω (bp)]− xoΩ2[r (bpΩ)]
− ’g’hΩ2[r (bp)]− xr[Ω ( r)]− ’i[ ( r)] + xu[bp ( r)]
+ xo[( r) (bpΩ)] + ’g’h[( r) (bp)]
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= ’i"b(Ω)− xu"b(Ω bp)− xrΩ2(rΩ)− ’iΩ2(r) + xuΩ2(r bp)
+ xo"b[Ω2bp−Ω(Ω  bp)] + ’g’h"b[bp(Ω )−(Ω  bp)]− xoΩ2[bp(r Ω)−Ω(r  bp)]
− ’g’hΩ2[bp(r )−(r  bp)]− xr[(Ω  r)− r(Ω )]− ’i[(  r)− 2r]
+ xu[(bp  r)− r(bp )] + xo[bp(Ω  ( r))−Ω(bp  ( r))]
+ ’g’h[bp(  ( r))−(bp  ( r))] by (A.1) & (A.5)
= ’i"b(Ω)− xu"b(Ω bp)− xrΩ2(rΩ)− ’iΩ2(r) + xuΩ2(r bp)
+ xo"b(Ω2bp− "cΩ) + ’g’h"b("gbp− "c)− xoΩ2("bbp− "fΩ)
− ’g’hΩ2("hbp− "f)− xr("b− "gr)− ’i("h− 2r)
+ xu("f− "ir) + xo("mbp− "oΩ)− ’g’h"o by (5.1a)
= ’i"b(Ω)− xu"b(Ω bp)− xrΩ2(rΩ)− ’iΩ2(r) + xuΩ2(r bp)
+ xo"bΩ2bp− xo"b"cΩ + ’g’h"b"gbp− ’g’h"b"c− xoΩ2"bbp + xoΩ2"fΩ
− ’g’hΩ2"hbp + ’g’hΩ2"f− xr"b + xr"gr− ’i"h + ’i2r
+ xu"f− xu"ir + xo"mbp− xo"oΩ− ’g’h"o
= ’i"b(Ω)− xu"b(Ω bp)− xrΩ2(rΩ)− ’iΩ2(r) + xuΩ2(r bp)
+ xo"bΩ2bp + ’g’h"b"gbp− xoΩ2"bbp− ’g’hΩ2"hbp + xo"mbp− xo"b"cΩ
+ xoΩ2"fΩ− xo"oΩ− ’g’h"b"c + ’g’hΩ2"f− xr"b− ’i"h + xu"f
− ’g’h"o + xr"gr + ’i2r− xu"ir
= ’i"b(Ω)− xu"b(Ω bp)− xrΩ2(rΩ)− ’iΩ2(r) + xuΩ2(r bp)
+ [xo"m + ’g’h("b"g − Ω2"h)]bp + xo(Ω2"f − "b"c − "o)Ω + (xr"g + ’i2 − xu"i)r
+ [xu"f − xr"b − ’i"h + ’g’h(Ω2"f − "b"c − "o)]
(5.55i)
Sj = u _a by (3.24a)
= (Ω r) [2"hΩ− 3"gr + _ r− Ω2(Ω r) + "b] by (1.4c) & (5.30a)
= −2"h[Ω (Ω r)] + 3"g[r (Ω r)]− "b[ (Ω r)]
+ [(Ω r) ( _ r)]− Ω2[(Ω r) (Ω r)]
= −2"h[Ω(Ω  r)− Ω2r] + 3"g[r2Ω− r(r Ω)]− "b[Ω(  r)− r( Ω)]
+ [ _(r  (Ω r))− r( _  (Ω r))] by (A.1) & (A.5)
= −2"h("bΩ− Ω2r) + 3"g(r2Ω− "br)− "b("hΩ− "gr)− dlr by (5.1a) & (5.23b)
= −2"h"bΩ + 2"hΩ2r + 3"gr2Ω− 3"g"br− "b"hΩ + "b"gr− dlr
= −2"h"bΩ + 3"gr2Ω− "b"hΩ + 2"hΩ2r− 3"g"br + "b"gr− dlr
= 3("gr2 − "h"b)Ω + (2"hΩ2 − 2"g"b − dl)r
= 3’cΩ + (2"hΩ2 − 2"g"b − dl)r by (5.1b) (5.55j)
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Sk = u _e by (3.24a)
= (Ω r) [xo(bpΩ) + ’g’h(bp) + xrΩ + ’i− xubp] by (5.40a)
= −xr[Ω (Ω r)]− ’i[ (Ω r)] + xu[bp (Ω r)]
+ xo[(Ω r) (bpΩ)] + ’g’h[(Ω r) (bp)]
= −xr[Ω(Ω  r)− Ω2r]− ’i[Ω(  r)− r( Ω)] + xu[Ω(bp  r)− r(bp Ω)]
+ xo[bp(Ω  (Ω r))−Ω(bp  (Ω r))] + ’g’h[bp(  (Ω r))−(bp  (Ω r))]
= −xr("bΩ− Ω2r)− ’i("hΩ− "gr) + xu("fΩ− "cr)
− xo"lΩ + ’g’h(−"mbp− "l) by (5.1a)
= −xr"bΩ + xrΩ2r− ’i"hΩ + ’i"gr + xu"fΩ− xu"cr− xo"lΩ− ’g’h"mbp + ’g’h"l
= ’g’h"l− ’g’h"mbp + xrΩ2r + ’i"gr− xu"cr− xr"bΩ− ’i"hΩ + xu"fΩ− xo"lΩ
= ’g’h("l− "mbp) + (xrΩ2 + ’i"g − xu"c)r + (xu"f − xr"b − ’i"h − xo"l)Ω (5.55k)
Sl = e _a by (3.24a)
= [s2(bpΩ) + s3Ω− s4bp] [2"hΩ− 3"gr + _ r− Ω2(Ω r) + "b]
by (1.4b) & (5.30a)
= −2"hs2[Ω (bpΩ)] + 3"gs2[r (bpΩ)] + s2[(bpΩ) ( _ r)]
− Ω2s2[(bpΩ) (Ω r)]− "bs2[ (bpΩ)] + 2"hs3(ΩΩ)− 3"gs3(Ω r)
+ s3[Ω ( _ r)]− Ω2s3[Ω (Ω r)] + "bs3(Ω)− 2"hs4(bpΩ)
+ 3"gs4(bp r)− s4[bp ( _ r)] + Ω2s4[bp (Ω r)]− "bs4(bp)
= −3"gs3(Ω r) + "bs3(Ω)− 2"hs4(bpΩ) + 3"gs4(bp r)− "bs4(bp)
− 2"hs2[Ω (bpΩ)] + 3"gs2[r (bpΩ)]− "bs2[ (bpΩ)] + s3[Ω ( _ r)]
− Ω2s3[Ω (Ω r)]− s4[bp ( _ r)] + Ω2s4[bp (Ω r)] + s2[(bpΩ) ( _ r)]
− Ω2s2[(bpΩ) (Ω r)]
= −3"gs3(Ω r) + "bs3(Ω)− 2"hs4(bpΩ) + 3"gs4(bp r)− "bs4(bp)
− 2"hs2[Ω2bp−Ω(Ω  bp)] + 3"gs2[bp(r Ω)−Ω(r  bp)]− "bs2[bp( Ω)−Ω(  bp)]
+ s3[ _(Ω  r)− r(Ω  _)]− Ω2s3[Ω(Ω  r)− Ω2r]− s4[ _(bp  r)− r(bp  _)]
+ Ω2s4[Ω(bp  r)− r(bp Ω)] + s2[ _(r  (bpΩ))− r( _  (bpΩ))]
− Ω2s2[Ω(r  (bpΩ))− r(Ω  (bpΩ))] by (A.1) & (A.5)
= −3"gs3(Ω r) + "bs3(Ω)− 2"hs4(bpΩ) + 3"gs4(bp r)− "bs4(bp)
− 2"hs2(Ω2bp− "cΩ) + 3"gs2("bbp− "fΩ)− "bs2("gbp− "iΩ) + s3("b _− &cr)
− Ω2s3("bΩ− Ω2r)− s4("f _− &ar) + Ω2s4("fΩ− "cr) + s2("l _− dpr)
− Ω2s2"lΩ by (5.1a); (5.23a) & (5.23b)
= −3"gs3(Ω r) + "bs3(Ω)− 2"hs4(bpΩ) + 3"gs4(bp r)− "bs4(bp)
− 2"hs2Ω2bp + 2"hs2"cΩ + 3"gs2"bbp− 3"gs2"fΩ− "bs2"gbp + "bs2"iΩ
+ s3"b _− s3&cr− Ω2s3"bΩ + Ω4s3r− s4"f _ + s4&ar + Ω2s4"fΩ
− Ω2s4"cr + s2"l _− s2dpr− Ω2s2"lΩ
= −3"gs3(Ω r) + "bs3(Ω)− 2"hs4(bpΩ) + 3"gs4(bp r)− "bs4(bp)
− 2"hs2Ω2bp + 3"gs2"bbp− "bs2"gbp + 2"hs2"cΩ− 3"gs2"fΩ + "bs2"iΩ
− Ω2s3"bΩ + Ω2s4"fΩ− Ω2s2"lΩ− s3&cr + Ω4s3r + s4&ar− s2dpr− Ω2s4"cr
+ s3"b _− s4"f _ + s2"l _
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= −3"gs3(Ω r) + "bs3(Ω)− 2"hs4(bpΩ) + 3"gs4(bp r)− "bs4(bp)
+ 2s2("g"b − "hΩ2)bp + [s2(2"h"c − 3"g"f + "b"i − Ω2"l) + Ω2(s4"f − s3"b)]Ω
+ [s3(Ω4 − &c) + s4(&a − Ω2"c)− s2dp]r + (s3"b − s4"f + s2"l) _
= −3"g’i(Ω r) + "b’i(Ω)− 2"h’j(bpΩ) + 3"g’j(bp r)− "b’j(bp)
+ 2’g’h("g"b − "hΩ2)bp + [’g’h(2"h"c − 3"g"f + "b"i − Ω2"l) + Ω2(’j"f − ’i"b)]Ω
+ [’i(Ω4 − &c) + ’j(&a − Ω2"c)− ’g’hdp]r + (’i"b − ’j"f + ’g’h"l) _ by (5.5)
(5.55l)
Sm = e _e by (3.24a)
= [s2(bpΩ) + s3Ω− s4bp] [xo(bpΩ) + ’g’h(bp) + xrΩ + ’i− xubp]
by (1.4b) & (5.40a)
= ’g’hs2[(bpΩ) (bp)]− xrs2[Ω (bpΩ)]− ’is2[ (bpΩ)] + xus2[bp (bpΩ)]
+ xos3[Ω (bpΩ)] + ’g’hs3[Ω (bp)] + ’is3(Ω)− xus3(Ω bp)
− xos4[bp (bpΩ)]− ’g’hs4[bp (bp)]− xrs4(bpΩ)− ’is4(bp)
= ’is3(Ω)− xus3(Ω bp)− xrs4(bpΩ)− ’is4(bp)
− xrs2[Ω (bpΩ)]− ’is2[ (bpΩ)] + xus2[bp (bpΩ)]
+ xos3[Ω (bpΩ)] + ’g’hs3[Ω (bp)]− xos4[bp (bpΩ)]
− ’g’hs4[bp (bp)] + ’g’hs2[(bpΩ) (bp)]
= ’is3(Ω)− xus3(Ω bp)− xrs4(bpΩ)− ’is4(bp)
− xrs2[Ω2bp−Ω(Ω  bp)]− ’is2[bp( Ω)−Ω(  bp)] + xus2[bp(bp Ω)−Ω]
+ xos3[Ω2bp−Ω(bp Ω)] + ’g’hs3[bp( Ω)−(Ω  bp)]− xos4[bp(bp Ω)−Ω]
− ’g’hs4[bp(bp )−] + ’g’hs2[bp(  (bpΩ))−(bp  (bpΩ))] by (A.1) & (A.5)
= ’is3(Ω)− xus3(Ω bp)− xrs4(bpΩ)− ’is4(bp)
− xrs2(Ω2bp− "cΩ)− ’is2("gbp− "iΩ) + xus2("cbp−Ω)
+ xos3(Ω2bp− "cΩ) + ’g’hs3("gbp− "c)− xos4("cbp−Ω)
− ’g’hs4("ibp−) + ’g’hs2dobp by (5.1a) & (5.23b)
= ’is3(Ω)− xus3(Ω bp)− xrs4(bpΩ)− ’is4(bp)
− xrs2Ω2bp + xrs2"cΩ− ’is2"gbp + ’is2"iΩ + xus2"cbp− xus2Ω
+ xos3Ω2bp− xos3"cΩ + ’g’hs3"gbp− ’g’hs3"c− xos4"cbp + xos4Ω
− ’g’hs4"ibp + ’g’hs4 + ’g’hs2dobp
= ’is3(Ω)− xus3(Ω bp)− xrs4(bpΩ)− ’is4(bp)− xrs2Ω2bp− ’is2"gbp
+ xus2"cbp + xos3Ω2bp + ’g’hs3"gbp− xos4"cbp− ’g’hs4"ibp + ’g’hs2dobp
+ xrs2"cΩ + ’is2"iΩ− xus2Ω− xos3"cΩ + xos4Ω− ’g’hs3"c + ’g’hs4
= ’is3(Ω)− xus3(Ω bp)− xrs4(bpΩ)− ’is4(bp)
+ [s2(xu"c − xrΩ2 − ’i"g + ’g’hdo) + s3(xoΩ2 + ’g’h"g)− s4(xo"c + ’g’h"i)]bp
+ [s2(xr"c + ’i"i − xu) + xo(s4 − s3"c)]Ω + ’g’h(s4 − s3"c)
= ’2i (Ω)− xu’i(Ω bp)− xr’j(bpΩ)− ’i’j(bp) + ’g’h(’j − ’i"c)
+ [’g’h(xu"c − xrΩ2 − ’i"g + ’g’hdo) + ’i(xoΩ2 + ’g’h"g)− ’j(xo"c + ’g’h"i)]bp
+ [’g’h(xr"c + ’i"i − xu) + xo(’j − ’i"c)]Ω by (5.5):
(5.55m)
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Art 23b. Development of equation (3.24b).
St = (Yb1 −  _Y)Sb + YSn + So by (3.24b)
= (Yva − vb)Sb + Y(Sd + Se) + (Sh + Si) by (3.24b) & (5.46)
= KaSb + YSd + YSe + 2Sh + Si by (5.54a)
= Kaf"b(bκΩ)− Ω2(bκ r) + "d− arg
+ Yf2"h(bκΩ)− 3"g(bκ r) + "b(bκ ) + "d _− &br− Ω2("dΩ− "ar)g
+ Yfxo("abp− "eΩ) + ’g’h(abp− "e) + xr(bκΩ) + ’i(bκ)− xu(bκ bp)g
+ f’i"b(Ω)− xu"b(Ω bp)− xrΩ2(rΩ)− ’iΩ2(r) + xuΩ2(r bp)
+ [xo"m + ’g’h("b"g − Ω2"h)]bp + xo(Ω2"f − "b"c − "o)Ω + (xr"g + ’i2 − xu"i)r
+ [xu"f − xr"b − ’i"h + ’g’h(Ω2"f − "b"c − "o)]g
+ 2f(2"hΩ2 − 3"g"b)(Ω r) + "2b(Ω)− "bΩ2(r)− ’2a _ + Ω2’2aΩ + 3’c
+ ["b(2 − &c) + Ω2("m + &n)− "g"h − dh]rg by (5.55)
= Kaf"b(bκΩ)− Ω2(bκ r) + "d− arg
+ Yf2"h(bκΩ)− 3"g(bκ  r) + "b(bκ) + "d _− &br− Ω2("dΩ− "ar)g
+ Yfxo("abp− "eΩ) + ’g’h(abp− "e) + xr(bκΩ) + ’i(bκ )− xu(bκ bp)g
+ f’i"b(Ω)− xu"b(Ω bp)− xrΩ2(rΩ)− ’iΩ2(r) + xuΩ2(r bp)
+ yobp + xoymΩ + ynr + ypg
+ 2fyg(Ω r) + "2b(Ω)− "bΩ2(r)− ’2a _ + Ω2’2aΩ + 3’c + yhrg by (5.23n)
= Ka"b(bκ Ω)− KaΩ2(bκ r) + Ka"d− Kaar + 2Y"h(bκΩ)− 3Y"g(bκ r)
+ Y"b(bκ) + Y"d _− Y&br− YΩ2"dΩ + YΩ2"ar + Yxo"abp− Yxo"eΩ
+ Y’g’habp− Y’g’h"e + Yxr(bκΩ) + Y’i(bκ)− Yxu(bκ bp)
+ ’i"b(Ω)− xu"b(Ω bp)− xrΩ2(rΩ)− ’iΩ2(r) + xuΩ2(r bp)
+ yobp + xoymΩ + ynr + yp + 2yg(Ω r) + 2"2b(Ω)− 2"bΩ2(r)
− 2’2a _ + 2Ω2’2aΩ + 32’c + 2yhr
= yobp + Yxo"abp + Y’g’habp + ynr− Kaar− Y&br + YΩ2"ar + 2yhr + xoymΩ
− YΩ2"dΩ− Yxo"eΩ + 2Ω2’2aΩ + yp + Ka"d− Y’g’h"e + 32’c
+ Y"d _− 2’2a _ + Ka"b(bκΩ) + 2Y"h(bκΩ) + Yxr(bκΩ)
− KaΩ2(bκ r)− 3Y"g(bκ r) + Y"b(bκ) + Y’i(bκ)
− Yxu(bκ bp) + ’i"b(Ω) + 2"2b(Ω)− xu"b(Ω bp)− xrΩ2(rΩ)
+ 2yg(Ω r)− ’iΩ2(r)− 2"bΩ2(r) + xuΩ2(r  bp)
= [yo + Y(xo"a + ’g’ha)]bp + [(yn + yh)− Y(&b − Ω2"a)− Kaa]r
+ [xo(ym − Y"e) + Ω2(’2a − Y"d)]Ω + [Ka"d − Y’g’h"e + (yp + 3’c)]
+ (Y"d − ’2a) _ + [Ka"b + Y(xr + 2"h)](bκ Ω)− (KaΩ2 + 3Y"g)(bκ r)
+ Y("b + ’i)(bκ )− Yxu(bκ bp) + "b(’i + "b)(Ω)− xu"b(Ω bp)
+ (xrΩ2 + yg)(Ω r)− Ω2(’i + "b)(r) + xuΩ2(r bp)
(5.56a)
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Su = _YSp + b1Sq + Sr + Ss by (3.24b)
= vb(Sa − Sc) + va(Sf − Sg) + (Sl − Sj) + (Sm − Sk) by (3.24b) & (5.46)
= vbf"dΩ− "arg − vbf’g’h("abp− "eΩ) + ’i(bκΩ)− ’j(bκ  bp)g+ vaf−’2aΩ− "mrg
− vaf’jΩ2(r bp)− ’j"b(Ω bp)− ’iΩ2(rΩ) + ’g’h"mbp
+ ’g’h(Ω2"f − "b"c − "o)Ω + (’j"f − ’i"b) + (’i"g − ’j"i)rg
+ f−3"g’i(Ω r) + "b’i(Ω)− 2"h’j(bpΩ) + 3"g’j(bp r)− "b’j(bp)
+ 2’g’h("g"b − "hΩ2)bp + [’g’h(2"h"c − 3"g"f + "b"i − Ω2"l) + Ω2(’j"f − ’i"b)]Ω
+ [’i(Ω4 − &c) + ’j(&a − Ω2"c)− ’g’hdp]r + (’i"b − ’j"f + ’g’h"l) _g
− f3’cΩ + (2"hΩ2 − 2"g"b − dl)rg
+ f’2i (Ω)− xu’i(Ω bp)− xr’j(bpΩ)− ’i’j(bp) + ’g’h(’j − ’i"c)
+ [’g’h(xu"c − xrΩ2 − ’i"g + ’g’hdo) + ’i(xoΩ2 + ’g’h"g)− ’j(xo"c + ’g’h"i)]bp
+ [’g’h(xr"c + ’i"i − xu) + xo(’j − ’i"c)]Ωg
− f’g’h("l− "mbp) + (xrΩ2 + ’i"g − xu"c)r + (xu"f − xr"b − ’i"h − xo"l)Ωg
= vb"dΩ− vb"ar− vb’g’h"abp + vb’g’h"eΩ− vb’i(bκΩ) + vb’j(bκ bp)− va’2aΩ
− va"mr− va’jΩ2(r bp) + va’j"b(Ω bp) + va’iΩ2(rΩ)− va’g’h"mbp
− va’g’h(Ω2"f − "b"c − "o)Ω− va(’j"f − ’i"b)− va(’i"g − ’j"i)r
− 3"g’i(Ω r) + "b’i(Ω)− 2"h’j(bpΩ) + 3"g’j(bp r)− "b’j(bp)
+ 2’g’h("g"b − "hΩ2)bp + [’g’h(2"h"c − 3"g"f + "b"i − Ω2"l) + Ω2(’j"f − ’i"b)]Ω
+ [’i(Ω4 − &c) + ’j(&a − Ω2"c)− ’g’hdp]r + (’i"b − ’j"f + ’g’h"l) _− 3’cΩ
− (2"hΩ2 − 2"g"b − dl)r + ’2i (Ω)− xu’i(Ω bp)− xr’j(bpΩ)− ’i’j(bp)
+ ’g’h(’j − ’i"c) + [’g’h(xr"c + ’i"i − xu) + xo(’j − ’i"c)]Ω
− ’g’h"l + ’g’h"mbp− (xrΩ2 + ’i"g − xu"c)r− (xu"f − xr"b − ’i"h − xo"l)Ω
+ [’g’h(xu"c − xrΩ2 − ’i"g + ’g’hdo) + ’i(xoΩ2 + ’g’h"g)− ’j(xo"c + ’g’h"i)]bp
= −vb"ar− va"mr− va(’i"g − ’j"i)r + [’i(Ω4 − &c) + ’j(&a − Ω2"c)− ’g’hdp]r
− (2"hΩ2 − 2"g"b − dl)r− (xrΩ2 + ’i"g − xu"c)r
− vb’g’h"abp− va’g’h"mbp + 2’g’h("g"b − "hΩ2)bp + ’g’h"mbp
+ [’g’h(xu"c − xrΩ2 − ’i"g + ’g’hdo) + ’i(xoΩ2 + ’g’h"g)− ’j(xo"c + ’g’h"i)]bp
+ vb"dΩ + vb’g’h"eΩ− va’2aΩ− va’g’h(Ω2"f − "b"c − "o)Ω
+ [’g’h(2"h"c − 3"g"f + "b"i − Ω2"l) + Ω2(’j"f − ’i"b)]Ω− 3’cΩ
+ [’g’h(xr"c + ’i"i − xu) + xo(’j − ’i"c)]Ω− (xu"f − xr"b − ’i"h − xo"l)Ω− ’g’h"l
− va(’j"f − ’i"b) + ’g’h(’j − ’i"c) + (’i"b − ’j"f + ’g’h"l) _− vb’i(bκΩ)
+ vb’j(bκ bp)− va’jΩ2(r bp) + 3"g’j(bp r) + va’j"b(Ω bp)− xu’i(Ω bp)
− 2"h’j(bpΩ)− xr’j(bpΩ) + va’iΩ2(rΩ)− 3"g’i(Ω r)
+ "b’i(Ω) + ’2i (Ω)− "b’j(bp)− ’i’j(bp)
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= [−vb"a − va"m − va(’i"g − ’j"i) + ’i(Ω4 − &c) + ’j(&a − Ω2"c)− ’g’hdp
− (2"hΩ2 − 2"g"b − dl)− (xrΩ2 + ’i"g − xu"c)]r
+ [−vb’g’h"a − va’g’h"m + 2’g’h("g"b − "hΩ2) + ’g’h"m
+ ’g’h(xu"c − xrΩ2 − ’i"g + ’g’hdo) + ’i(xoΩ2 + ’g’h"g)− ’j(xo"c + ’g’h"i)]bp
+ [vb"d + vb’g’h"e − va’2a − va’g’h(Ω2"f − "b"c − "o)
+ ’g’h(2"h"c − 3"g"f + "b"i − Ω2"l) + Ω2(’j"f − ’i"b)− 3’c
+ ’g’h(xr"c + ’i"i − xu) + xo(’j − ’i"c)− (xu"f − xr"b − ’i"h − xo"l)]Ω
+ [−’g’h"l − va(’j"f − ’i"b) + ’g’h(’j − ’i"c)] + (’i"b − ’j"f + ’g’h"l) _
− vb’i(bκΩ) + vb’j(bκ bp) + ’j(vaΩ2 + 3"g)(bp r)
+ [xu’i − ’j(va"b + 2"h + xr)](bpΩ)− ’i(vaΩ2 + 3"g)(Ω r)
+ ’i("b + ’i)(Ω)− ’j("b + ’i)(bp)
= Ker + Kf bp + KgΩ + Kb + Kc _− vb’i(bκΩ) + vb’j(bκ bp) + ’jvd(bp r)
+ Kd(bpΩ)− ’ivd(Ω r) + ’ive(Ω)− ’jve(bp)
by (5.23r); (5.54a) & (5.54b):
(5.56b)
Accordingly, we obtain
St + Su = [yo + Y(xo"a + ’g’ha)]bp + [(yn + yh)− Y(&b − Ω2"a)− Kaa]r
+ [xo(ym − Y"e) + Ω2(’2a − Y"d)]Ω + [Ka"d − Y’g’h"e + (yp + 3’c)]
+ (Y"d − ’2a) _ + [Ka"b + Y(xr + 2"h)](bκ Ω)− (KaΩ2 + 3Y"g)(bκ  r)
+ Y("b + ’i)(bκ )− Yxu(bκ  bp) + "b(’i + "b)(Ω)− xu"b(Ω bp)
+ (xrΩ2 + yg)(Ω r)− Ω2(’i + "b)(r) + xuΩ2(r bp)
+ Ker + Kf bp + KgΩ + Kb + Kc _− vb’i(bκΩ) + vb’j(bκ bp) + ’jvd(bp r)
+ Kd(bpΩ)− ’ivd(Ω r) + ’ive(Ω)− ’jve(bp) by (5.56)
= Kf bp + [yo + Y(xo"a + ’g’ha)]bp + Ker + [(yn + yh)− Y(&b − Ω2"a)− Kaa]r
+ KgΩ + [xo(ym − Y"e) + Ω2(’2a − Y"d)]Ω + Kb + [Ka"d − Y’g’h"e + (yp + 3’c)]
+ Kc _ + (Y"d − ’2a) _− vb’i(bκΩ) + [Ka"b + Y(xr + 2"h)](bκΩ)
− (KaΩ2 + 3Y"g)(bκ r) + Y("b + ’i)(bκ) + vb’j(bκ bp)− Yxu(bκ bp)
+ ’ive(Ω) + "b(’i + "b)(Ω) + Kd(bpΩ)− xu"b(Ω bp)− ’ivd(Ω r)
+ (xrΩ2 + yg)(Ω r)− Ω2(’i + "b)(r) + ’jvd(bp r) + xuΩ2(r bp)
− ’jve(bp)
= [Kf + yo + Y(xo"a + ’g’ha)]bp + [Ke + (yn + yh)− Y(&b − Ω2"a)− Kaa]r
+ [Kg + xo(ym − Y"e) + Ω2(’2a − Y"d)]Ω + [Kb + Ka"d − Y’g’h"e + (yp + 3’c)]
+ (Kc + Y"d − ’2a) _ + [Ka"b − vb’i + Y(xr + 2"h)](bκ Ω)
− (KaΩ2 + 3Y"g)(bκ r) + Y("b + ’i)(bκ) + (vb’j − Yxu)(bκ bp)
+ [’ive + "b(’i + "b)](Ω) + (Kd + xu"b)(bpΩ) + [−’ivd + (xrΩ2 + yg)](Ω r)
− Ω2(’i + "b)(r) + (’jvd − xuΩ2)(bp r)− ’jve(bp)
= Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκΩ)− Kn(bκ r) + Yve(bκ) + Kp(bκ bp)
+ v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r) + Kr(bp r)− ’jve(bp)
by (5.23r) & (5.54c):
(5.57)
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Art 23c. Computation of the magnitude of St + Su.
To calculate the magnitude of the vector St + Su, we rst derive
bp  (St + Su)
= bp  [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκΩ)− Kn(bκ  r)
+ Yve(bκ) + Kp(bκ  bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r)
+ Kr(bp r)− ’jve(bp)] by (5.57)
= Kh(bp  bp) + Ki(bp  r) + Kj(bp Ω) + Km(bp ) + Kl(bp  _) + Kk[bp  (bκΩ)]
− Kn[bp  (bκ r)] + Yve[bp  (bκ)] + Kp[bp  (bκ bp)] + v2e[bp  (Ω)] + Kq[bp  (bpΩ)]
+ Ko[bp  (Ω r)]− Ω2ve[bp  (r)] + Kr[bp  (bp r)]− ’jve[bp  (bp)]
= Kh + Ki"f + Kj"c + Km"i + Kl&a − Kk"j − Kndt − Yveb + v2edo + Ko"l + Ω2ve"o
by (5.1a); (5.13a); (5.23a) & (5.23b)
= Kr by (5.54d) (5.58a)
r  (St + Su)
= r  [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκ Ω)− Kn(bκ r)
+ Yve(bκ) + Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r)
+ Kr(bp r)− ’jve(bp)] by (5.57)
= Kh(r  bp) + Ki(r  r) + Kj(r Ω) + Km(r ) + Kl(r  _) + Kk[r  (bκΩ)]
− Kn[r  (bκ r)] + Yve[r  (bκ)] + Kp[r  (bκ bp)] + v2e[r  (Ω)] + Kq [r  (bpΩ)]
+ Ko[r  (Ω r)]− Ω2ve[r  (r)] + Kr [r  (bp r)]− ’jve[r  (bp)]
= Kh"f + Kir2 + Kj"b + Km"h + Kl&n + Kk"k + Yve"n − Kpdt + v2e"m + Kq"l − ’jve"o
by (5.1a); (5.23a) & (5.23b)
= Ks by (5.54d) (5.58b)
Ω  (St + Su)
= Ω  [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκΩ)− Kn(bκ r)
+ Yve(bκ) + Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r)
+ Kr(bp r)− ’jve(bp)] by (5.57)
= Kh(Ω  bp) + Ki(Ω  r) + Kj(Ω Ω) + Km(Ω ) + Kl(Ω  _) + Kk[Ω  (bκ Ω)]
− Kn[Ω  (bκ r)] + Yve[Ω  (bκ)] + Kp[Ω  (bκ bp)] + v2e[Ω  (Ω)] + Kq[Ω  (bpΩ)]
+ Ko[Ω  (Ω r)]− Ω2ve[Ω  (r)] + Kr[Ω  (bp r)]− ’jve[Ω  (bp)]
= Kh"c + Ki"b + KjΩ2 + Km"g + Kl&c + Kn"k + Yvede + Kp"j + Ω2ve"m − Kr"l
+ ’jvedo by (5.1a); (5.23a) & (5.23b)
= Kt by (5.54d) (5.58c)
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  (St + Su)
=   [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκΩ)− Kn(bκ r)
+ Yve(bκ) + Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r)
+ Kr(bp r)− ’jve(bp)] by (5.57)
= Kh(  bp) + Ki(  r) + Kj( Ω) + Km( ) + Kl(  _) + Kk[  (bκΩ)]
− Kn[  (bκ r)] + Yve[  (bκ)] + Kp[  (bκ bp)] + v2e[  (Ω)] + Kq[  (bpΩ)]
+ Ko[  (Ω r)]− Ω2ve[  (r)] + Kr[  (bp r)]− ’jve[  (bp)]
= Kh"i + Ki"h + Kj"g + Km2 + Kl&d − Kkde + Kn"n + Kpb + Kqdo − Ko"m − Kr"o
by (5.1a); (5.13a); (5.23a) & (5.23b)
= Ku by (5.54d) (5.58d)
_  (St + Su)
= _  [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκΩ)− Kn(bκ r)
+ Yve(bκ) + Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r)
+ Kr(bp r)− ’jve(bp)] by (5.57)
= Kh( _  bp) + Ki( _  r) + Kj( _ Ω) + Km( _ ) + Kl( _  _) + Kk[ _  (bκΩ)]
− Kn[ _  (bκ r)] + Yve[ _  (bκ)] + Kp[ _  (bκ bp)] + v2e[ _  (Ω)] + Kq[ _  (bpΩ)]
+ Ko[ _  (Ω r)]− Ω2ve[ _  (r)] + Kr[ _  (bp r)− ’jve[ _  (bp)]
= Kh&a + Ki&n + Kj&c + Km&d + Kl&e + Kkdf + Kndc + Yvedu + Kpda + v2edv + Kqdp
+ Kodl + Ω2vedh − Krdn − ’jvedr by (5.23a); (5.23b) & (5.23c)
= Kv by (5.54e) (5.58e)
(bκΩ)  (St + Su)
= (bκΩ)  [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκ Ω)− Kn(bκ r)
+ Yve(bκ) + Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r)
+ Kr(bp r)− ’jve(bp)] by (5.57)
= Kh[bp  (bκΩ)] + Ki[r  (bκΩ)] + Kj [Ω  (bκΩ)] + Km[  (bκ Ω)]
+ Kl[ _  (bκΩ)] + Kk[(bκΩ)  (bκΩ)]− Kn[(bκΩ)  (bκ r)]
+ Yve[(bκΩ)  (bκ )] + Kp[(bκΩ)  (bκ bp)] + v2e[(bκ Ω)  (Ω)]
+ Kq [(bκΩ)  (bpΩ)] + Ko[(bκΩ)  (Ω r)]− Ω2ve[(bκΩ)  (r)]
+ Kr [(bκΩ)  (bp r)]− ’jve[(bκ Ω)  (bp)]
= −Kh"j + Ki"k − Kmde + Kldf + Kk[Ω2 − (bκ Ω)2]
− Kn[(Ω  r)− (bκ  r)(Ω  bκ)] + Yve[(Ω )− (bκ )(Ω  bκ)]
+ Kp[(Ω  bp)− (bκ  bp)(Ω  bκ)] + v2e[(bκ Ω)(Ω )− (bκ )Ω2]
+ Kq [(bκ  bp)Ω2 − (bκ Ω)(Ω  bp)] + Ko[(bκ Ω)(Ω  r)− (bκ  r)Ω2]
− Ω2ve[(bκ  r)(Ω )− (bκ )(Ω  r)] + Kr[(bκ  bp)(Ω  r)− (bκ  r)(Ω  bp)]
− ’jve[(bκ  bp)(Ω )− (bκ )(Ω  bp)] by (5.1a); (5.23b) & (A.2)
= −Kh"j + Ki"k − Kmde + Kldf + Kk(Ω2 − "2a)− Kn("b − "d"a) + Yve("g − a"a)
+ Kp("c − "e"a) + v2e("a"g − aΩ2) + Kq("eΩ2 − "a"c) + Ko("a"b − "dΩ2)
− Ω2ve("d"g − a"b) + Kr("e"b − "d"c)− ’jve("e"g − a"c) by (5.1a) & (5.13a)
= Kw by (5.54e) (5.58f)
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(bκ r)  (St + Su)
= (bκ r)  [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκΩ)− Kn(bκ  r)
+ Yve(bκ) + Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r)
+ Kr(bp r)− ’jve(bp)] by (5.57)
= Kh[bp  (bκ r)] + Ki[r  (bκ r)] + Kj [Ω  (bκ r)] + Km[  (bκ r)]
+ Kl[ _  (bκ r)] + Kk[(bκ r)  (bκΩ)]− Kn[(bκ  r)  (bκ r)]
+ Yve[(bκ r)  (bκ)] + Kp[(bκ r)  (bκ  bp)] + v2e[(bκ r)  (Ω)]
+ Kq [(bκ r)  (bpΩ)] + Ko[(bκ  r)  (Ω r)]− Ω2ve[(bκ r)  (r)]
+ Kr [(bκ r)  (bp r)]− ’jve[(bκ r)  (bp)]
= Khdt − Kj"k − Km"n − Kldc + Kk[(r Ω)− (bκ Ω)(r  bκ)]
− Kn[r2 − (bκ  r)2] + Yve[(r )− (bκ )(r  bκ)]
+ Kp[(r  bp)− (bκ  bp)(r  bκ)] + v2e[(bκ Ω)(r )− (bκ )(r Ω)]
+ Kq[(bκ  bp)(r Ω)− (bκ Ω)(r  bp)] + Ko[(bκ Ω)r2 − (bκ  r)(r Ω)]
− Ω2ve[(bκ  r)(r )− (bκ )r2] + Kr[(bκ  bp)r2 − (bκ  r)(r  bp)]
− ’jve[(bκ  bp)(r )− (bκ )(r  bp)] by (5.1a); (5.23b) & (A.2)
= Khdt − Kj"k − Km"n − Kldc + Kk("b − "a"d)− Kn(r2 − "2d) + Yve("h − a"d)
+ Kp("f − "e"d) + v2e("a"h − a"b) + Kq("e"b − "a"f ) + Ko("ar2 − "d"b)
− Ω2ve("d"h − ar2) + Kr("er2 − "d"f )− ’jve("e"h − a"f) by (5.1a) & (5.13a)
= Kx by (5.54e) (5.58g)
(bκ)  (St + Su)
= (bκ)  [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκ Ω)− Kn(bκ r)
+ Yve(bκ) + Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r)
+ Kr(bp r)− ’jve(bp)] by (5.57)
= Kh[bp  (bκ)] + Ki[r  (bκ)] + Kj [Ω  (bκ)] + Km[  (bκ)]
+ Kl[ _  (bκ)] + Kk[(bκ )  (bκΩ)]− Kn[(bκ )  (bκ r)]
+ Yve[(bκ)  (bκ )] + Kp[(bκ)  (bκ  bp)] + v2e[(bκ)  (Ω)]
+ Kq [(bκ)  (bpΩ)] + Ko[(bκ)  (Ω r)]− Ω2ve[(bκ )  (r)]
+ Kr [(bκ)  (bp r)]− ’jve[(bκ )  (bp)]
= −Khb + Ki"n + Kjde + Kldu + Kk[( Ω)− (bκ Ω)(  bκ)]
− Kn[(  r)− (bκ  r)(  bκ)] + Yve[2 − (bκ )2]
+ Kp[(  bp)− (bκ  bp)(  bκ)] + v2e[(bκ Ω)2 − (bκ )( Ω)]
+ Kq [(bκ  bp)( Ω)− (bκ Ω)(  bp)] + Ko[(bκ Ω)(  r)− (bκ  r)( Ω)]
− Ω2ve[(bκ  r)2 − (bκ )(  r)] + Kr[(bκ  bp)(  r)− (bκ  r)(  bp)]
− ’jve[(bκ  bp)2 − (bκ )(  bp)] by (5.1a); (5.13a); (5.23b); (5.23c) & (A.2)
= −Khb + Ki"n + Kjde + Kldu + Kk("g − "aa)− Kn("h − "da) + Yve(2 − 2a)
+ Kp("i − "ea) + v2e("a2 − a"g) + Kq("e"g − "a"i) + Ko("a"h − "d"g)
− Ω2ve("d2 − a"h) + Kr("e"h − "d"i)− ’jve("e2 − a"i) by (5.1a) & (5.13a)
= Ky by (5.54f) (5.58h)
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(bκ bp)  (St + Su)
= (bκ bp)  [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκΩ)− Kn(bκ r)
+ Yve(bκ) + Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r)
+ Kr(bp r)− ’jve(bp)] by (5.57)
= Kh[bp  (bκ bp)] + Ki[r  (bκ bp)] + Kj [Ω  (bκ bp)] + Km[  (bκ bp)]
+ Kl[ _  (bκ bp)] + Kk[(bκ bp)  (bκΩ)]− Kn[(bκ bp)  (bκ  r)]
+ Yve[(bκ bp)  (bκ)] + Kp[(bκ bp)  (bκ bp)] + v2e[(bκ bp)  (Ω)]
+ Kq [(bκ bp)  (bpΩ)] + Ko[(bκ bp)  (Ω r)]− Ω2ve[(bκ bp)  (r)]
+ Kr [(bκ bp)  (bp r)]− ’jve[(bκ bp)  (bp)]
= −Kidt + Kj"j + Kmb + Klda + Kk[(bp Ω)− (bκ Ω)(bp  bκ)]
− Kn[(bp  r)− (bκ  r)(bp  bκ)] + Yve[(bp )− (bκ )(bp  bκ)] + Kp[1− (bκ  bp)2]
+ v2e[(bκ Ω)(bp )− (bκ )(bp Ω)] + Kq[(bκ  bp)(bp Ω)− (bκ Ω)]
+ Ko[(bκ Ω)(bp  r)− (bκ  r)(bp Ω)]− Ω2ve[(bκ  r)(bp )− (bκ )(bp  r)]
+ Kr [(bκ  bp)(bp  r)− (bκ  r)]− ’jve[(bκ  bp)(bp )− (bκ )]
by (5.1a); (5.13a); (5.23b) & (A.2)
= −Kidt + Kj"j + Kmb + Klda + Kk("c − "a"e)− Kn("f − "d"e) + Yve("i − a"e)
+ Kp(1− "2e) + v2e("a"i − a"c) + Kq("e"c − "a) + Ko("a"f − "d"c)
− Ω2ve("d"i − a"f ) + Kr("e"f − "d)− ’jve("e"i − a) by (5.1a) & (5.13a)
= Kz by (5.54f) (5.58i)
(Ω)  (St + Su)
= (Ω)  [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκΩ)− Kn(bκ  r)
+ Yve(bκ) + Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r)
+ Kr(bp r)− ’jve(bp)] by (5.57)
= Kh[bp  (Ω)] + Ki[r  (Ω)] + Kj [Ω  (Ω)] + Km[  (Ω)]
+ Kl[ _  (Ω)] + Kk[(Ω)  (bκΩ)]− Kn[(Ω)  (bκ  r)]
+ Yve[(Ω)  (bκ)] + Kp[(Ω)  (bκ bp)] + v2e[(Ω)  (Ω)]
+ Kq [(Ω)  (bpΩ)] + Ko[(Ω)  (Ω r)]− Ω2ve[(Ω)  (r)]
+ Kr [(Ω)  (bp r)]− ’jve[(Ω)  (bp)]
= Khdo + Ki"m + Kldv + Kk[(Ω  bκ)( Ω)− Ω2(  bκ)]
− Kn[(Ω  bκ)(  r)− (Ω  r)(  bκ)] + Yve[(Ω  bκ)2 − (Ω )(  bκ)]
+ Kp[(Ω  bκ)(  bp)− (Ω  bp)(  bκ)] + v2e[Ω22 − (Ω )2]
+ Kq [(Ω  bp)( Ω)− Ω2(  bp)] + Ko[Ω2(  r)− (Ω  r)( Ω)]
− Ω2ve[(Ω  r)2 − (Ω )(  r)] + Kr [(Ω  bp)(  r)− (Ω  r)(  bp)]
− ’jve[(Ω  bp)2 − (Ω )(  bp)] by (5.1a); (5.23b); (5.23c) & (A.2)
= Khdo + Ki"m + Kldv + Kk("a"g − Ω2a)− Kn("a"h − "ba) + Yve("a2 − "ga)
+ Kp("a"i − "ca) + v2e(Ω22 − "2g) + Kq("c"g − Ω2"i) + Ko(Ω2"h − "b"g)
− Ω2ve("b2 − "g"h) + Kr("c"h − "b"i)− ’jve("c2 − "g"i) by (5.1a) & (5.13a)
= Ha by (5.54g) (5.58j)
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(bpΩ)  (St + Su)
= (bpΩ)  [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκΩ)− Kn(bκ r)
+ Yve(bκ) + Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r)
+ Kr(bp r)− ’jve(bp)] by (5.57)
= Kh[bp  (bpΩ)] + Ki[r  (bpΩ)] + Kj [Ω  (bpΩ)] + Km[  (bpΩ)]
+ Kl[ _  (bpΩ)] + Kk[(bpΩ)  (bκΩ)]− Kn[(bpΩ)  (bκ r)]
+ Yve[(bpΩ)  (bκ)] + Kp[(bpΩ)  (bκ bp)] + v2e[(bpΩ)  (Ω)]
+ Kq [(bpΩ)  (bpΩ)] + Ko[(bpΩ)  (Ω r)]− Ω2ve[(bpΩ)  (r)]
+ Kr [(bpΩ)  (bp r)]− ’jve[(bpΩ)  (bp)]
= Ki"l + Kmdo + Kldp + Kk[(bp  bκ)Ω2 − (bp Ω)(Ω  bκ)]
− Kn[(bp  bκ)(Ω  r)− (bp  r)(Ω  bκ)] + Yve[(bp  bκ)(Ω )− (bp )(Ω  bκ)]
+ Kp[(bp  bκ)(Ω  bp)− (Ω  bκ)] + v2e[(bp Ω)(Ω )− (bp )Ω2] + Kq[Ω2 − (bp Ω)2]
+ Ko[(bp Ω)(Ω  r)− (bp  r)Ω2]− Ω2ve[(bp  r)(Ω )− (bp )(Ω  r)]
+ Kr[(Ω  r)− (bp  r)(Ω  bp)]− ’jve[(Ω )− (bp )(Ω  bp)]
by (5.1a); (5.23b) & (A.2)
= Ki"l + Kmdo + Kldp + Kk("eΩ2 − "c"a)− Kn("e"b − "f"a) + Yve("e"g − "i"a)
+ Kp("e"c − "a) + v2e("c"g − "iΩ2) + Kq(Ω2 − "2c) + Ko("c"b − "fΩ2)
− Ω2ve("f"g − "i"b) + Kr("b − "f"c)− ’jve("g − "i"c) by (5.1a)
= Hb by (5.54g) (5.58k)
(Ω r)  (St + Su)
= (Ω r)  [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκ Ω)− Kn(bκ r)
+ Yve(bκ) + Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r)
+ Kr(bp r)− ’jve(bp)] by (5.57)
= Kh[bp  (Ω r)] + Ki[r  (Ω r)] + Kj [Ω  (Ω r)] + Km[  (Ω r)]
+ Kl[ _  (Ω r)] + Kk[(Ω r)  (bκΩ)]− Kn[(Ω r)  (bκ r)]
+ Yve[(Ω r)  (bκ)] + Kp[(Ω r)  (bκ  bp)] + v2e[(Ω r)  (Ω)]
+ Kq [(Ω r)  (bpΩ)] + Ko[(Ω r)  (Ω r)]− Ω2ve[(Ω r)  (r)]
+ Kr [(Ω r)  (bp r)]− ’jve[(Ω r)  (bp)]
= Kh"l − Km"m + Kldl + Kk[(Ω  bκ)(r Ω)− Ω2(r  bκ)]
− Kn[(Ω  bκ)r2 − (Ω  r)(r  bκ)] + Yve[(Ω  bκ)(r )− (Ω )(r  bκ)]
+ Kp[(Ω  bκ)(r  bp)− (Ω  bp)(r  bκ)] + v2e[Ω2(r )− (Ω )(r Ω)]
+ Kq[(Ω  bp)(r Ω)− Ω2(r  bp)] + Ko[Ω2r2 − (Ω  r)2]
− Ω2ve[(Ω  r)(r )− (Ω )r2] + Kr[(Ω  bp)r2 − (Ω  r)(r  bp)]
− ’jve[(Ω  bp)(r )− (Ω )(r  bp)] by (5.1a); (5.23b) & (A.2)
= Kh"l − Km"m + Kldl + Kk("a"b − Ω2"d)− Kn("ar2 − "b"d) + Yve("a"h − "g"d)
+ Kp("a"f − "c"d) + v2e(Ω2"h − "g"b) + Kq("c"b − Ω2"f ) + Ko(Ω2r2 − "2b)
− Ω2ve("b"h − "gr2) + Kr("cr2 − "b"f)− ’jve("c"h − "g"f ) by (5.1a)
= Hc by (5.54h) (5.58l)
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(r)  (St + Su)
= (r)  [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκΩ)− Kn(bκ r)
+ Yve(bκ) + Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r)
+ Kr(bp r)− ’jve(bp)] by (5.57)
= Kh[bp  (r)] + Ki[r  (r)] + Kj [Ω  (r)] + Km[  (r)]
+ Kl[ _  (r)] + Kk[(r)  (bκΩ)]− Kn[(r)  (bκ r)]
+ Yve[(r)  (bκ)] + Kp[(r)  (bκ bp)] + v2e[(r)  (Ω)]
+ Kq [(r)  (bpΩ)] + Ko[(r)  (Ω r)]− Ω2ve[(r)  (r)]
+ Kr [(r)  (bp r)]− ’jve[(r)  (bp)]
= −Kh"o − Kj"m − Kldh + Kk[(r  bκ)( Ω)− (r Ω)(  bκ)]
− Kn[(r  bκ)(  r)− r2(  bκ)] + Yve[(r  bκ)2 − (r )(  bκ)]
+ Kp[(r  bκ)(  bp)− (r  bp)(  bκ)] + v2e[(r Ω)2 − (r )( Ω)]
+ Kq[(r  bp)( Ω)− (r Ω)(  bp)] + Ko[(r Ω)(  r)− r2( Ω)]
− Ω2ve[r22 − (r )2] + Kr [(r  bp)(  r)− r2(  bp)]
− ’jve[(r  bp)2 − (r )(  bp)] by (5.1a); (5.23b) & (A.2)
= −Kh"o − Kj"m − Kldh + Kk("d"g − "ba)− Kn("d"h − r2a) + Yve("d2 − "ha)
+ Kp("d"i − "fa) + v2e("b2 − "h"g) + Kq("f"g − "b"i) + Ko("b"h − r2"g)
− Ω2ve(r22 − "2h) + Kr("f"h − r2"i)− ’jve("f2 − "h"i) by (5.1a) & (5.13a)
= Hd by (5.54h) (5.58m)
(bp r)  (St + Su)
= (bp r)  [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκ Ω)− Kn(bκ r)
+ Yve(bκ) + Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r)
+ Kr(bp r)− ’jve(bp)] by (5.57)
= Kh[bp  (bp r)] + Ki[r  (bp r)] + Kj [Ω  (bp r)] + Km[  (bp r)]
+ Kl[ _  (bp r)] + Kk[(bp r)  (bκΩ)]− Kn[(bp r)  (bκ r)]
+ Yve[(bp r)  (bκ )] + Kp[(bp r)  (bκ bp)] + v2e[(bp r)  (Ω)]
+ Kq [(bp r)  (bpΩ)] + Ko[(bp r)  (Ω r)]− Ω2ve[(bp r)  (r)]
+ Kr [(bp r)  (bp r)]− ’jve[(bp r)  (bp)]
= −Kj"l − Km"o − Kldn + Kk[(bp  bκ)(r Ω)− (bp Ω)(r  bκ)]
− Kn[(bp  bκ)r2 − (bp  r)(r  bκ)] + Yve[(bp  bκ)(r )− (bp )(r  bκ)]
+ Kp[(bp  bκ)(r  bp)− (r  bκ)] + v2e[(bp Ω)(r )− (bp )(r Ω)]
+ Kq[(r Ω)− (bp Ω)(r  bp)] + Ko[(bp Ω)r2 − (bp  r)(r Ω)]
− Ω2ve[(bp  r)(r )− (bp )r2] + Kr[r2 − (bp  r)2]
− ’jve[(r )− (bp )(r  bp)] by (5.1a); (5.23b) & (A.2)
= −Kj"l − Km"o − Kldn + Kk("e"b − "c"d)− Kn("er2 − "f"d) + Yve("e"h − "i"d)
+ Kp("e"f − "d) + v2e("c"h − "i"b) + Kq("b − "c"f ) + Ko("cr2 − "f"b)
− Ω2ve("f"h − "ir2) + Kr(r2 − "2f )− ’jve("h − "i"f ) by (5.1a)
= He by (5.54i) (5.58n)
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(bp)  (St + Su)
= (bp)  [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκΩ)− Kn(bκ r)
+ Yve(bκ) + Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r)
+ Kr(bp r)− ’jve(bp)] by (5.57)
= Kh[bp  (bp)] + Ki[r  (bp)] + Kj [Ω  (bp)] + Km[  (bp)]
+ Kl[ _  (bp)] + Kk[(bp)  (bκΩ)]− Kn[(bp)  (bκ r)]
+ Yve[(bp)  (bκ)] + Kp[(bp)  (bκ bp)] + v2e[(bp)  (Ω)]
+ Kq [(bp)  (bpΩ)] + Ko[(bp)  (Ω r)]− Ω2ve[(bp)  (r)]
+ Kr [(bp)  (bp r)]− ’jve[(bp)  (bp)]
= Ki"o − Kjdo + Kldr + Kk[(bp  bκ)( Ω)− (bp Ω)(  bκ)]
− Kn[(bp  bκ)(  r)− (bp  r)(  bκ)] + Yve[(bp  bκ)2 − (bp )(  bκ)]
+ Kp[(bp  bκ)(  bp)− (  bκ)] + v2e[(bp Ω)2 − (bp )( Ω)]
+ Kq[( Ω)− (bp Ω)(  bp)] + Ko[(bp Ω)(  r)− (bp  r)( Ω)]
− Ω2ve[(bp  r)2 − (bp )(  r)] + Kr[(  r)− (bp  r)(  bp)]
− ’jve[2 − (bp )2] by (5.1a); (5.23b) & (A.2)
= Ki"o − Kjdo + Kldr + Kk("e"g − "ca)− Kn("e"h − "fa) + Yve("e2 − "ia)
+ Kp("e"i − a) + v2e("c2 − "i"g) + Kq("g − "c"i) + Ko("c"h − "f"g)
− Ω2ve("f2 − "i"h) + Kr("h − "f"i)− ’jve(2 − "2i ) by (5.1a) & (5.13a)
= Hf by (5.54i) (5.58o)
( _ bp)  (St + Su)
= ( _ bp)  [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκΩ)− Kn(bκ r)
+ Yve(bκ) + Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r)
+ Kr(bp r)− ’jve(bp)] by (5.57)
= Kh[bp  ( _ bp)] + Ki[r  ( _ bp)] + Kj [Ω  ( _ bp)] + Km[  ( _ bp)]
+ Kl[ _  ( _ bp)] + Kk[( _ bp)  (bκΩ)]− Kn[( _ bp)  (bκ r)]
+ Yve[( _ bp)  (bκ)] + Kp[( _ bp)  (bκ bp)] + v2e[( _ bp)  (Ω)]
+ Kq [( _ bp)  (bpΩ)] + Ko[( _ bp)  (Ω r)]− Ω2ve[( _ bp)  (r)]
+ Kr [( _ bp)  (bp r)]− ’jve[( _ bp)  (bp)]
= −Kidn + Kjdp + Kmdr + Kk[( _  bκ)(bp Ω)− ( _ Ω)(bp  bκ)]
− Kn[( _  bκ)(bp  r)− ( _  r)(bp  bκ)] + Yve[( _  bκ)(bp )− ( _ )(bp  bκ)]
+ Kp[( _  bκ)− ( _  bp)(bp  bκ)] + v2e[( _ Ω)(bp )− ( _ )(bp Ω)]
+ Kq[( _  bp)(bp Ω)− ( _ Ω)] + Ko[( _ Ω)(bp  r)− ( _  r)(bp Ω)]
− Ω2ve[( _  r)(bp )− ( _ )(bp  r)] + Kr[( _  bp)(bp  r)− ( _  r)]
− ’jve[( _  bp)(bp )− ( _ )] by (5.23b) & (A.2)
= −Kidn + Kjdp + Kmdr + Kk(&b"c − &c"e)− Kn(&b"f − &n"e) + Yve(&b"i − &d"e)
+ Kp(&b − &a"e) + v2e(&c"i − &d"c) + Kq(&a"c − &c) + Ko(&c"f − &n"c)
− Ω2ve(&n"i − &d"f ) + Kr(&a"f − &n)− ’jve(&a"i − &d) by (5.1a) & (5.23a)
= Hg by (5.54j) (5.58p)
Classical Aberration And Obliquation Page 120
( _ r)  (St + Su)
= ( _ r)  [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκΩ)− Kn(bκ r)
+ Yve(bκ) + Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r)
+ Kr(bp r)− ’jve(bp)] by (5.57)
= Kh[bp  ( _ r)] + Ki[r  ( _ r)] + Kj [Ω  ( _ r)] + Km[  ( _ r)]
+ Kl[ _  ( _ r)] + Kk[( _ r)  (bκΩ)]− Kn[( _ r)  (bκ r)]
+ Yve[( _ r)  (bκ)] + Kp[( _ r)  (bκ bp)] + v2e[( _ r)  (Ω)]
+ Kq [( _ r)  (bpΩ)] + Ko[( _ r)  (Ω r)]− Ω2ve[( _ r)  (r)]
+ Kr [( _ r)  (bp r)]− ’jve[( _ r)  (bp)]
= Khdn − Kjdl − Kmdh + Kk[( _  bκ)(r Ω)− ( _ Ω)(r  bκ)]
− Kn[( _  bκ)r2 − ( _  r)(r  bκ)] + Yve[( _  bκ)(r )− ( _ )(r  bκ)]
+ Kp[( _  bκ)(r  bp)− ( _  bp)(r  bκ)] + v2e[( _ Ω)(r )− ( _ )(r Ω)]
+ Kq [( _  bp)(r Ω)− ( _ Ω)(r  bp)] + Ko[( _ Ω)r2 − ( _  r)(r Ω)]
− Ω2ve[( _  r)(r )− ( _ )r2] + Kr [( _  bp)r2 − ( _  r)(r  bp)]
− ’jve[( _  bp)(r )− ( _ )(r  bp)] by (5.23b) & (A.2)
= Khdn − Kjdl − Kmdh + Kk(&b"b − &c"d)− Kn(&br2 − &n"d) + Yve(&b"h − &d"d)
+ Kp(&b"f − &a"d) + v2e(&c"h − &d"b) + Kq(&a"b − &c"f) + Ko(&cr2 − &n"b)
− Ω2ve(&n"h − &dr2) + Kr(&ar2 − &n"f)− ’jve(&a"h − &d"f ) by (5.1a) & (5.23a)
= Hh by (5.54j) (5.58q)
(¨ r)  (St + Su)
= (¨ r)  [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκΩ)− Kn(bκ r)
+ Yve(bκ) + Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r)
+ Kr(bp r)− ’jve(bp)] by (5.57)
= Kh[bp  (¨ r)] + Ki[r  (¨ r)] + Kj [Ω  (¨ r)] + Km[  (¨ r)]
+ Kl[ _  (¨ r)] + Kk[(¨ r)  (bκΩ)]− Kn[(¨ r)  (bκ r)]
+ Yve[(¨ r)  (bκ)] + Kp[(¨ r)  (bκ bp)] + v2e[(¨ r)  (Ω)]
+ Kq [(¨ r)  (bpΩ)] + Ko[(¨ r)  (Ω r)]− Ω2ve[(¨ r)  (r)]
+ Kr [(¨ r)  (bp r)]− ’jve[(¨ r)  (bp)]
= Khpb − Kjdm − Kmdi − Kldj + Kk[(¨  bκ)(r Ω)− (¨ Ω)(r  bκ)]
− Kn[(¨  bκ)r2 − (¨  r)(r  bκ)] + Yve[(¨  bκ)(r )− (¨ )(r  bκ)]
+ Kp[(¨  bκ)(r  bp)− (¨  bp)(r  bκ)] + v2e[(¨ Ω)(r )− (¨ )(r Ω)]
+ Kq[(¨  bp)(r Ω)− (¨ Ω)(r  bp)] + Ko[(¨ Ω)r2 − (¨  r)(r Ω)]
− Ω2ve[(¨  r)(r )− (¨ )r2] + Kr[(¨  bp)r2 − (¨  r)(r  bp)]
− ’jve[(¨  bp)(r )− (¨ )(r  bp)] by (5.23b); (5.23c) & (A.2)
= Khpb − Kjdm − Kmdi − Kldj + Kk(&g"b − &h"d)− Kn(&gr2 − &o"d) + Yve(&g"h − &i"d)
+ Kp(&g"f − &f"d) + v2e(&h"h − &i"b) + Kq(&f "b − &h"f ) + Ko(&hr2 − &o"b)
− Ω2ve(&o"h − &ir2) + Kr(&f r2 − &o"f )− ’jve(&f "h − &i"f ) by (5.1a) & (5.23a)
= Hi by (5.54k) (5.58r)
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bκ  (St + Su)
= bκ  [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκ Ω)− Kn(bκ r)
+ Yve(bκ) + Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r)
+ Kr(bp r)− ’jve(bp)] by (5.57)
= Kh(bκ  bp) + Ki(bκ  r) + Kj(bκ Ω) + Km(bκ ) + Kl(bκ  _) + Kk[bκ  (bκΩ)]
− Kn[bκ  (bκ r)] + Yve[bκ  (bκ)] + Kp[bκ  (bκ bp)] + v2e[bκ  (Ω)]
+ Kq [bκ  (bpΩ)] + Ko[bκ  (Ω r)]− Ω2ve[bκ  (r)] + Kr[bκ  (bp r)]
− ’jve[bκ  (bp)]
= Kh"e + Ki"d + Kj"a + Kma + Kl&b − v2ede + Kq"j + Ko"k
+ Ω2ve"n − Krdt − ’jveb by (5.1a); (5.13a); (5.23a) & (5.23b)
= Hj by (5.54k): (5.58s)
As a result of the foregoing derivations, we obtain
jSt + Suj2 = (St + Su)  [Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκΩ)− Kn(bκ r)
+ Yve(bκ) + Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)
− Ω2ve(r) + Kr(bp r)− ’jve(bp)] by (5.57)
= Kh[bp  (St + Su)] + Ki[r  (St + Su)] + Kj [Ω  (St + Su)] + Km[  (St + Su)]
+ Kl[ _  (St + Su)] + Kk[(St + Su)  (bκΩ)]− Kn[(St + Su)  (bκ r)]
+ Yve[(St + Su)  (bκ)] + Kp[(St + Su)  (bκ bp)] + v2e[(St + Su)  (Ω)]
+ Kq[(St + Su)  (bpΩ)] + Ko[(St + Su)  (Ω r)]− Ω2ve[(St + Su)  (r)]
+ Kr [(St + Su)  (bp r)]− ’jve[(St + Su)  (bp)]
= KhKr + KiKs + KjKt + KmKu + KlKv + KkKw − KnKx + YveKy + KpKz
+ v2eHa + KqHb + KoHc − Ω2veHd + KrHe − ’jveHf by (5.58)
∴ jSt + Suj = Hk by (5.54l): (5.59)
Art 23d. Development of equation (3.24c).
Furthermore, we derive
<1 = bκ  (St + Su) by (3.24c)
= Hj by (5.58s) (5.60a)
<2 = a  (St + Su) by (3.24c)
= ("bΩ− Ω2r +  r)  (St + Su) by (1.4a) & (5.1a)
= "b[Ω  (St + Su)]− Ω2[r  (St + Su)] + [(St + Su)  ( r)]
= "bKt − Ω2Ks − Hd by (5.58) (5.60b)
<3 = _a  (St + Su) by (3.24c)
= (St + Su)  [2"hΩ− 3"gr + _ r− Ω2(Ω r) + "b] by (5.30a)
= 2"h[Ω  (St + Su)]− 3"g[r  (St + Su)] + [(St + Su)  ( _ r)]
− Ω2[(St + Su)  (Ω r)] + "b[  (St + Su)]
= 2"hKt − 3"gKs + Hh − Ω2Hc + "bKu by (5.58) (5.60c)
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<4 = a¨  (St + Su) by (3.24c)
= (St + Su)  [3"h + "b _ + %tΩ + %ur + 2"b(Ω)
− 3Ω2( r)− 3"g(Ω r) + (¨ r)] by (5.30b)
= 3"h[  (St + Su)] + "b[ _  (St + Su)] + %t[Ω  (St + Su)] + %u[r  (St + Su)]
+ 2"b[(St + Su)  (Ω)]− 3Ω2[(St + Su)  ( r)]
− 3"g[(St + Su)  (Ω r)] + [(St + Su)  (¨ r)]
= 3"hKu + "bKv + %tKt + %uKs − 2"bHa + 3Ω2Hd − 3"gHc + Hi by (5.58) (5.60d)
<5 = e¨  (St + Su) by (3.24c)
= (St + Su)  [xp(bpΩ) + 2xo(bp) + ’g’h(bp _) + xsΩ + 2xr + ’i _− xvbp]
= xp[(St + Su)  (bpΩ)] + 2xo[(St + Su)  (bp)] + ’g’h[(St + Su)  (bp _)]
+ xs[Ω  (St + Su)] + 2xr[  (St + Su)] + ’i[ _  (St + Su)]− xv[bp  (St + Su)]
= xpHb + 2xoHf − ’g’hHg + xsKt + 2xrKu + ’iKv − xvKr by (5.58) (5.60e)
from which we obtain
Y¨<1 + ¨<2 + b2<3 + <4 + <5
= vf<1 + xj<2 + vh<3 + <4 + <5 by (5.35b) & (5.46)
= vfHj + xj("bKt − Ω2Ks − Hd) + vh(2"hKt − 3"gKs + Hh − Ω2Hc + "bKu)
+ (3"hKu + "bKv + %tKt + %uKs − 2"bHa + 3Ω2Hd − 3"gHc + Hi)
+ xpHb + 2xoHf − ’g’hHg + xsKt + 2xrKu + ’iKv − xvKr by (5.60)
= Hl by (5.54l): (5.61)
We note also that
υ = Ybκ + a− u + e by (3.14c)
= Ybκ + ("bΩ− Ω2r +  r)− (Ω r) + s2(bpΩ) + s3Ω− s4bp
by (1.4) & (5.1a)
= Ybκ + ("bΩ− Ω2r +  r)− (Ω r) + ’g’h(bpΩ) + ’iΩ− ’jbp by (5.28)
= Ybκ + (’i + "b)Ω− ’jbp− Ω2r + ( r)− (Ω r) + ’g’h(bpΩ)
= Ybκ + veΩ− ’jbp− Ω2r + ( r)− (Ω r) + ’g’h(bpΩ) by (5.23r): (5.62)
Art 23e. Results of the computations.
It follows by substituting (5.62), (5.61), (5.59) and (5.57) into (3.26) that
K =
Hk













Khbp + Kir + KjΩ + Km + Kl _ + Kk(bκΩ)− Kn(bκ r) + Yve(bκ)
+ Kp(bκ bp) + v2e(Ω) + Kq(bpΩ) + Ko(Ω r)− Ω2ve(r )
+ Kr(bp r)− ’jve(bp)
(5.63b)
is the complete set of equations describing the apparent geometry of obliquated rays for a rotating
observer.
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6 Gravitational obliquation
Art 24. Apparent direction to a light source.
To evaluate (3.6) for a gravitating observer, we introduce the quantities 9
"a = bκ  br; "b = bκ  bp; "c = br  bp; "d = br  z; "e = bκ  (r h)
"f = bp  (r h) 6= 0; "g = bκ  (z h); "h = br  (z h); "i = bp  (z h) (6.1a)
’a = q=r2; ’b = q=r; ’c = [("b"e)="f ]1/2; ’d = ’2c − 1 6= 0; ’e = j’dj1/2
’f = (2’a"a + dc)=(2"f’d); ’g = −2(’a"a + "f’f’2c); ’h = (z2 + 2q"d + q2)1/2=h
’i = ("g + ’h"e)=(h2’h); ’j = "h=(h2’h); ’k = ’f [r"b(q + "d) + h−2"e("i + ’b"f )]
’l = (r2h2"2b + 2"b"e"f + "
2
e)
1/2; ’m = ’2h[’k + ’h(’a’j − ’g’i)]
(6.1b)
’n = 2dc’2h(2’f "e"b − ’g) + ’2h’f (’f’2l − 2’a"e"c − 4’g"b"e) + ’2h’g(’g − 2’a"a)
’o = 2dc’h’i(’k − ’h’g’i)− ’2h’g’i(2’a’j − ’g’i) + ’2k + 2’k’h(’a’j − ’g’i):
(6.1c)
Art 24a. Preliminary calculations.
In view of the above quantities, we derive
 = κ  a by (1.2b)
= κ  (−qr=r3) by (1.5a)
= −(q=r3)(κ  r) = −(q=r2)"a by (6.1a)
= −’a"a by (6.1b) (6.2a)
m = κ  (r h) by (1.5c)
= [bκ  (r h)]
= "e by (6.1a) (6.2b)
n = bp  (r h) by (1.5c)
= "f by (6.1a) (6.2c)
f
2 = (m=n)(κ  bp) by (1.5c)
= (m=n)("b) by (6.1a)
= 2("e="f)"b by (6.2b) & (6.2c)





1− ’2c  by (6.2d)
=
’2c − 1 = j’dj by (6.1b)
∴ γ = ’e by (6.1b) (6.2e)
9We note here that the angle between z and r is the true anomaly of the observer’s orbit while the eccentricity
(or Laplace-Runge-Lenz) vector z is perpendicular to the latus rectum of the orbit and the Hamilton vector z h
is parallel to the latus rectum.
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f0 =
2− d!o
n(2 − f2) by (1.5d)
=
−2’a"a − d!o
"f (2 − 2’2c)

























by (6.2b) & (6.2f)
= "e’f : (6.2h)
In addition, we have
 = (2− nf2f0)−2 by (1.5b)
= (−2’a"a − nf2f0)−2 by (6.2a)
= [−2’a"a − "f(2’2c)(2’f=)]−2 by (6.2c); (6.2d) & (6.2f)
= −2(’a"a + "f’f’2c)=
= ’g= by (6.1b) (6.3a)
u2 = h−4(z h + qbr h)2 by (1.5c)
= h−4[(z h)  (z  h) + 2(z h)  (qbr h) + (qbr h)  (qbr h)]
= h−4[z2h2 − (z  h)2 + 2(z  qbr)h2 − 2(z  h)(h  qbr) + q2h2 − (qbr  h)2] by (A.2)
= h−4[z2h2 + 2qh2(z  br) + q2h2] by (1.5c)
= h−2(z2 + 2q"d + q2) by (6.1a)
∴ u = ’h by (6.1b) (6.3b)
cos = (κ=)  (a=a) by denition of 
= bκ  br by (1.5a)
= "a by (6.1a) (6.4a)
cos = (κ=)  (u=u) by denition of 
= (bκ=u)  [h−2(z  h + qbr h)] by (1.5c)
= u−1h−2[bκ  (z  h) + qbκ  (br h)]
= ’−1h h
−2[bκ  (z h) + (q=r)bκ  (r  h)] by (6.3b)
= ’−1h h
−2["g + (q=r)"e] by (6.1a)
= ’−1h h
−2("g + ’b"e) = ’i by (6.1b) (6.4b)
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cos  = (a=a)  (u=u) by denition of 
= br  (u=u) by (1.5a)
= (br=u)  [h−2(z h + qbr h)] by (1.5c)
= ’−1h h
−2[br  (z h) + qbr  (br h)] by (6.3b)
= ’−1h h
−2"h by (6.1a)
= ’j by (6.1b): (6.4c)
Art 24b. Development of equation (3.2a).
The various quantities dened in (3.2a) evaluate as
B = e  c by (3.2a)
= c  [f1(r h) + f2bp] by (1.5b)
= f1c[bκ  (r h)] + f2c(bκ  bp) by (1.1)
= f1c"e + f2c"b by (6.1a)
= "b’fc"e + "e’fc"b = 2c’f "e"b by (6.2g) & (6.2h) (6.5a)
D = e  u by (3.2a)
= h−2[f1(r h) + f2bp]  (z h + qbr h) by (1.5b) & (1.5c)
= h−2f1[(r h)  (z h)] + qh−2f1[(r h)  (br h)] + h−2f2[bp  (z  h)]
+ qh−2f2[bp  (br h)]
= h−2f1[(r  z)h2 − (r  h)(h  z)] + qh−2f1[(r  br)h2 − (r  h)(h  br)]
+ h−2f2[bp  (z h)] + (q=r)h−2f2[bp  (r h)] by (A.2)
= rf1(br  z) + qf1r + h−2f2[bp  (z h)] + (q=r)h−2f2[bp  (r h)] by (1.5c)
= rf1"d + qf1r + h−2f2"i + (q=r)h−2f2"f by (6.1a)
= rf1(q + "d) + h−2f2["i + (q=r)"f ]
= r"b’f (q + "d) + h−2"e’f ("i + ’b"f ) by (6.1b); (6.2g) & (6.2h)
= ’k by (6.1b) (6.5b)
A = e  a by (3.2a)
= [f1(r h) + f2bp]  (−’abr) by (1.5a); (1.5b) & (6.1b)
= −’af1[br  (r h)]− ’af2(bp  br)
= −’a"e’f "c by (6.1a) & (6.2h) (6.5c)
H = e  κ by (3.2a)
= [f1(r h) + f2bp]  κ by (1.5b)
= f1[bκ  (r  h)] + f2(bp  bκ) = f1"e + f2"b by (6.1a)
= "b’f "e + "e’f"b = 2"b’f"e by (6.2g) & (6.2h) (6.5d)
E = e  e by (3.2a)
= [f1(r h) + f2bp]  [f1(r h) + f2bp] by (1.5b)
= f21[(r h)  (r h)] + 2f1f2[bp  (r h)] + f22(bp  bp)
= f21[r
2h2 − (r  h)2] + 2f1f2"f + f22 by (6.1a) & (A.2)
= f21r
2h2 + 2f1f2"f + f22 by (1.5c)
= ("b’f )2r2h2 + 2("b’f )("e’f )"f + ("e’f )2 by (6.2g) & (6.2h)
= ’2f (r






l by (6.1b): (6.5e)
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Art 24c. Development of equations (3.2b) through (3.2d).
Consequently, from the above derivations, we obtain
L0 = D − u cos by (3.2b)
= ’k − ’h’g’i by (6.5b); (6.3b); (6.3a) & (6.4b) (6.6a)
L1 = a cos  −  cos by (3.2b)
= ’a’j − ’g’i by (1.5a); (6.1b); (6.4c); (6.3a) & (6.4b) (6.6b)
L2 = L1 + a cos  by (3.2b)
= ’a’j − ’g’i + ’a’j by (6.6b); (1.5a); (6.1b) & (6.4c)
= 2’a’j − ’g’i (6.6c)
N1 = 2du2(B − !o) by (3.2c)
= 2du2(2c’f "e"b − c) by (6.5a) & (1.2b)
= 2d’2h(2c’f"e"b − c’g) by (6.3b) & (6.3a)
= 2dc’2h(2’f"e"b − ’g) (6.7a)
N2 = 2ducL0 cos by (3.2c)
= 2d(’h)c(’k − ’h’g’i)(’i) by (6.3b); (6.6a) & (6.4b)
= 2dc’h’i(’k − ’h’g’i) (6.7b)















l − 2’a"e’f "c − 4’g"b’f"e) by (6.3a)
= ’2h’f (’f’
2
l − 2’a"e"c − 4’g"b"e) (6.7c)
N4 = u2( − 2a cos) by (3.2d)
= ’2h’g(’g − 2’a"a) by (6.3b); (6.3a); (1.5a); (6.1b) & (6.4a) (6.7d)
N5 = u2L2 cos by (3.2d)
= ’2h’g(2’a’j − ’g’i)’i by (6.3b); (6.3a); (6.6c) & (6.4b)
= ’2h’g’i(2’a’j − ’g’i) (6.7e)
N6 = D(D + 2uL1) by (3.2d)
= ’k[’k + 2’h(’a’j − ’g’i)] by (6.5b); (6.3b) & (6.6b)
= ’2k + 2’k’h(’a’j − ’g’i) (6.7f)
2u2(D + uL1) = ’2h[’k + ’h(’a’j − ’g’i)] by (6.3b); (6.5b) & (6.6b)
= ’m by (6.1b) (6.8a)
N1 +N3 +N4 = 2dc’2h(2’f"e"b − ’g) + ’2h’f (’f’2l − 2’a"e"c − 4’g"b"e)
+ ’2h’g(’g − 2’a"a) by (6.7)
= ’n by (6.1c) (6.8b)
N2 −N5 +N6 = 2dc’h’i(’k − ’h’g’i)− ’2h’g’i(2’a’j − ’g’i)
+ ’2k + 2’k’h(’a’j − ’g’i) by (6.7)
= ’o by (6.1c): (6.8c)
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Art 24d. Results of the computations.
By substituting (6.8), (6.6a) and (6.4) into (3.3), we get
L = (’k − ’h’g’i)=(c2); P = (’n − ’m)=(2c4); N = (’n − ’o)=(2c4)
G = L−  + d’i + ’j ; R = [P + d2 + 2 + 22 + 2d("a − ’i)]1/2
F = [N + d2(1− ’2i ) + 22(1− ’2j ) + 2d("a − ’i’j)]1/2
(6.9a)
while from (3.6) and (6.4), we get
tan =
[N + d2(1− ’2i ) + 22(1− ’2j ) + 2d("a − ’i’j)]1/2
L −  + d’i + ’j (6.9b)














# = =(γ!o)2;  = −’a"a; γ = ’e;  = ’h=c;  = ’a=c; Y = cd− ’g:
(6.9c)
Equations (6.1) and (6.9) give a complete prescription for calculating  for a gravitating observer.
Art 25. Apparent drift of a light source.
To evaluate (3.13) for a gravitating observer, it is convenient to introduce the following quantities
in addition to those given by (6.1) and (6.9)
a = bκ  h; b = bκ  z; c = bp  h; d = bp  z; e = bκ  (h bp); f = br  (bκ z) (6.10a)
}a = b + q"a; }b = "d + q; }c = d + q"c; }d = h−2(Ya + "e’fc)
}e = h−2(Y}a − ’a}b − r"b’f"h + "e’f}c); }f = "e[’f e + (’a=r)]
}g = r"b’fh2 − q; }h = }f − b + "a}g; }i = (1 + #2)1/2; }j = d=(γ2!o)
}k = (}j − #}2i )=(4d2!2o}3i ); }l = (2’a"a}k − )=(2r22"f’d); }m = =r2
(6.10b)
}n = }l"e"b + (}m=2); }o = 2(}m=)− 2’a"a(}k=r2)− 2"f}l’2c ; }p = (c2F)−1
}q = F=h2; }r = G}p(}e}a + }d’2ha)− }q("g + ’b"e); }s = −’a(G}e}b}p − "h}q)
}t = 2}q(}l"eca − 2}nh2); }u = 2}q}lc"e}a; }v = 22G}p}e}n
}w = 2G}p}e}l"ec; }x = 2G}p}d’2h}l"ec:
(6.10c)
Art 25a. Preliminary calculations.
We derive, in view of the above quantities,
u bκ = −bκ u = −h−2bκ (z h + qbr h) by (1.5c)
= −h−2[bκ (z h) + qbκ (br h)]
= −h−2[z(bκ  h)− h(bκ  z)]− qh−2[br(bκ  h)− h(bκ  br)] by (A.1)
= −h−2(az− bh)− qh−2(abr− "ah) by (6.10a) & (6.1a)
= −h−2[az− bh + q(abr− "ah)]
= h−2[(b + q"a)h− az− qabr] = h−2(}ah− az− qabr) by (6.10b) (6.11a)
u a = −a u = −h−2(−’abr) (z h + qbr h) by (1.5a); (6.1b) & (1.5c)
= ’ah−2[br (z  h) + qbr (br h)]
= ’ah−2[z(br  h)− h(br  z)] + q’ah−2[br(br  h)− h(br  br)] by (A.1)
= −’ah−2"dh− q’ah−2h by (1.5c) & (6.1a)
= −’ah−2("d + q)h = −h−2’a}bh by (6.10b) (6.11b)
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u (r h) = r(u  h)− h(u  r) = −h(u  r) by (A.1) & (1.5c)
= −h−2[r  (z  h + qbr h)]h by (1.5c)
= −rh−2[br  (z h)]h = −h−2r"hh by (6.1a) (6.11c)
u bp = −bp u = −h−2bp (z h + qbr h) by (1.5c)
= −h−2[bp (z h)]− qh−2[bp (br h)]
= −h−2[z(bp  h)− h(bp  z)]− qh−2[br(bp  h)− h(bp  br)] by (A.1)
= −h−2(cz− dh)− qh−2(cbr− "ch) by (6.1a) & (6.10a)
= −h−2[cz− dh + q(cbr− "ch)]
= h−2[(d + q"c)h− cz− qcbr] = h−2(}ch− cz− qcbr) by (6.10b): (6.11d)
u υ = u (Ybκ + a− u + e) by (3.14c)
= Y(u  bκ) + (u a) + (u e)
= Yh−2(}ah− az− qabr) + (−’ah−2}bh) + u [f1(r h) + f2bp]
by (6.11a); (6.11b) & (1.5b)
= h−2(Y}a − ’a}b)h− Yh−2(az + qabr) + f1[u (r h)] + f2(u bp)
= h−2(Y}a − ’a}b)h− Yh−2(az + qabr) + f1(−rh−2"hh)
+ f2h−2(}ch− cz− qcbr) by (6.11c) & (6.11d)
= h−2(Y}a − ’a}b − f1r"h + f2}c)h− h−2(Ya + f2c)(z + qbr)
= h−2(Y}a − ’a}b − r"b’f"h + "e’f}c)h− h−2(Ya + "e’f c)(z + qbr)
by (6.2g) & (6.2h)
= }eh− }d(z + qbr) by (6.10b) (6.12a)
h υ = h (Ybκ + a− u + e) by (3.14c)
= Y(h bκ) + (h a)− (h u) + (h e)
= Y(h bκ) + [h (−’abr)]− h−2[h (z h + qbr h)]
+ h [f1(r h) + f2bp] by (1.5a); (6.1b); (1.5b) & (1.5c)
= Y(h bκ)− ’a(h br)− h−2[h (z h)]− qh−2[h (br h)]
+ f1[h (r h)] + f2(h bp)
= Y(h bκ)− ’a(h br)− h−2[zh2 − h(h  z)]− h−2q[brh2 − h(h  br)]
+ f1[rh2 − h(h  r)] + f2(h bp) by (A.1)
= Y(h bκ)− ’a(h br)− z− qbr + f1h2r + f2(h bp) by (1.5c)
= −z + (r"b’fh2 − q)br + Y(h  bκ)− ’a(h br) + "e’f (h bp)
by (6.2g) & (6.2h)
= −z + }gbr + Y(h  bκ)− ’a(h br) + "e’f (h bp) by (6.10b) (6.12b)
bκ  (h υ) = −bκ  z + }g(bκ  br) + Y[bκ  (h bκ)]− ’a[bκ  (h br)]
+ "e’f [bκ  (h bp)] by (6.12b)
= −b + }g"a + (’a=r)"e + "e’fe by (6.1a) & (6.10a)
= −b + }g"a + "e[’fe + (’a=r)]
= }f − b + "a}g by (6.10b)
= }h by (6.10b) (6.12c)
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qbr = h u− z by (1.5c)
∴ a = −(q=r2)br = r−2(z− h u) by (1.5a): (6.13)
Art 25b. Development of equation (3.8b).
The various quantities dened by (3.8b) evaluate as
g1 = (κ  ru)a by (3.8b)
= (κ  ru) [r−2(z− h u)] by (6.13)
= r−2(κ  ru) (z− h u) = −r−2(κ  ru) (h u) by (A.22)
= −r−2fh [(κ  ru)u]− u [(κ  ru)h]g by (A.23)
= −r−2fh [(κ  ru)u]g = r−2(κ h) by (A.21) (6.14a)
g2 = ru  a by (3.8b)
= ru  [r−2(z + u h)] by (6.13)
= r−2[ru  (z + u h)] = r−2[ru  (u h)] by (A.22)
= r−2[u(ru  h)− (u  ru)h + (h  ru)u− h(ru  u)] by (A.13)
= r−2[(h  ru)u− h(ru  u)] = r−2(h− 3h) by (A.21) & (A.6)
= −2r−2h (6.14b)
g3 = (u  ru)a by (3.8b)
= (u  ru) [r−2(z + u h)] by (6.13)
= r−2[(u  ru) (z + u h)] = r−2[(u  ru) (u h)] by (A.22)
= r−2fu [(u  ru)h]− h [(u  ru)u]g by (A.23)
= −r−2fh [(u  ru)u]g = −r−2(h u) by (A.21)
= −r−2(z + qbr) by (1.5c) (6.14c)
g4 = (υ  ru)a by (3.8b)
= (υ  ru) [r−2(z + u h)] by (6.13)
= r−2[(υ  ru) (z + u h)] = r−2[(υ  ru) (u h)] by (A.22)
= r−2fu [(υ  ru)h]− h [(υ  ru)u]g by (A.23)
= −r−2fh [(υ  ru)u]g = −r−2(h υ) by (A.21) (6.14d)




= 0 by (1.5c) (6.14e)
g6 = g1 + κ g2 by (3.8b)
= r−2(κ h)− 2r−2(κ h) by (6.14a) & (6.14b)
= r−2(h κ) (6.14f)
g7 = 2g6 − 3g5 by (3.8b)
= 2r−2(h κ) by (6.14f) & (6.14e) (6.14g)
g8 = 1g6 − 6g5 by (3.8b)
= 1r−2(h κ) by (6.14f) & (6.14e) (6.14h)
g9 = 7g6 − 8g5 by (3.8b)
= 7r−2(h κ) by (6.14f) & (6.14e) (6.14i)












































= [n(2 − f2)]−1ru(2− d!o) by (A.16) & (1.5c)
= [n(2 − f2)]−1(2ru+ 2ru− !orud) by (A.16)
= [n(2 − f2)]−1(2g6 + 2g9 − !og8) by (3.9)
= r−2[n(2 − f2)]−1(2+ 27 − !o1)(h κ) by (6.14)
= r−2[n(2 − 2’2c)]−1(+ 27)(h κ) by (3.8a) & (6.2d)
= [r22"f (1− ’2c)]−1(− 2’a"a7)(h κ) by (6.2a) & (6.2c)
= [(− 2’a"a}k)=(−r22"f’d)](h κ) by (6.1b) & (6.15)
= 2}l(h κ) by (6.10b) (6.16a)
ruf1 = ru[(1=2)(κ  bp)f0] by (1.5d)
= (1=2)(κ  bp)ruf0 by (A.15)
= (1=2)("b)[2}l(h κ)] by (6.1a) & (6.16a)
= "b}l(h κ) (6.16b)
ruf2 = ru[(1=2)mf0] by (1.5d)
= (1=2)mruf0 by (A.15)
= (1=2)("e)[2}l(h κ)] by (6.2b) & (6.16a)
= "e}l(h κ): (6.16c)
Art 25c. Development of equation (3.8c).
The quantities dened by (3.8c) become
1 = ru  e by (3.8c)
= r [f1(r h) + f2bp] by (1.5b)
= f1[ru  (r h)]− (r h) (ruf1) + f2(ru  bp)− bp (ruf2) by (A.12)
= −(r h) (ruf1)− bp (ruf2)
= −(r h) ["b}l(h κ)]− bp ["e}l(h κ)] by (6.16b) & (6.16c)
= −"b}l[h(κ  (r h))− κ(h  (r h))]− "e}l[h(bp  κ)− κ(bp  h)] by (A.1) & (A.5)
= −2"b}l[h(bκ  (r h))]− 2"e}l[h(bp  bκ)− bκ(bp  h)]
= −2"b}l"eh− 2"e}l("bh− cbκ) by (6.1a) & (6.10a)
= −22}l"e"bh + 2}l"ecbκ (6.17a)
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2 = (u  ru) e by (3.8c)
= (u  ru) [f1(r h) + f2bp] by (1.5b)
= (r h)[u  (ruf1)] + f1[(u  ru) (r h)] + bp[u  (ruf2)] + f2[(u  ru) bp] by (A.22)
= (r h)[u  (ruf1)] + bp[u  (ruf2)]
= "b}l(r h)[u  (h κ)] + "e}lbp[u  (h κ)] by (6.16)
= }l[κ  (u h)]["b(r h) + "ebp] by (A.4)
= }l[κ  (−z− qbr)]["b(r h) + "ebp] by (1.5c)
= −2}l(b + q"a)["b(r h) + "ebp] by (6.1a) & (6.10a)
= −2}l}a["ebp + "b(r  h)] by (6.10b) (6.17b)
3 = (υ  ru) e by (3.8c)
= (υ  ru) [f1(r h) + f2bp] by (1.5b)
= (r h)[υ  (ruf1)] + f1[(υ  ru) (r h)] + bp[υ  (ruf2)]
+ f2[(υ  ru) bp] by (A.22)
= (r h)[υ  (ruf1)] + bp[υ  (ruf2)]
= "b}l(r h)[υ  (h κ)] + "e}lbp[υ  (h κ)] by (6.16)
= −}l["ebp + "b(r h)][κ  (h υ)] by (A.4)
= −2}l}h["ebp + "b(r h)] by (6.12c) (6.17c)
4 = 1 + g2 by (3.8c)
= −22}l"e"bh + 2}l"ecbκ + (−2r−2h) by (6.14b) & (6.17a)
= −2(2}l"e"b + }m)h + 2}l"ecbκ by (6.10b)
= −22}nh + 2}l"ecbκ by (6.10c) (6.17d)
5 = 2 + g3 by (3.8c)
= −2}l}a["ebp + "b(r h)] + [−r−2(z + qbr)] by (6.17b) & (6.14c)
= −2}l}a"ebp− }mz− q}mbr− 2}l}a"b(r h) (6.17e)
6 = 3 + g4 by (3.8c)
= −2}l}h["ebp + "b(r h)] + [−r−2(h υ)] by (6.17c) & (6.14d)
= −2}l}h"ebp− 2}l}h"b(r h)− }m(h υ) by (6.10c) (6.17f)
7 = ru by (3.8c)
= ru[−2(2− nf2f0)] by (1.5b)
= −2(2ru+ 2ru− nf2ruf0) by (A.16)
= −2[2g6 + 2g9 − 2nf2}l(h κ)] by (3.9) & (6.16a)
= −2[2r−2(h κ) + 27r−2(h κ)− 2nf2}l(h κ)] by (6.14f) & (6.14i)
= −2(2}m − 2’a"a7r−2 − 2"ff2}l)(h κ) by (6.10b); (6.2a) & (6.2c)
= [2(}m=)− 2’a"a(}k=r2)− 2"f}l’2c ](h bκ) by (6.15) & (6.2d)
= }o(h bκ) by (6.10c) (6.17g)
8 = (u υ)=ju υj by (3.8c)
= (c2F)−1(u υ) by (3.5c)
= (c2F)−1(}eh− }dz− q}dbr) by (6.12a)
= }p(}eh− }dz− q}dbr) by (6.10c) (6.17h)
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9 = 8  u by (3.8c)
= [}p(}eh− }dz− q}dbr)] u by (6.17h)
= }p[}e(h u)− }d(z u)− q}d(br u)]
= }p[}e(z + qbr)− }d(z  u) + q}d(h=r)] by (1.5c)
= }p[}e(z + qbr) + ’b}dh + }d(u z)] by (6.1b)
= }p[}e(z + qbr) + ’b}dh + }d(u fh u− qbrg)] by (1.5c)
= }p[}e(z + qbr) + ’b}dh + }du (h u)− q}d(u br)]
= }p[}e(z + qbr) + ’b}dh + }du (h u)− (q=r)}dh] by (1.5c)
= }p[}e(z + qbr) + ’b}dh + }du (h u)− ’b}dh] by (6.1b)
= }p[}e(z + qbr) + }d(hu2 − u(u  h))] by (A.1)
= }p}ez + q}p}ebr + }p}d’2hh by (1.5c) & (6.3b) (6.17i)
0 = G9 −Fu by (3.8c)
= G[}p}ez + q}p}ebr + }p}d’2hh]−Fh−2[(z h) + q(br h)] by (6.17i) & (1.5c)
= G}p}ez + qG}p}ebr + G}p}d’2hh− }q(z h)− q}q(br h) by (6.10c): (6.17j)
From the foregoing derivations, we obtain
bκ  0 = bκ  [G}p}ez + qG}p}ebr + G}p}d’2hh− }q(z h)− q}q(br h)] by (6.17j)
= G}p}e(bκ  z) + qG}p}e(bκ  br) + G}p}d’2h(bκ  h)− }q[bκ  (z  h)]− q}q[bκ  (br  h)]
= G}p}eb + qG}p}e"a + G}p}d’2ha − }q"g − (q=r)}q"e by (6.10a) & (6.1a)
= G}p[}e(b + q"a) + }d’2ha]− }q("g + ’b"e) by (6.1b)
= G}p(}e}a + }d’2ha)− }q("g + ’b"e) by (6.10b)
= }r by (6.10c) (6.18a)
c  0 = c(bκ  0) = c}r by (6.18a)
κ  0 = (bκ  0) = }r by (6.18a) (6.18b)
a  0 = (−’abr)  0 by (1.5a) & (6.1b)
= −’abr  [G}p}ez + qG}p}ebr + G}p}d’2hh− }q(z h)− q}q(br h)] by (6.17j)
= −’a[G}p}e(br  z) + qG}p}e(br  br) + G}p}d’2h(br  h)− }q(br  (z h))− q}q(br  (br  h))]
= −’a(G}p}e"d + qG}p}e − }q"h) by (6.1a) & (1.5c)
= −G}p}e’a("d + q) + ’a}q"h = −G}p}e’a}b + ’a}q"h by (6.10b)
= −’a(G}e}b}p − "h}q) = }s by (6.10c) (6.18c)
0  4 = −4  0 = −(−22}nh + 2}l"ecbκ) [G}p}ez + qG}p}ebr + G}p}d’2hh
− }q(z h)− q}q(br h)] by (6.17d) & (6.17j)
= 2G}p}e2}n(h z) + 2qG}p}e2}n(h br) + 2G}p}d’2h2}n(h h)
− 2}q2}n[h (z h)]− 2q}q2}n[h (br h)]− G}p}e2}l"ec(bκ z)
− qG}p}e2}l"ec(bκ br)− G}p}d’2h2}l"ec(bκ h) + }q2}l"ec[bκ (z h)]
+ q}q2}l"ec[bκ (br h)]
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= 2G}p}e2}n(h z) + 2qG}p}e2}n(h br)− G}p}e2}l"ec(bκ z)
− qG}p}e2}l"ec(bκ  br)− G}p}d’2h2}l"ec(bκ h)− 2}q2}n[h (z  h)]
− 2q}q2}n[h (br h)] + }q2}l"ec[bκ (z h)] + q}q2}l"ec[bκ (br h)]
= 2G}p}e2}n(h z) + 2qG}p}e2}n(h br)− G}p}e2}l"ec(bκ z)− qG}p}e2}l"ec(bκ br)
− G}p}d’2h2}l"ec(bκ h)− 2}q2}n[zh2 − h(h  z)]− 2q}q2}n[brh2 − h(h  br)]
+ }q2}l"ec[z(bκ  h)− h(bκ  z)] + q}q2}l"ec[br(bκ  h)− h(bκ  br)] by (A.1)
= 2G}p}e2}n(h z) + 2qG}p}e2}n(h br)− G}p}e2}l"ec(bκ z)
− qG}p}e2}l"ec(bκ br)− G}p}d’2h2}l"ec(bκ h)− 2}q2}nh2z− 2q}q2}nh2br
+ }q2}l"ec[(bκ  h)z− (bκ  z)h] + q}q2}l"ec[(bκ  h)br− (bκ  br)h] by (1.5c)
= 2G}p}e2}n(h z) + 2qG}p}e2}n(h br)− G}p}e2}l"ec(bκ z)
− qG}p}e2}l"ec(bκ br)− G}p}d’2h2}l"ec(bκ h)− 2}q2}nh2z− 2q}q2}nh2br
+ }q2}l"ec(az− bh) + q}q2}l"ec(abr− "ah) by (6.1a) & (6.10a)
= 2G}p}e2}n(h z) + 2qG}p}e2}n(h br)− G}p}e2}l"ec(bκ z)
− qG}p}e2}l"ec(bκ br)− G}p}d’2h2}l"ec(bκ h)− 2}q2}nh2z + }q2}l"ecaz
− 2q}q2}nh2br + q}q2}l"ecabr− }q2}l"ecbh− q}q2}l"ec"ah
= 22G}p}e}n(h z) + 22qG}p}e}n(h br)− 2G}p}e}l"ec(bκ z)
− 2qG}p}e}l"ec(bκ br)− 2G}p}d’2h}l"ec(bκ h) + 2}q(}l"eca − 2}nh2)z
+ 2q}q(}l"eca − 2}nh2)br− 2}q}lc"e(b + q"a)h
= }tz + q}tbr− 2}q}lc"e}ah + 22G}p}e}n(h z) + 22qG}p}e}n(h br)
− 2G}p}e}l"ec(bκ z)− 2qG}p}e}l"ec(bκ br)− 2G}p}d’2h}l"ec(bκ  h)
by (6.10b) & (6.10c)
= }tz + q}tbr− }uh + }v(h z) + q}v(h br)− }w(bκ z)− q}w(bκ br)
− }x(bκ h) by (6.10c) (6.18d)
X1u−X2υ + X36 −X45 + (c  0)g8 − (κ  0)7 + (a  0)g9 + 0  4
= X1u−X2υ + X36 −X45 + c}rg8 − }r7 + }sg9 + 0  4 by (6.18)
= X1u−X2(Ybκ + a− u + e) + X36 −X45 + c}r[1r−2(h κ)]− }r7
+ }s[7r−2(h κ)] + 0  4 by (3.14c); (6.14h) & (6.14i)
= (X1 + X2)u− X2a−X2e + X36 −X45 − }r7 − YX2bκ + c}r1r−2(h bκ)
+ }s7r−2(h bκ) + 0  4
= (X1 + X2)u− X2a−X2e + X36 −X45 − }r7 − YX2bκ
+ r−2(}r + }s}k)(h bκ) + 0  4 by (1.2b); (3.8a) & (6.15)
= (X1 + X2)u− X2a−X2e + X3[−2}l}h"ebp− 2}l}h"b(r h)− }m(h υ)]
−X4[−2}l}a"ebp− }mz− q}mbr− 2}l}a"b(r h)]− }r[}o(h bκ)]
− YX2bκ + r−2(}r + }s}k)(h bκ) + 0  4 by (6.17f); (6.17e) & (6.17g)
= (X1 + X2)u− X2a−X2e−X32}l}h"ebp−X32}l}h"b(r h)
−X3}m[−z + }gbr + Y(h bκ)− ’a(h br) + "e’f (h bp)]
+ X42}l}a"ebp + X4}mz + X4q}mbr + X42}l}a"b(r h)− }r}o(h bκ)
− YX2bκ + r−2(}r + }s}k)(h bκ) + 0  4 by (6.12b)
Classical Aberration And Obliquation Page 134
= (X1 + X2)u− X2a−X2e− YX2bκ + X42}l}a"ebp−X32}l}h"ebp
+ X4}mz + X3}mz−X3}m}gbr + X4q}mbr−X3}m"e’f (h bp)
−X32}l}h"b(r h) + X42}l}a"b(r h) + X3}m’a(h br)
−X3}mY(h bκ)− }r}o(h bκ) + r−2(}r + }s}k)(h bκ) + 0  4
= (X1 + X2)u− X2a−X2e− YX2bκ + 2"e}l(X4}a −X3}h)bp
+ }m(X4 + X3)z + }m(qX4 −X3}g)br−X3}m"e’f (h bp)
+ [r2"b}l(X4}a −X3}h)− X3}m’a](br h)
+ [r−2(}r + }s}k)− YX3}m − }r}o](h bκ) + 0  4
= h−2(X1 + X2)(z h + qbr h)− X2(−’abr)−X2[f1(r h) + f2bp]
− YX2bκ + 2"e}l(X4}a −X3}h)bp + }m(X4 + X3)z + }m(qX4 −X3}g)br
−X3}m"e’f (h bp) + [r2"b}l(X4}a −X3}h)− X3}m’a](br h)
+ [r−2(}r + }s}k)− YX3}m − }r}o](h bκ) + 0  4 by (1.5) & (6.1b)
= h−2(X1 + X2)(z h) + qh−2(X1 + X2)(br  h) + X2’abr−X2"b’f (r h)
−X2"e’f bp− YX2bκ + 2"e}l(X4}a −X3}h)bp + }m(X4 + X3)z + }m(qX4 −X3}g)br
−X3}m"e’f (h bp) + [r2"b}l(X4}a −X3}h)− X3}m’a](br h)
+ [r−2(}r + }s}k)− YX3}m − }r}o](h bκ) + 0  4 by (6.2g) & (6.2h)
= −YX2bκ−X2"e’f bp + 2"e}l(X4}a −X3}h)bp + }m(X4 + X3)z
+ X2’abr + }m(qX4 −X3}g)br + h−2(X1 + X2)(z  h)−X3}m"e’f (h bp)
− rX2"b’f (br h) + qh−2(X1 + X2)(br h) + [r2"b}l(X4}a −X3}h)− X3}m’a](br  h)
+ [r−2(}r + }s}k)− YX3}m − }r}o](h bκ) + 0  4
= }m(X4 + X3)z − YX2bκ + [2"e}l(X4}a −X3}h)−X2"e’f ]bp
+ [X2’a + }m(qX4 −X3}g)]br + h−2(X1 + X2)(z h)−X3}m"e’f (h bp)
+ [qh−2(X1 + X2) + r2"b}l(X4}a −X3}h)− rX2"b’f − X3}m’a](br h)
+ [r−2(}r + }s}k)− YX3}m − }r}o](h bκ) + 0  4
= }m(X4 + X3)z− YX2bκ + [2"e}l(X4}a −X3}h)−X2"e’f ]bp
+ [X2’a + }m(qX4 −X3}g)]br + h−2(X1 + X2)(z  h)− X3}m"e’f (h bp)
+ [qh−2(X1 + X2) + r2"b}l(X4}a −X3}h)− rX2"b’f − X3}m’a](br h)
+ [r−2(}r + }s}k)− YX3}m − }r}o](h bκ) + }tz + q}tbr− }uh + }v(h z)
+ q}v(h br)− }w(bκ z)− q}w(bκ br)− }x(bκ h) by (6.18d)
= }tz + }m(X4 + X3)z− }uh− YX2bκ + [2"e}l(X4}a −X3}h)−X2"e’f ]bp
+ q}tbr + [X2’a + }m(qX4 −X3}g)]br− }w(bκ z)
− q}w(bκ br)− }v(z h) + h−2(X1 + X2)(z h)−X3}m"e’f (h bp)
+ [qh−2(X1 + X2) + r2"b}l(X4}a −X3}h)− rX2"b’f − X3}m’a](br h)− q}v(br h)
+ }x(h bκ) + [r−2(}r + }s}k)− YX3}m − }r}o](h bκ)
= −}uh− YX2bκ + [}t + }m(X4 + X3)]z + [−X2"e’f + 2"e}l(X4}a − X3}h)]bp
+ [q}t + X2’a + }m(qX4 −X3}g)]br − }w(bκ z)− q}w(bκ br)−X3}m"e’f (h bp)
+ [−rX2"b’f − X3}m’a − q}v + qh−2(X1 + X2) + r2"b}l(X4}a −X3}h)](br  h)
+ [}x − YX3}m − }r}o + r−2(}r + }s}k)](h bκ) + [−}v + h−2(X1 + X2)](z  h):
(6.19)
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Art 25d. Results of the computations.





−}uh− YX2bκ + {0z + {1bp + {2br− }w(bκ  z)− q}w(bκ  br)
− {3(h bp) + {4(br h) + {5(h bκ) + {6(z h) (6.20a)
where
{0 = }t + }m(X4 + X3); {1 = −X2"e’f + 2"e}l(X4}a −X3}h)
{2 = q}t + X2’a + }m(qX4 −X3}g); {3 = X3}m"e’f
{4 = −rX2"b’f − X3}m’a − q}v + qh−2(X1 + X2) + r2"b}l(X4}a −X3}h)
{5 = }x − YX3}m − }r}o + r−2(}r + }s}k); {6 = −}v + h−2(X1 + X2)
(6.20b)
and with R;G;F given by (6.9a),
X1 = R
2( + G)
F ; X2 =
R2 + G
F ; X3 =
G
F ; X4 =
R2
F : (6.20c)
Furthermore, we have from (3.7c), (1.5a) and (6.20a) that





}u(br  h) + YX2(br  bκ)− {0(br  z)− {1(br  bp)− {2(br  br)
+ }w[br  (bκ z)] + q}w[br  (bκ br)] + {3[br  (h bp)]− {4[br  (br h)]





YX2"a − {0"d − {1"c − {2 + }wf + {3("f=r)− {5("e=r)− {6"h

by (6.1a) & (6.10a):
(6.20d)
Equations (6.10) and (6.20) completely determine the slope and the variation of obliquation for a
gravitating observer.
Art 26. Apparent path of a light source.
Equation (3.22) can be evaluated for a gravitating observer as follows. We introduce the following
quantities in addition to those dened by (6.1), (6.9) and (6.10),
&a = r  (bκ bp); &b = r  (bp z); &c = bκ  (bp z) (6.21a)
%a = q=r3; %b = "h=(rh2); %c = %a(}a + 3%b"e); %d = %a(}c + 3%b"f )
%e = "b("e}c − "f}a)=(2’c"2f); %f = %e(%e"f − 2}c’c)=(’c"f ); %g = (’c%e)=’e
%h = [%f}c’c + %e(3%f"f − %e}c − 2%a"f’c)]=(’c"f ); %i = (1=’e)[(%2e − %f’c)− %2g]
%j = (1=’e)[(%h’c − 3%e%f )− 3%g%i]; %k = ’h=r; %l = 2%a + 15%2b − 3%2k
%m = %a(9%k − 8%a − 45%2b); %n = 15%a%b(2%a − 3%k + 7%2b); %o = h−2("g + "e’b)


















































%v = %s=}3i ; %w = (%t}
2
i − 3#%2s)=}5i ; %x = [%u}4i − 9#%s%t}2i − 32%3s(1 − 4#2)]=}7i
(6.21c)












































































(3x2a − dxe)(d%v − xa)
2!od4
− xa(d%w − xe)
!od3
+
(xa%w + d%x − %vxe)− xg
4!od2
xk =
%p − xh’a"a − 12 xac− ’f’d}c + 2"f’f’c%e
"f’d
xl =
"a’axi − %q − 2xh%p + 12 xec+ 4xk%e"f’c + 4’f’c}c%e − 2%2e’f"f + 2%f’f"f’c
"f’d














− "f [(−2xl}c + 2xk%a"f + xk%a"f ) + %d’f ] + }c(2xk}c − %a"f’f )
"2f
− 8%exk}c’c − 4%e%a"f’f’c − 4}c%
2
e’f + 6}c%f’f’c − 2%2e}c’f
"f’d
− 4%exl"f’c − 6%
2
exk"f − 6%e%f’f"f + 6%f xk"f’c + 2%h’f "f’c
"f’d
(6.21f)
xn = −}a’f − "exk; xo = −%a"e’f + (2}axk + "exl); xp = "b(xl − ’f%a)
xq = %c’f + (3%a"exk − 3}axl + "exm); xr = "b(xm + 3xk%a + 3%a%b’f )
xs = "b(3xl − %a’f ); xt = %p − xh’a"a + }c’2c’f − 2%e"f’c’f + xk"f’2c
xu = −"a’axi + 2xh%p + %q + %a"f’2c’f + 4}c%e’c’f − 2}cxk’2c − 2%2e"f’f
+ 2%f"f’c’f + 4%exk"f’c − "f xl’2c
xv = −’a"axj + 3%pxi + 3%qxh + %r− %d’2c’f − "f xk%a’2c + 6%e%a"f’c’f
+ 6%2e}c’f − 6%f}c’c’f − 12%exk}c’c − 2xk%a"f’2c + 3}cxl’2c + 4%e%f"f’f
+ 6%2exk"f + 2%e%f"f’f − 2%h"f’c’f − 6%f xk"f’c − 6%exl"f’c − "f xm’2c
(6.21g)
ya = cxa − 2xt; yb = cxe − 2xu; yc = cxg − 2xv; yd = xh − 1; ye = 2xh − 1
yf = 3xh − 1; yg = xiya − ybyd; yh = yaye − yb; yi = ydye − xi
yj = %2a(%l − 18%2b); yk = ’b"b(%a’f + 2%bxk); yl = 2’b(%a"bxk + %bxp)
ym = "b’b[6%a%b’f + xk(%l − 6%2b)]; yn = 2xkxn + xo’f ; yo = xpxn + "bxkxo
yp = 22"bx2k − xp’f ; yq = r("cyo + "byp}b); yr = ’fyb + 2xkya
ys = yh − 6%bya; yt = yi − 6%byd; yu = xoya − xnyb; yv = "bxkyb + xpya
yw = 3%byh − %lya − yg; yx = ’ayw + q"byr; yy = r"ayv + %2ayt; yz = z2 + q"d
(6.21h)
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κa = %a(xnxi − xoyd)− 3%a%b(xnye − xo) + %a%lxn − "b’byn
κb = %a"b[’f (3%bye − xi − %l) + 2xk(3%b − yd)]
κc = %a(xnye − xo − 6%bxn); κd = %a"b(−’fye − 2xk + 6%b’f )
κe = ’b("bxkxi + xpyd) + (yj − yl + ym)− ykye − yq
κf = %ayd − 3%a%b + ’b"b’f ; κg = ayv + cyo; κh = κe − yy
(6.21i)
κi = [y2a + 2xnya"b − 2"b’fyab − 2%aya%o − 2rκfya"a − 2"bxkya"e + x2n
− 2"b’f xnd − 2%axn(=h2)("i + "f’b)− 2rκf xn"c − 2"bxkxn"f + z2"2b’2f
− 2r%b’b%a"b’f + 2rκf"b’f"d − 2r"2bxk’f"h + (%a’h)2 + 2r2κf%a%b
+ 2r}b"bxk%a + (rκf )2 + (rh"bxk)2]1/2
κj = κgr2 + yu&a + r"byrf + "byn&b − %aysa − κcc
κk = h2κh + "e(yx=r)− yue + "byr"g + "byn"i − κa"f + rκb"h + %ays}a + κc}c + κdyz
κl = (κh=r)"e + yx(1− "2a) + yu("c − "b"a) + "byr("d − b"a) + "byn("b"d − b"c)
+ rκa("a"c − "b) + rκb("a"d − b)− %ays(r%b − %o"a)− κc(r"b%b − %o"c)
− κd(rb%b − %o"d)
(6.21j)
κm = κg&a − κhe + yx("c − "a"b) + yu(1− "2b) + "byr(d − b"b) + "byn("bd − b)
+ rκa("a − "b"c) + rκb("ad − b"c) + %ays%o"b + κc%o + κd%od
− h−2(%ays + κc"b + κdb)("i + "f’b)
κn = rκgf + κh"g + yx("d − "ab) + yu(d − "bb) + "byr(z2 − 2b ) + "byn("bz2 − bd)
+ rκa("ad − "b"d) + rκb("az2 − b"d) + %ays(r%b’b + %ob) + κc(r"b%b’b + %od)
+ κd(r%b’bb + %oz2)
κo = κg&b + κh"i + yx("b"d − "cb) + yu("bd − b) + "byr("bz2 − db) + "byn(z2 − 2d)
+ rκa("cd − "d) + rκb("cz2 − d"d) + rys"b%a%b’b + rκc%b’b + rκdd%b’b
+ h−2(%aysb + κcd + κdz2)("i + "f’b)
(6.21k)
κp = −κh"f + ryx("a"c − "b) + ryu("a − "c"b) + r"byr("ad − "d"b) + r"byn("cd − "d)
+ r2κa(1− "2c) + r2κb(d − "d"c) + r2("bys%a%b + κc%b + κdd%b)
− (r=h2)(%ays"a + κc"c + κd"d)("i + "f’b)
κq = rκh"h + ryx("a"d − b) + ryu("ad − "cb) + r"byr("az2 − "db)
+ r"byn("cz2 − "dd) + r2κa(d − "c"d) + r2κb(z2 − "2d) + r2%ays%b("a’b + b)
+ r2κc%b("c’b + d) + r2κd%b("d’b + z2)
κr = κga − κh}a + yx(r%b − "a%o)− yu"b%o − "byr(r%b’b + b%o)
− "2bynr%b’b − r2κa"b%b − r2κb%b("a’b + b)− %ays(’2h − %2o)− κc"b’2h
− κd(b’2h + r%o%b’b) + h−2(yu − "bynb + κar"a + κc%o)("i + "f’b)
(6.21l)
κs = κgc − κh}c + yx(r"b%b − "c%o)− yu%o − "byr(r"b%b’b + d%o)− r"byn%b’b
− r2%b[κa + κb("c’b + d)]− ’2h(%ays"b + κc + κdd) + h−4κc("i + "f’b)2
+ h−2(yu"b − "bynd + rκa"c + %o%ays − rκd%b’b)("i + "f’b)
κt = −κhyz + yx(rb%b − "d%o)− yud%o − "byr(rb%b’b + z2%o)− r"bynd%b’b
− r2κad%b − r2κb%b("d’b + z2)− %ays(b’2h + r%b’b%o)− κcd’2h
− κd(z2’2h − r2%2b’2b) + h−2(yub − z2"byn + rκa"d − rκc%b’b)("i + "f’b)
(6.21m)
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κu = [κgκj + κhκk + yxκl + yuκm + "byrκn + "bynκo + κaκp + κbκq − %aysκr
− κcκs − κdκt]1/2
κv = rκg"a + κha + "byn&c − κa&a − rκbf − (κc=h2)(c}a − }ca) + (κd=h2)yza
κw = rκg"c + κhc − (yx=r)&a − "byr&c − κb&b + %a(ys=h2)(c}a − }ca) + (κd=h2)yzc
κx = rκg"d − yxf + yu&c + κa&b − (yz=h2)(ys%aa + κcc)
κy = −ryxa + ryu("ac − "ca)− r"b"d(yra + ync) + r2(κac + %ays%ba + κc%bc)
κz = −yx"da + yu(bc − da)− z2"b(yra + ync) + r(κg"h + κa"dc)
− r%b’b(%aysa + κcc)
(6.21n)
va = h−2(κz + ’bκy); vb = xqκw − xsκx − ’bxsκj + xrκy
vc = −κjxj + 3xi(3%bκj − va) + yf (6%bva − %lκj); vd = %a’b(=h2) + "bxk
ve = h−2(%aysa + κcc); vf = κh + h−2(%ays}a + κc}c + κdyz); vg = rκg − qve:
(6.21o)
Art 26a. Development of (1.5).
Bearing the foregoing quantities in mind, we derive
_m = [κ  (r h)]0 by (1.5c)
= κ  (u h) = −κ  (h u)
= −κ  z− q(κ  br) by (1.5c)
= −(b + q"a) by (6.1a) & (6.10a)
= −}a by (6.10b) (6.22a)
m¨ = [−κ  z− q(κ  br)]0 by (6.22a)
= −q(κ  _br) = −qr−3[κ  fr (u r)g]
= −qr−3[κ  (r h)] by (1.5c)
= −%a"e by (6.21b) & (6.1a) (6.22b)
...
m = [−qr−3fκ  (r h)g]0 by (6.22b)
= −q[r−3]0[κ  (r h)]− qr−3[κ  (r h)]0
= 3qr−4(br  u)[κ  (r h)]− qr−3[κ  (u h)]
= 3qr−4h−2[br  (z h)][κ  (r h)]− qr−3[κ  (−z− qbr)] by (1.5c)
= 3qr−4h−2"h"e− qr−3(−b − q"a) by (6.1a) & (6.10a)
= 3qr−4h−2"h"e+ qr−3}a by (6.10b)
= qr−3(}a + 3r−1h−2"h"e) = %a(}a + 3%b"e) = %c by (6.21b) (6.22c)
_n = [bp  (r  h)]0 by (1.5c)
= bp  (u h) = −bp  (h u)
= −bp  z− q(bp  br) by (1.5c)
= −(d + q"c) by (6.1a) & (6.10a)
= −}c by (6.10b) (6.23a)
n¨ = [−bp  z− q(bp  br)]0 by (6.23a)
= −q(bp  _br) = −qr−3[bp  fr (u r)g]
= −qr−3[bp  (r h)] by (1.5c)
= −%a"f by (6.21b) & (6.1a) (6.23b)
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...
n = [−qr−3fbp  (r h)g]0 by (6.23b)
= −q[r−3]0[bp  (r h)]− qr−3[bp  (r h)]0
= 3qr−4(br  u)[bp  (r h)]− qr−3[bp  (u h)]
= 3qr−4h−2[br  (z  h)][bp  (r h)]− qr−3[bp  (−z− qbr)] by (1.5c)
= 3qr−4h−2"h"f − qr−3(−d − q"c) by (6.1a) & (6.10a)
= 3qr−4h−2"h"f + qr−3}c by (6.10b)
= qr−3(}c + 3r−1h−2"h"f ) = %a(}c + 3%b"f ) = %d by (6.21b) (6.23c)
nm¨−mn¨ = n(−%a"e)−m(−%a"f ) by (6.22b) & (6.23b)
= −%a"en+ %a"fm
= −%a"e("f ) + %a"f ("e) by (6.2b) & (6.2c)
= −%a"e"f + %a"f"e = 0 (6.23d)
[f2]
0
= [(m=n)(κ  bp)]0 by (1.5c)
= (κ  bp)[(m=n)]0 = (κ  bp)[(n _m−m _n)=n2]
∴ _f = (κ  bp)[(n _m−m _n)=(2fn2)]
= "b(n _m−m _n)=(2fn2) by (6.1a)
= "b[n(−}a)−m(−}c)]=(2fn2) by (6.22a) & (6.23a)
= "b["f (−}a)− "e(−}c)]=(2’c"2f ) by (6.2b); (6.2c) & (6.2d)
= "b(−"f}a + "e}c)=(2’c"2f )
= "b("e}c − "f}a)=(2’c"2f ) = %e by (6.21b) (6.24a)
f¨ = [(κ  bp)f(n _m−m _n)=(2fn2)g]0 = (κ  bp)[(n _m−m _n)=(2fn2)]0 by (6.24a)
= (κ  bp) (2fn2)(n _m−m _n)0 − (n _m−m _n)(2fn2)0
(2fn2)2

= (κ  bp) (2fn2)(n _m−m _n)0
(2fn2)2

− (κ  bp) (n _m−m _n)(2fn2)0
(2fn2)2



















(κ  bp)(nm¨−mn¨)− 2 _f( _fn2 + 2fn _n)
2fn2
= −
_f( _fn+ 2f _n)
fn
by (6.23d)
= − (%e)[(%e)n+ 2f(−}c)]
fn
by (6.23a) & (6.24a)
= −%e[%e("f )− 2}c(’c)]
(’c)("f )
by (6.2c) & (6.2d)
= −%e(%e"f − 2}c’c)=(’c"f ) = −%f by (6.21b) (6.24b)










−(fn)[ _f( _fn− 2f _n)]0 + [ _f( _fn+ 2f _n)](fn)0
(fn)2
=




−f¨( _fn− 2f _n)− _f(f¨n+ _f _n− 2 _f _n− 2fn¨)− f¨( _fn+ f _n)
fn
=
−f¨ _fn+ 2f¨f _n− _ff¨n+ _f2 _n+ 2f _fn¨− f¨ _fn− f¨f _n
fn
=
f¨f _n− 3 _ff¨n+ _f2 _n+ 2f _fn¨
fn
=
(−%f)f(−}c)− 3(%e)(−%f )n+ (%e)2(−}c) + 2f(%e)(−%a"f )
fn
by (6.23); (6.24a) & (6.24b)
=
%f}cf + 32%e%fn− 2%2e}c − 2%e%a"ff
fn
=
%f}c(’c) + 32%e%f ("f )− 2%2e}c − 2%e%a"f (’c)
(’c)("f )
by (6.2c) & (6.2d)
=
2%f}c’c + 32%e%f"f − 2%2e}c − 22%e%a"f’c
’c"f
= [%f}c’c + %e(3%f"f − %e}c − 2%a"f’c)]=(’c"f ) = %h by (6.21b): (6.24c)
Art 26b. Derivatives of a and γ.























by (6.24a); (6.2d) & (6.2e)
































































by (6.2d) & (6.2e)
= (1=’e)[(%2e − %f’c)− %2g] = %i by (6.21b) (6.25b)
10In the expressions for the derivatives of γ, we are to take the positive sign when f >  and the negative sign
when f< . The case f=  is forbidden since γ is nonzero.
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...
γ = 












γ( _f2 + ff¨)































































































by (6.2d) & (6.2e)
= (1=’e)[(%h’c − 3%e%f )− 3%g%i] = %j by (6.21b): (6.25c)
We have also that
















= −%au + 3%a(br  u)br by (6.21b)
= −%au + 3%a[h−2br  (z h)]br by (1.5c)
= −%au + 3%a[h−2"h]br by (6.1a)
= −%au + 3r%a%bbr by (6.21b)































− 3(r  u)
0r
r5










− 3r(r  u)
0
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− 15q _r(r  u)r
r6




























































6q[h−2r  (z h)]u
r5
− 15q[h
−2r  (z h)]2r
r7





























= 3%a(’h=r)2r− 2%2ar + 6%a%bu− 15%a%2br by (6.21b)
= 6%a%bu− %a[2%a + 15%2b − 3(’h=r)2]r
































































































































































− 30q _r(r  u)u
r6






− 30q(r  u)(r  a)r
r7
+





































− 30q(br  u)(r  u)u
r6






− 30q(r  u)(r  a)r
r7
+
105q(br  u)(r  u)2r
r8




































− 30q(br  u)2u
r5










= %2au− 6%2a("h=h2)br + 6(%a=r)(−’abr  u)br + 3%a(u2=r2)u− 15%a(u2=r2)("h=h2)br
+ 3(%a=r)(−’a)u + 3(%a=r)(−’abr  u)br + 3%a[br  (−%au + 3%a%br)]br
− 15%a["h=(rh2)](−’a)br + 6(%a=r)("h=h2)(−’abr) + 6%a(u2=r2)u + 6(%a=r)(−’a)u
− 30%a["h=(rh2)]2u− 15%a["h=(rh2)]2u− 30%ar(u2=r2)["h=(rh2)]br− 30%a["h=(rh2)](−’a)br
+ 105r%a["h=(rh2)]3br by (1.5a); (1.5c); (6.1a); (6.1b); (6.21b) & (6.26a)
= %2au− 6r%b%2abr− 6’a%a["h=(rh2)]br + 9%a(u2=r2)u− 15r%a%b(u2=r2)br− 3’a(%a=r)u
− 3’a%a["h=(rh2)]br + 3%a[−%a("h=h2) + 3r%a%b]br + 15’a%a%bbr− 6’a%a%bbr
− 6’a(%a=r)u− 30%a%2bu− 15%a%2bu− 30r%a%b(u2=r2)br + 30’a%a%bbr + 105r%a%3bbr
by (1.5c); (6.1a); (6.1b) & (6.21b)
= %2au− 6r%b%2abr− 6’a%a%bbr + 9%a(’2h=r2)u− 15r%a%b(’2h=r2)br− 3%2au
− 3’a%a%bbr + 3%a[−r%a%b + 3r%a%b]br + 15’a%a%bbr− 6’a%a%bbr
− 6%2au− 30%a%2bu− 15%a%2bu− 30r%a%b(’2h=r2)br + 30’a%a%bbr + 105r%a%3bbr
by (6.21b); (6.3b) & (6.1b)
= (%2a + 9%a%k − 3%2a − 6%2a − 30%a%2b − 15%a%2b)u
+ (−6r%b%2a − 6’a%a%b − 15r%a%b%k − 3’a%a%b + 6r%2a%b + 15’a%a%b − 6’a%a%b
− 30r%a%b%k + 30’a%a%b + 105r%a%3b)br by (6.21b)
= %a(9%k − 8%a − 45%2b)u + (−6r%b%2a − 6’a%a%b − 3’a%a%b + 15’a%a%b − 6’a%a%b
+ 30’a%a%b − 15r%a%b%k + 6r%2a%b − 30r%a%b%k + 105r%a%3b)br
= %a(9%k − 8%a − 45%2b)u + %a%b(30’a − 45r%k + 105r%2b)br
= %a(9%k − 8%a − 45%2b)u + %a%b(30r%a − 45r%k + 105r%2b)br by (6.1b) & (6.21b)
= %a(9%k − 8%a − 45%2b)u + 15%a%b(2%a − 3%k + 7%2b)r = %mu + %nr by (6.21b): (6.26c)
Art 26c. Development of equations (3.17) through (3.21).
We derive also bκ  u = h−2[bκ  (z h + qbr h)] by (1.5c)
= h−2[bκ  (z h)] + qh−2[bκ  (br h)]
= h−2"g + h−2"e(q=r) by (6.1a)
= h−2("g + "e’b) by (6.1b)
= %o by (6.21b) (6.27a)
br  u = h−2[br  (z h + qbr h)] by (1.5c)
= h−2[br  (z h)]
= "h=h2 by (6.1a)
= r%b by (6.21b) (6.27b)
bp  u = h−2[bp  (z h + qbr h)] by (1.5c)
= h−2[bp  (z h)] + qh−2[bp  (br h)]
= h−2"i + h−2"f (q=r) by (6.1a)
= h−2("i + "f’b) by (6.1b) (6.27c)
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z  u = h−2[z  (z h + qbr h)] by (1.5c)
= h−2[z  (z h)] + qh−2[z  (br h)]
= −h−2"h(q=r) = −h−2"h’b by (6.1a) & (6.1b)
= −r%b’b by (6.21b) (6.27d)
(r h)  u = h−2[(r h)  (z  h + qbr h)] by (1.5c)
= h−2[(r h)  (z  h)] + qrh−2[(br h)  (br h)]
= h−2[(r  z)(h  h)− (r  h)(h  z)] + qrh−2[h2 − (br  h)2] by (A.2)
= h−2(r"dh2) + qrh−2(h2) by (6.1a) & (1.5c)
= r("d + q) = r}b by (6.10b) (6.27e)
(z h)  u = h−2[(z h)  (z  h + qbr h)] by (1.5c)
= h−2[(z h)  (z  h)] + qh−2[(z h)  (br h)]
= h−2[z2h2 − (z  h)2] + qh−2[(z  br)h2 − (z  h)(br  h)] by (A.2)
= h−2(z2h2) + qh−2("dh2) by (6.1a) & (1.5c)
= z2 + q"d = yz by (6.21h): (6.27f)
Equations (3.17) through (3.21) therefore evaluate as
_ = κ  _a by (3.17)
= κ  (−%au + 3%a%br) by (6.26a)
= −%a(bκ  u) + 3%a%b(bκ  r)
= −%a%o + 3r%a%b"a by (6.27a) & (6.1a)
= %a(3r%b"a − %o) = %p by (6.21b) (6.28a)
¨ = κ  a¨ by (3.17)
= κ  (6%a%bu− %a%lr) by (6.26b)
= 6%a%b(bκ  u)− r%a%l(bκ  br)
= 6%a%b%o − r%a%l"a by (6.27a) & (6.1a)
= %a(6%b%o − r%l"a) = %q by (6.21b) (6.28b)
...
 = κ  ...a by (3.17)
= κ  (%mu + %nr) by (6.26c)
= %m(bκ  u) + r%n(bκ  br)
= %m%o + r%n"a by (6.27a) & (6.1a)








































= %s by (6.21c) (6.29a)






























































































































































= %u by (6.21c) (6.29c)
_ = _#(1 + #2)−3/2 by (3.19a)
= _#=}3i by (6.10b)
= (%s)=}3i by (6.29a)
= %v by (6.21c) (6.30a)
¨ = (1 + #2)−5/2[#¨(1 + #2)− 3# _#2] by (3.19b)
= (1=}5i )(#¨}
2
i − 3# _#2) by (6.10b)
= (1=}5i )[(%t)}
2
i − 3#(%s)2] by (6.29)
= (%t}2i − 3#%2s)=}5i = %w by (6.21c) (6.30b)
...
 = (1 + #2)−7/2[
...





i − 9# _##¨}2i − 3 _#3(1− 4#2)]=}7i by (6.10b)
= [(%u)}4i − 9#(%s)(%t)}2i − 3(%s)3(1− 4#2)]=}7i by (6.29)






























= xa by (6.21d) (6.31a)





































































(%v)’e(%s) + 2%g(%s) + ’e(%t)
























%v’e%s + 2%g%s + ’e%t











































































































































by (6.2e) & (6.25)





















(%w)’e(%s) + 3(%v)%g(%s) + 2(%v)’e(%t) + 2%i(%s) + 3%g(%t) + ’e(%u)

by (6.21d); (6.29); (6.30); (6.31a) & (6.31b)



























2%i%s + 3%g%t + ’e%u

= xg by (6.21d) (6.31c)
_ =










= xh by (6.21e) (6.32a)
¨ = −











by (6.30) & (6.31)





= xi by (6.21e) (6.32b)
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 =

















xa(%w) + d(%x)− (%v)xe − xg
4!od2
by (6.30) & (6.31)
=
(3x2a − dxe)(d%v − xa)
2!od4
− xa(d%w − xe)
!od3
+
(xa%w + d%x − %vxe)− xg
4!od2
= xj by (6.21e): (6.32c)
Art 26d. Derivatives of  and e.












n(2 − f2) −
f0[n(2 − f2)]0
n(2 − f2) by (1.5d)
=
2 _+ 2 _− _d!o
n(2 − f2) −
f0[ _n(2 − f2) + n(−2f _f)]
n(2 − f2)
=
2 _+ 2 _− _d!o − f0 _n(2 − f2) + 2f0nf _f
n(2 − f2)
=
2(%p) + 2xh− xa!o − f0(−}c)(2 − f2) + 2f0nf(%e)
n(2 − f2)
by (6.28a); (6.32a); (6.31a); (6.23a) & (6.24a)
=




2%p − 2xh’a"a − xa!o + 2’f}c(1− ’2c) + 4’f"f’c%e
2"f(1 − ’2c)
=
2%p − 2xh’a"a − xac− 2’f’d}c + 4"f’f’c%e
−"f’d by (1.2b) & (6.1b)
= −2xk by (6.21e) (6.33a)
f¨0 =






[n(2 − f2)][2 _+ 2 _− _d!o − f0 _n(2 − f2) + 2f0nf _f]0
[n(2 − f2)]2
− [2 _+ 2 _−
_d!o − f0 _n(2 − f2) + 2f0nf _f][n(2 − f2)]0
[n(2 − f2)]2
=
[2 _+ 2 _− _d!o − f0 _n(2 − f2) + 2f0nf _f]0
n(2 − f2) −
_f0[n(2 − f2)]0
n(2 − f2) by (6.33a)
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=
(2 _+ 2 _)0
n(2 − f2) −
( _d!o)
0
n(2 − f2) −
[f0 _n(2 − f2)]0
n(2 − f2) +
2(f0nf _f)
0




2 _ _+ 2¨+ 2¨+ 2 _ _
n(2 − f2) −
d¨!o
n(2 − f2) −
_f0 _n(2 − f2) + f0n¨(2 − f2) + f0 _n(−2f _f)
n(2 − f2)
+
2 _f0nf _f + 2f0 _nf _f + 2f0n _f2 + 2f0nff¨
n(2 − f2) −
_f0[ _n(2 − f2) + n(−2f _f)]
n(2 − f2)
=
2¨+ 2¨+ 4 _ _− d¨!o
n(2 − f2) −
_f0 _n(2 − f2) + f0n¨(2 − f2)− 2f0 _nf _f
n(2 − f2)
+
2 _f0nf _f + 2f0 _nf _f + 2f0n _f2 + 2f0nff¨
n(2 − f2) −
_f0 _n(2 − f2)− 2 _f0nf _f
n(2 − f2)
=
2¨+ 2¨+ 4 _ _− d¨!o
n(2 − f2) −
2 _f0 _n+ f0n¨
n
+
4 _f0nf _f + 4f0 _nf _f + 2f0n _f2 + 2f0nff¨
n(2 − f2)
=
2(%q) + 2xi+ 4xh(%p)− xe!o
n(2 − f2) −
2(−2xk)(−}c) + f0(−%a"f )
n
+
4(−2xk)nf(%e) + 4f0(−}c)f(%e) + 2f0n(%e)2 + 2f0nf(−%f )
n(2 − f2)
by (6.28); (6.32); (6.31); (6.33a); (6.23) & (6.24)
=
2%q + 2xi+ 4xh%p − xe!o




−8xk%enf− 4}c%ef0f + 22%2ef0n− 2%ff0nf
n(2 − f2)
=
2%q + 2xi(−’a"a) + 4xh%p − xe!o
"f (2 − 2’2c)
− 4xk}c − "f%a(2’f=)
"f
+
−8xk%e"f (’c)− 4}c%e(2’f=)(’c) + 22%2e(2’f=)"f − 2%f (2’f=)"f(’c)
"f (2 − 2’2c)
by (6.2)
=





−8xk%e"f’c − 8’f’c}c%e + 4%2e’f "f − 4%f’f "f’c
−"f’d by (1.2b) & (6.1b)
=
2"a’axi − 2%q − 4xh%p + xec+ 8xk%e"f’c + 8’f’c}c%e − 4%2e’f "f + 4%f’f "f’c
"f’d
− 4xk}c − 2"f%a’f
"f
























0 − [2 _f0 _n+ f0n¨] _n
n2
+
[n(2 − f2)][4 _f0nf _f + 4f0 _nf _f + 2f0n _f2 + 2f0nff¨]0
[n(2 − f2)]2
− [4
_f0nf _f + 4f0 _nf _f + 2f0n _f2 + 2f0nff¨][n(2 − f2)]0
[n(2 − f2)]2
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=
[2¨+ 2¨+ 4 _ _− d¨!o]0
n(2 − f2) −




0 − [2 _f0 _n+ f0n¨] _n
n2
+




_f0nf _f + 4f0 _nf _f + 2f0n _f2 + 2f0nff¨][n(2 − f2)]0
[n(2 − f2)]2
=
[2¨+ 2¨+ 4 _ _− d¨!o]0










0 − [2 _f0 _n+ f0n¨] _n
n2
+









+ 2¨ _+ 4¨ _+ 4 _¨− ...d!o
n(2 − f2) −




2 _f0 _n+ f0n¨
n







[2 _f0 _n+ f0n¨] _n
n2
+
4f¨0nf _f + 4 _f0 _nf _f + 4 _f0n _f2 + 4 _f0nff¨
n(2 − f2)
+4 _f0 _nf _f + 4f0n¨f _f + 4f0 _n _f2 + 4f0 _nff¨ + 2 _f0n _f2 + 2f0 _n _f2 + 4f0n _ff¨
n(2 − f2)
+









+ 6¨ _+ 6 _¨− ...d!o
n(2 − f2) −




2 _f0 _n+ f0n¨
n

− n[2f¨0 _n+ 2
_f0n¨+ _f0n¨+ f0
...
n ]− _n[2 _f0 _n+ f0n¨]
n2
+
8 _f0 _nf _f + 4f0n¨f _f + 4f0 _n _f2 + 6f0 _nff¨ + 2f0 _n _f2
n(2 − f2)
+





2(%r) + 2xj+ 6xi(%p) + 6xh(%q)− xg!o
n(2 − f2)
− (−}c)(




2(−2xk)(−}c) + f0(−%a"f )
n

− n[2(2xl)(−}c) + 2(−2xk)(−%a"f ) + (−2xk)(−%a"f ) + f0(%d)]− (−}c)[2(−2xk)(−}c) + f0(−%a"f )]
n2
+
8(−2xk)(−}c)f(%e) + 4f0(−%a"f )f(%e) + 4f0(−}c)(%e)2 + 6f0(−}c)f(−%f ) + 2f0(−}c)(%e)2
n(2 − f2)
+
4(2xl)nf(%e) + 6(−2xk)n(%e)2 + 6f0n(%e)(−%f ) + 6(−2xk)nf(−%f) + 2f0nf(%h)
n(2 − f2)
by (6.28); (6.32); (6.31); (6.23); (6.24); (6.33a) & (6.33b)
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=
2%r + 2xj+ 6xi%p + 6xh%q − xg!o
n(2 − f2) −







− n[−4xl}c + 4xk%a"f + 2xk%a"f + %df0] + }c[4xk}c − %a"ff0]
n2
+
16%exk}cf− 4%e%a"ff0f− 42}c%2ef0 + 6}c%ff0f− 22%2e}cf0
n(2 − f2)
+
8%exlnf− 122%2exkn− 62%e%ff0n+ 12%fxknf + 2%hf0nf
n(2 − f2)
=
2%r + 2xj(−’a"a) + 6xi%p + 6xh%q − xg!o
"f (2 − 2’2c)
− −}c(
2 − 2’2c)− 2%e"f (’c)
"f (2 − 2’2c)

2xl +
4xk}c − %a"f (2’f=)
"f

− "f [−4xl}c + 4xk%a"f + 2xk%a"f + %d(2’f=)] + }c[4xk}c − %a"f (2’f=)]
"2f
+
16%exk}c(’c)− 4%e%a"f (2’f=)(’c)− 42}c%2e(2’f=) + 6}c%f (2’f=)(’c)
"f (2 − 2’2c)
+
−22%2e}c(2’f=) + 8%exl"f (’c)− 122%2exk"f − 62%e%f (2’f=)"f
"f (2 − 2’2c)
+
12%fxk"f (’c) + 2%h(2’f=)"f(’c)
"f (2 − 2’2c)
by (6.2)
=









− "f [(−4xl}c + 4xk%a"f + 2xk%a"f ) + 2%d’f ] + }c(4xk}c − 2%a"f’f )
"2f
+
16%exk}c’c − 8%e%a"f’f’c − 8}c%2e’f + 12}c%f’f’c − 4%2e}c’f
−"f’d
+
8%exl"f’c − 12%2exk"f − 12%e%f’f"f + 12%fxk"f’c + 4%h’f"f’c
−"f’d by (1.2b) & (6.1b)
= 2













− "f [(−2xl}c + 2xk%a"f + xk%a"f ) + %d’f ] + }c(2xk}c − %a"f’f )
"2f
− 8%exk}c’c − 4%e%a"f’f’c − 4}c%
2
e’f + 6}c%f’f’c − 2%2e}c’f
"f’d
− 4%exl"f’c − 6%
2
exk"f − 6%e%f’f"f + 6%fxk"f’c + 2%h’f"f’c
"f’d

= 2xm by (6.21f): (6.33c)
In consequence of the foregoing derivations, we obtain
_f1 = (1=2)[(κ  bp)f0]0 by (1.5d)
= (=2)(bκ  bp) _f0
= (=2)("b)(−2xk) by (6.1a) & (6.33a)
= −"bxk (6.34a)
f¨1 = (=2)(bκ  bp)f¨0 by (6.34a)
= (=2)"b(2xl) by (6.1a) & (6.33b)
= "bxl (6.34b)
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f1 = (=2)(bκ  bp) ...f0 by (6.34b)




= (1=2)( _mf0 +m _f0)
= (1=2)[(−}a)(2’f=) + ("e)(−2xk)] by (6.22a); (6.2f); (6.2b) & (6.33a)
= −}a’f − "exk = xn by (6.21g) (6.35a)
f¨2 = (1=2)( _mf0 +m _f0)
0
by (6.35a)
= (1=2)(m¨f0 + _m _f0 + _m _f0 +mf¨0)
= (1=2)(m¨f0 + 2 _m _f0 +mf¨0)
= (1=2)[(−%a"e)(2’f=) + 2(−}a)(−2xk) + ("e)(2xl)] by (6.22); (6.2) & (6.33)
= −%a"e’f + (2}axk + "exl) = xo by (6.21g) (6.35b)
...
f2 = (1=2)(m¨f0 + 2 _m _f0 +mf¨0)
0
by (6.35b)
= (1=2)(...mf0 + m¨ _f0 + 2m¨ _f0 + 2 _mf¨0 + _mf¨0 +m
...
f0)
= (1=2)(...mf0 + 3m¨ _f0 + 3 _mf¨0 +m
...
f0)
= (1=2)[(%c)(2’f=) + 3(−%a"e)(−2xk) + 3(−}a)(2xl) + ("e)(2xm)]
by (6.22); (6.2) & (6.33)
= %c’f + (3%a"exk − 3}axl + "exm) = xq by (6.21g): (6.35c)
The derivatives of e are computed as
_e = [f1(r h) + f2bp]0 by (1.5b)
= _f1(r h) + f1(u h) + _f2bp
= _f1(r h)− f1(z + qbr) + _f2bp by (1.5c)
= (−"bxk)(r h)− ("b’f )(z + qbr) + (xn)bp by (6.34a); (6.2g) & (6.35a)
= −"bxk(r h)− "b’f (z + qbr) + xnbp
= xnbp− "b’fz− q"b’fbr− "bxk(r h) (6.36a)
e¨ = [ _f1(r h) + f1(u h) + _f2bp]0 by (6.36a)
= f¨1(r  h) + _f1(u h) + _f1(u h) + f1(a h) + f¨2bp
= f¨1(r  h) + 2 _f1(u h) + f1(a h) + f¨2bp
= ("bxl)(r h) + 2(−"bxk)(u h) + ("b’f )(a h) + xobp by (6.34); (6.2g) & (6.35b)
= "bxl(r h)− 2"bxk(−z− qbr) + "b’f [(−qr=r3) h] + xobp by (1.5a) & (1.5c)
= "bxl(r h) + 2"bxk(z + qbr)− "b’f%a(r h) + xobp by (6.21b)
= xobp + 2"bxkz + 2q"bxkbr + "b(xl − ’f%a)(r h)
= xobp + 2"bxkz + 2q"bxkbr + xp(r h) by (6.21g) (6.36b)
...e = [f¨1(r h) + 2 _f1(u h) + f1(a h) + f¨2bp]0 by (6.36b)
=
...










f1(r h) + 3f¨1(u h) + 3 _f1[(−%ar) h] + f1[(−%au + 3%a%br) h] +
...
f2bp
by (1.5a); (6.21b) & (6.26a)
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=
...





f1 − 3 _f1%a + 3%a%bf1)(r h) + (3f¨1 − %af1)(u h) +
...
f2bp
= [("bxm)− 3(−"bxk)%a + 3%a%b("b’f )](r h) + [3("bxl)− %a("b’f )](u h) + xqbp
by (6.34); (6.2g) & (6.35c)
= "b(xm + 3xk%a + 3%a%b’f )(r h) + "b(3xl − %a’f )(u h) + xqbp
= xr(r h) + xs(−z− qbr) + xqbp by (6.21g) & (1.5c)
= xqbp− xsz− qxsbr + xr(r h) (6.36c)
_ = [(2− nf2f0)−2]0 by (1.5b)
= −2(2 _+ 2 _− _nf2f0 − 2nf _ff0 − nf2 _f0)
= −2[2xh+ 2(%p)− (−}c)f2f0 − 2nf(%e)f0 − nf2(−2xk)]
by (6.32a); (6.28a); (6.23a); (6.24a) & (6.33a)
= −2(2xh+ 2%p + }cf2f0 − 2%enff0 + 2xknf2)
= −2[2xh(−’a"a) + 2%p + }c(’c)2(2’f=)− 2%e"f (’c)(2’f=)
+ 2xk"f (’c)2] by (6.2)
= −2(−2xh’a"a + 2%p + 2}c’2c’f − 4%e"f’c’f + 22xk"f’2c)
= 2−1(%p − xh’a"a + }c’2c’f − 2%e"f’c’f + xk"f’2c) = 2xt= by (6.21g) (6.37a)
¨ = −2(2 _+ 2 _− _nf2f0 − 2nf _ff0 − nf2 _f0)0 by (6.37a)
= −2[2¨+ 2 _ _+ 2 _ _+ 2¨− n¨f2f0 − 2 _nf _ff0 − _nf2 _f0 − 2 _nf _ff0 − 2n _f2f0
− 2nff¨f0 − 2nf _f _f0 − _nf2 _f0 − 2nf _f _f0 − nf2f¨0]
= −2(2¨+ 4 _ _+ 2¨− n¨f2f0 − 4 _nf _ff0 − 2 _nf2 _f0 − 2n _f2f0
− 2nff¨f0 − 4nf _f _f0 − nf2f¨0)
= −2[2xi+ 4xh(%p) + 2(%q)− (−%a"f)f2f0 − 4(−}c)f(%e)f0 − 2(−}c)f2(−2xk)
− 2n(%e)2f0 − 2nf(−%f)f0 − 4nf(%e)(−2xk)− nf2(2xl)]
by (6.32); (6.28); (6.23); (6.24) & (6.33)
= −2(2xi+ 4xh%p + 2%q + %a"ff2f0 + 4}c%eff0 − 4}cxkf2
− 22%2enf0 + 2%fnff0 + 8%exknf− 2xlnf2)
= −2[2xi(−’a"a) + 4xh%p + 2%q + %a"f(’c)2(2’f=) + 4}c%e(’c)(2’f=)
− 4}cxk(’c)2 − 22%2e"f(2’f=) + 2%f"f (’c)(2’f=) + 8%exk"f(’c)
− 2xl"f(’c)2] by (6.2)
= 2−1(−"a’axi + 2xh%p + %q + %a"f’2c’f + 4}c%e’c’f − 2}cxk’2c
− 2%2e"f’f + 2%f"f’c’f + 4%exk"f’c − "fxl’2c)
= 2xu= by (6.21g) (6.37b)
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 = −2[(2¨+ 4 _ _+ 2¨− n¨f2f0 − 4 _nf _ff0 − 2 _nf2 _f0 − 2n _f2f0)0
+ (−2nff¨f0 − 4nf _f _f0 − nf2f¨0)0 by (6.37b)
= −2[2
...
+ 2¨ _+ 4¨ _+ 4 _¨+ 2 _¨+ 2
...
 − ...nf2f0 − 2n¨f _ff0 − n¨f2 _f0
− 4n¨f _ff0 − 4 _n _f2f0 − 4 _nff¨f0 − 4 _nf _f _f0 − 2n¨f2 _f0 − 4 _nf _f _f0 − 2 _nf2f¨0
− 2 _n _f2f0 − 4n _ff¨f0 − 2n _f2 _f0 − 2 _nff¨f0 − 2n _ff¨f0 − 2nf
...
ff0 − 2nff¨ _f0





+ 6¨ _+ 6 _¨+ 2
...
 − ...nf2f0 − n¨f2 _f0 − 6n¨f _ff0 − 6 _n _f2f0
− 6 _nff¨f0 − 12 _nf _f _f0 − 2n¨f2 _f0 − 3 _nf2f¨0 − 4n _ff¨f0 − 6n _f2 _f0
− 2n _ff¨f0 − 2nf
...
ff0 − 6nff¨ _f0 − 6nf _ff¨0 − nf2
...
f0]
= −2[2xj+ 6xi(%p) + 6xh(%q) + 2(%r)− %df2f0 − (−%a"f )f2(−2xk)
− 6(−%a"f )f(%e)f0 − 6(−}c)(%e)2f0 − 6(−}c)f(−%f )f0 − 12(−}c)f(%e)(−2xk)
− 2(−%a"f )f2(−2xk)− 3(−}c)f2(2xl)− 4n(%e)(−%f )f0
− 6n(%e)2(−2xk)− 2n(%e)(−%f )f0 − 2nf(%h)f0 − 6nf(−%f )(−2xk)
− 6nf(%e)(2xl)− nf2(2xm)] by (6.32); (6.28); (6.23); (6.24) & (6.33)
= −2[2xj+ 6%pxi + 6%qxh + 2%r− %df2f0 − 2xk%a"ff2 + 6%e%a"fff0
+ 62%2e}cf0 − 6%f}cff0 − 24%exk}cf− 4xk%a"ff2 + 6xl}cf2
+ 42%e%fnf0 + 122%2exkn+ 2
2%e%fnf0 − 2%hnff0 − 12%fxknf
− 12%exlnf− 2xmnf2]
= −2[2xj(−’a"a) + 6%pxi + 6%qxh + 2%r− %d(’c)2(2’f=)− 2xk%a"f (’c)2
+ 6%e%a"f (’c)(2’f=) + 62%2e}c(2’f=)− 6%f}c(’c)(2’f=)− 24%exk}c(’c)
− 4xk%a"f(’c)2 + 6xl}c(’c)2 + 42%e%f"f (2’f=) + 122%2exk"f
+ 22%e%f"f (2’f=)− 2%h"f (’c)(2’f=)− 12%fxk"f (’c)
− 12%exl"f (’c)− 2xm"f(’c)2] by (6.2)
= −2[−2’a"axj + 6%pxi + 6%qxh + 2%r− 2%d’2c’f − 22"f xk%a’2c
+ 12%e%a"f’c’f + 12%2e}c’f − 12%f}c’c’f − 242%exk}c’c
− 42xk%a"f’2c + 62}cxl’2c + 8%e%f"f’f + 122%2exk"f
+ 4%e%f"f’f − 4%h"f’c’f − 122%f xk"f’c − 122%exl"f’c − 22"f xm’2c ]
= 2−1[−’a"axj + 3%pxi + 3%qxh + %r− %d’2c’f − "fxk%a’2c
+ 6%e%a"f’c’f + 6%2e}c’f − 6%f}c’c’f − 12%exk}c’c
− 2xk%a"f’2c + 3}cxl’2c + 4%e%f"f’f + 6%2exk"f
+ 2%e%f"f’f − 2%h"f’c’f − 6%fxk"f’c − 6%exl"f’c − "fxm’2c ]
= 2xv= by (6.21g): (6.37c)
Art 26e. Development of equation (3.15a).
We are now ready to evaluate the quantities dened by (3.15). We start with
_Y = c _d−  _ by (3.15a)
= cxa − (2xt=) by (6.31a) & (6.37a)
= cxa − 2xt = ya by (6.21h) (6.38a)
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Y¨ = cd¨− ¨ by (3.15a)
= cxe − (2xu=) by (6.31b) & (6.37b)




d − ... by (3.15a)
= cxg − (2xv=) by (6.31c) & (6.37c)
= cxg − 2xv = yc by (6.21h) (6.38c)
b1 = _− 1 by (3.15a)
= xh − 1 by (6.32a)
= yd by (6.21h) (6.39a)
b2 = 2 _− 1 by (3.15a)
= 2xh − 1 by (6.32a)
= ye by (6.21h) (6.39b)
b3 = 3 _− 1 by (3.15a)
= 3xh − 1 by (6.32a)
= yf by (6.21h) (6.39c)
b4 = ¨ _Y− Y¨b1 by (3.15a)
= xiya − ybyd by (6.32b); (6.38) & (6.39a)
= yg by (6.21h) (6.39d)
b5 = _Yb2 − Y¨ by (3.15a)
= yaye − yb by (6.38) & (6.39b)
= yh by (6.21h) (6.39e)
b6 = b1b2 − ¨ by (3.15a)
= ydye − xi by (6.32b); (6.39a) & (6.39b)
= yi by (6.21h): (6.39f)
Art 26f. Development of equation (3.15b).
We have furthermore that
Ja = bκ a by (3.15b)
= bκ (−%ar) by (1.5a) & (6.21b)
= −%a(bκ r) (6.40a)
Jb = bκ _a by (3.15b)
= bκ (−%au + 3%a%br) by (6.26a)
= −%a(bκ u) + 3%a%b(bκ r) (6.40b)
Jc = bκ a¨ by (3.15b)
= bκ (6%a%bu− %a%lr) by (6.26b)
= 6%a%b(bκ u)− %a%l(bκ r) (6.40c)
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Jd = bκ _e by (3.15b)
= bκ [xnbp− "b’fz− q"b’fbr− "bxk(r h)] by (6.36a)
= xn(bκ bp)− "b’f (bκ z)− q"b’f (bκ br)− "bxk[bκ (r h)]
= xn(bκ bp)− "b’f (bκ z)− q"b’f (bκ br)− "bxk[r(bκ  h)− h(bκ  r)] by (A.1)
= xn(bκ bp)− "b’f (bκ z)− q"b’f (bκ br)− "bxk(ar− r"ah) by (6.10a) & (6.1a)
= r"a"bxkh− "bxkar + xn(bκ bp)− "b’f (bκ  z)− q"b’f (bκ br) (6.40d)
Je = bκ e¨ by (3.15b)
= bκ [xobp + 2"bxkz + 2q"bxkbr + xp(r h)] by (6.36b)
= xo(bκ bp) + 2"bxk(bκ z) + 2q"bxk(bκ br) + xp[bκ (r h)]
= xo(bκ bp) + 2"bxk(bκ z) + 2q"bxk(bκ br) + xp[r(bκ  h)− h(bκ  r)] by (A.1)
= xo(bκ bp) + 2"bxk(bκ z) + 2q"bxk(bκ br) + xp(ar− r"ah) by (6.10a) & (6.1a)
= xpar− rxp"ah + xo(bκ bp) + 2"bxk(bκ z) + 2q"bxk(bκ br) (6.40e)
Jf = a _a by (3.15b)
= (−%ar) (−%au + 3%a%br) by (1.5a); (6.21b) & (6.26a)
= −%2a(u r) = −%2ah by (1.5c) (6.40f)
Jg = a a¨ by (3.15b)
= (−%ar) (6%a%bu− %a%lr) by (1.5a); (6.21b) & (6.26b)
= 6%2a%b(u r) = 6%2a%bh by (1.5c) (6.40g)
Jh = a _e by (3.15b)
= (−%ar) [xnbp− "b’fz− q"b’fbr− "bxk(r h)] by (1.5a); (6.21b) & (6.36a)
= −%axn(r bp) + %a"b’f (r z) + %a"bxk[r (r h)]
= −%axn(r bp) + %a"b’f (r z) + %a"bxk[(r  h)r− r2h] by (A.1)
= −%axn(r bp) + %a"b’f (r z)− %a"br2xkh by (1.5c)
= −%axn(r bp) + %a"b’f (r z)− ’b"bxkh by (6.1b) & (6.21b) (6.40h)
Ji = a e¨ by (3.15b)
= (−%ar) [xobp + 2"bxkz + 2q"bxkbr + xp(r h)] by (1.5a); (6.21b) & (6.36b)
= −%axo(r bp)− 2%a"bxk(r z)− %axp[r (r h)]
= −%axo(r bp)− 2%a"bxk(r z)− %axp[(r  h)r− r2h] by (A.1)
= −%axo(r bp)− 2%a"bxk(r z) + %ar2xph by (1.5c)
= −%axo(r bp)− 2%a"bxk(r z) + ’bxph by (6.1b) & (6.21b) (6.40i)
Jj = _a a¨ by (3.15b)
= (−%au + 3%a%br) (6%a%bu− %a%lr) by (6.26)
= −6%2a%b(u u) + %2a%l(u r) + 18%2a%2b(r u)− 3%2a%b%l(r r)
= (%2a%l − 18%2a%2b)(u r) = %2a(%l − 18%2b)h by (1.5c)
= yjh by (6.21h) (6.40j)
Jk = _a _e by (3.15b)
= (−%au + 3%a%br) [xnbp− "b’fz− q"b’fbr− "bxk(r h)] by (6.26a) & (6.36a)
= −%axn(u bp) + %a"b’f (u z) + q%a"b’f (u br) + %a"bxk[u (r h)]
+ 3%a%bxn(r bp)− 3%a%b"b’f (r z)− 3q%a%b"b’f (r br)− 3%a%b"bxk[r (r h)]
= −%axn(u bp) + %a"b’f (u z) + q%a"b’f (u br) + %a"bxk[(u  h)r− (u  r)h]
+ 3%a%bxn(r bp)− 3%a%b"b’f (r z)− 3%a%b"bxk[(r  h)r − r2h] by (A.1)
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= −%axn(u bp) + %a"b’f (u z) + (q=r)%a"b’fh + %a"bxk(−r2%bh)
+ 3%a%bxn(r bp)− 3%a%b"b’f (r z)− 3%a%b"bxk(−r2h) by (1.5c) & (6.27b)
= −%axn(u bp) + %a"b’f (u z) + ’b%a"b’fh− ’b%b"bxkh
+ 3%a%bxn(r bp)− 3%a%b"b’f (r z) + 3’b%b"bxkh by (6.1b) & (6.21b)
= −%axn(u bp) + %a"b’f (u z) + 3%a%bxn(r bp)− 3%a%b"b’f (r z)
+ ’b"b(%a’f + 2%bxk)h
= −%axn(u bp) + %a"b’f (u z) + 3%a%bxn(r bp)
− 3%a%b"b’f (r z) + ykh by (6.21h)
(6.40k)
Jl = _a e¨ by (3.15b)
= (−%au + 3%a%br) [xobp + 2"bxkz + 2q"bxkbr + xp(r h)] by (6.26a) & (6.36b)
= −%axo(u bp)− 2%a"bxk(u z)− 2q%a"bxk(u br)− %axp[u (r h)]
+ 3%a%bxo(r bp) + 6%a%b"bxk(r z) + 6q%a%b"bxk(r br) + 3%a%bxp[r (r h)]
= −%axo(u bp)− 2%a"bxk(u z)− 2q%a"bxk(u br)− %axp[(u  h)r− (u  r)h]
+ 3%a%bxo(r bp) + 6%a%b"bxk(r z) + 3%a%bxp[(r  h)r − r2h] by (A.1)
= −%axo(u bp)− 2%a"bxk(u z)− 2(q=r)%a"bxkh− %axp(−r2%bh)
+ 3%a%bxo(r bp) + 6%a%b"bxk(r z) + 3%a%bxp(−r2h) by (1.5c) & (6.27b)
= −%axo(u bp)− 2%a"bxk(u z)− 2’b%a"bxkh + ’bxp%bh
+ 3%a%bxo(r bp) + 6%a%b"bxk(r z)− 3’b%bxph by (6.1b) & (6.21b)
= −%axo(u bp)− 2%a"bxk(u z) + 3%a%bxo(r bp) + 6%a%b"bxk(r z)
− 2’b(%a"bxk + %bxp)h
= −%axo(u bp)− 2%a"bxk(u z) + 3%a%bxo(r bp)
+ 6%a%b"bxk(r z)− ylh by (6.21h)
(6.40l)
Jn = _e a¨ by (3.15b)
= [xnbp− "b’fz− q"b’fbr− "bxk(r h)] (6%a%bu− %a%lr) by (6.36a) & (6.26b)
= −6%a%bxn(u bp) + 6%a%b"b’f (u z) + 6q%a%b"b’f (u br) + 6%a%b"bxk[u (r h)]
+ %a%lxn(r bp)− "b%a%l’f (r z)− q"b%a%l’f (r br)− "b%a%lxk[r (r h)]
= −6%a%bxn(u bp) + 6%a%b"b’f (u z) + 6q%a%b"b’f (u br) + 6%a%b"bxk[(u  h)r− (u  r)h]
+ %a%lxn(r bp)− "b%a%l’f (r z)− "b%a%lxk[(r  h)r− r2h] by (A.1)
= −6%a%bxn(u bp) + 6%a%b"b’f (u z) + 6(q=r)%a%b"b’fh + 6%a%b"bxk(−r2%bh)
+ %a%lxn(r bp)− "b%a%l’f (r  z)− "b%a%lxk(−r2h) by (1.5c) & (6.27b)
= −6%a%bxn(u bp) + 6%a%b"b’f (u z) + 6’b%a%b"b’fh− 6’b%2b"bxkh
+ %a%lxn(r bp)− "b%a%l’f (r  z) + "b’b%lxkh by (6.1b) & (6.21b)
= −6%a%bxn(u bp) + 6%a%b"b’f (u z) + %a%lxn(r bp)− "b%a%l’f (r  z)
+ "b’b[6%a%b’f + xk(%l − 6%2b)]h
= −6%a%bxn(u bp) + 6%a%b"b’f (u z) + %a%lxn(r bp)
− "b%a%l’f (r z) + ymh by (6.21h)
(6.40m)
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Jo = _e e¨ by (3.15b)
= [xnbp− "b’fz− q"b’fbr− "bxk(r h)] [xobp + 2"bxkz + 2q"bxkbr + xp(r h)] by (6.36)
= 2"bxkxn(bp z) + 2q"bxkxn(bp br) + xpxn[bp (r h)]− xo"b’f (z  bp)
− 2q"2bxk’f (z br)− xp"b’f [z (r h)]− xoq"b’f (br bp)
− 2"2bxkq’f (br z)− xpq"b’f [br (r h)] + "bxkxo[bp (r h)]
+ 22"2bx
2
k[z (r h)] + 2q2"2bx2k[br (r h)]
= "b(2xkxn + xo’f )(bp z) + q"b(2xkxn + xo’f )(bp br) + (xpxn + "bxkxo)[bp (r h)]
+ "b(22"bx2k − xp’f )[z (r h)] + q"b(22"bx2k − xp’f )[br  (r h)]
= "byn(bp z) + q"byn(bp br) + yo[(bp  h)r− (bp  r)h]
+ "byp[(z  h)r− (z  r)h] + q"byp[(br  h)r− rh] by (6.21h) & (A.1)
= "byn(bp z) + q"byn(bp br) + yo(cr− r"ch) + "byp(−r"dh)
+ q"byp(−rh) by (1.5c); (6.10a) & (6.1a)
= "byn(bp z) + q"byn(bp br) + yocr− r["cyo + "byp("d + q)]h
= "byn(bp z) + q"byn(bp br) + yocr− r("cyo + "byp}b)h by (6.10b)
= "byn(bp z) + q"byn(bp br) + yocr− yqh by (6.21h): (6.40n)
Art 26g. Development of equation (3.15c).
From the foregoing derivations, we obtain
Jp = b4Ja + b5Jb +  _YJc − Y¨Jd + _YJe + b6Jf + b1Jg by (3.15c)
= ygJa + yhJb + yaJc − ybJd + yaJe + yiJf + ydJg by (6.38) & (6.39)
= yg[−%a(bκ r)] + yh[−%a(bκ  u) + 3%a%b(bκ r)] + ya[6%a%b(bκ u)− %a%l(bκ r)]
− yb[r"a"bxkh− "bxkar + xn(bκ bp)− "b’f (bκ z)− q"b’f (bκ br)]
+ ya[xpar− rxp"ah + xo(bκ bp) + 2"bxk(bκ z) + 2q"bxk(bκ br)]
+ yi[−%2ah] + yd[6%2a%bh] by (6.40)
= −yg%a(bκ r)− yh%a(bκ u) + 3yh%a%b(bκ r) + 6ya%a%b(bκ u)− ya%a%l(bκ r)
− ybr"a"bxkh + yb"bxkar− ybxn(bκ bp) + yb"b’f (bκ z) + ybq"b’f (bκ br)
+ yaxpar− yarxp"ah + yaxo(bκ bp) + 2ya"bxk(bκ z) + 2yaq"bxk(bκ br)
− yi%2ah + 6yd%2a%bh
= −yg%a(bκ r) + 3yh%a%b(bκ r)− ya%a%l(bκ r) + ybq"b’f (bκ br) + 2yaq"bxk(bκ  br)
− yh%a(bκ u) + 6ya%a%b(bκ u)− ybxn(bκ bp) + yaxo(bκ bp) + yb"b’f (bκ z)
+ 2ya"bxk(bκ z) + yb"bxkar + yaxpar− ybr"a"bxkh− yarxp"ah
− yi%2ah + 6yd%2a%bh
= (−ryg%a + 3ryh%a%b − rya%a%l + ybq"b’f + 2yaq"bxk)(bκ br)
+ (−yh%a + 6ya%a%b)(bκ u) + (−ybxn + yaxo)(bκ bp) + (yb"b’f + 2ya"bxk)(bκ z)
+ (yb"bxka + yaxpa)r + (−ybr"a"bxk − yarxp"a − yi%2a + 6yd%2a%b)h
= (−’ayg + 3’a%byh − ’a%lya + q"b’fyb + 2q"bxkya)(bκ br)
+ %a(6%bya − yh)(bκ  u) + (xoya − xnyb)(bκ  bp) + "b(’fyb + 2xkya)(bκ z)
+ a("bxkyb + xpya)r + [−r"a("bxkyb + xpya)− %2a(yi − 6%byd)]h by (6.1b) & (6.21b)
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= [’a(3%byh − %lya − yg) + q"b(’fyb + 2xkya)](bκ  br)
− %a(yh − 6%bya)(bκ u) + (xoya − xnyb)(bκ bp) + "b(’fyb + 2xkya)(bκ z)
+ a("bxkyb + xpya)r− [r"a("bxkyb + xpya) + %2a(yi − 6%byd)]h
= (’ayw + q"byr)(bκ br)− %ays(bκ u) + yu(bκ bp) + "byr(bκ z)
+ ayvr− (r"ayv + %2ayt)h by (6.21h)
= yx(bκ br)− %ays(bκ u) + yu(bκ bp) + "byr(bκ z) + ayvr− yyh by (6.21h) (6.41a)
Jq = −¨Jh + b1Ji + 2Jj − b2Jk + Jl + Jn + Jo by (3.15c)
= −xiJh + ydJi + 2Jj − yeJk + Jl + Jn + Jo by (6.32b) & (6.39)
= −xi[−%axn(r  bp) + %a"b’f (r z)− ’b"bxkh] + yd[−%axo(r bp)− 2%a"bxk(r z) + ’bxph]
+ 2[yjh]− ye[−%axn(u bp) + %a"b’f (u z) + 3%a%bxn(r  bp)− 3%a%b"b’f (r z) + ykh]
+ [−%axo(u bp)− 2%a"bxk(u z) + 3%a%bxo(r bp) + 6%a%b"bxk(r  z)− ylh]
+ [−6%a%bxn(u bp) + 6%a%b"b’f (u z) + %a%lxn(r bp)− "b%a%l’f (r z) + ymh]
+ ["byn(bp z) + q"byn(bp br) + yocr− yqh] by (6.40)
= %axnxi(r bp)− %a"b’f xi(r z) + ’b"bxkxih− %axoyd(r bp)− 2%a"bxkyd(r z) + ’bxpydh
+ 2yjh + %axnye(u bp)− %a"b’fye(u z)− 3%a%bxnye(r bp) + 3%a%b"b’fye(r z)− ykyeh
− %axo(u bp)− 2%a"bxk(u z) + 3%a%bxo(r  bp) + 6%a%b"bxk(r z)− ylh
− 6%a%bxn(u bp) + 6%a%b"b’f (u z) + %a%lxn(r bp)− "b%a%l’f (r z) + ymh
+ "byn(bp z) + q"byn(bp br) + yocr− yqh
= (%axnxi − %axoyd − 3%a%bxnye + 3%a%bxo + %a%lxn)(r bp)− (q=r)"byn(r bp)
+ (−%a"b’f xi − 2%a"bxkyd + 3%a%b"b’fye + 6%a%b"bxk − "b%a%l’f )(r z)
+ (%axnye − %axo − 6%a%bxn)(u  bp) + (−%a"b’fye − 2%a"bxk + 6%a%b"b’f )(u  z)
+ "byn(bp z) + ’b"bxkxih + ’bxpydh + 2yjh− ykyeh− ylh + ymh− yqh + yocr
= [%a(xnxi − xoyd)− 3%a%b(xnye − xo) + %a%lxn − "b’byn](r bp)
+ %a"b[’f (3%bye − xi − %l) + 2xk(3%b − yd)](r z)
+ %a(xnye − xo − 6%bxn)(u bp) + %a"b(−’fye − 2xk + 6%b’f )(u z)
+ "byn(bp z) + [’b("bxkxi + xpyd) + (yj − yl + ym)− ykye − yq]h
+ yocr by (6.1b)
= κa(r bp) + κb(r z) + κc(u bp) + κd(u z) + "byn(bp z)
+ κeh + yocr by (6.21i)
(6.41b)
Jr = _Ybκ + b1a +  _a + _e by (3.15c)
= yabκ + yda +  _a + _e by (6.38a) & (6.39a)
= yabκ + yd(−%ar) + (−%au + 3%a%br) + [xnbp− "b’fz− q"b’fbr− "bxk(r h)]
by (1.5a); (6.21b); (6.26a) & (6.36a)
= yabκ− %aydr− %au + 3%a%br + xnbp− "b’fz− q"b’fbr− "bxk(r h)
= yabκ + xnbp− "b’fz− %au + [−%ayd + 3%a%b − (q=r)"b’f ]r− "bxk(r  h)
= yabκ + xnbp− "b’fz− %au− (%ayd − 3%a%b + ’b"b’f )r− "bxk(r h) by (6.1b)
= yabκ + xnbp− "b’fz− %au− κfr− "bxk(r h) by (6.21i) (6.41c)
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Jp + Jq = yx(bκ br)− %ays(bκ  u) + yu(bκ bp) + "byr(bκ  z) + ayvr− yyh
+ κa(r bp) + κb(r z) + κc(u bp) + κd(u z) + "byn(bp z)
+ κeh + yocr by (6.41a) & (6.41b)
= (ayv + cyo)r + (κe − yy)h + yx(bκ br) + yu(bκ bp) + "byr(bκ z)
+ "byn(bp z) + κa(r bp) + κb(r z)− %ays(bκ u)− κc(bp u)− κd(z  u)
= κgr + κhh + yx(bκ br) + yu(bκ bp) + "byr(bκ z) + "byn(bp z) + κa(r bp)
+ κb(r z)− %ays(bκ u)− κc(bp u)− κd(z  u) by (6.21i): (6.41d)
Art 26h. Magnitude of the vector Jr.
We derive
jJrj2 = (Jr  Jr) = [yabκ + xnbp− "b’fz− %au− κfr− "bxk(r h)]  [yabκ + xnbp
− "b’fz− %au− κfr− "bxk(r h)] by (6.41c)
= y2a(bκ  bκ) + 2xnya(bκ  bp)− 2"b’fya(bκ  z)− 2%aya(bκ  u)
− 2κfya(bκ  r)− 2"bxkya[bκ  (r h)] + x2n(bp  bp)− 2"b’f xn(bp  z)
− 2%axn(bp  u)− 2κf xn(bp  r)− 2"bxkxn[bp  (r  h)] + "2b’2f (z  z)
+ 2%a"b’f (z  u) + 2κf"b’f (z  r) + 2"2bxk’f [z  (r h)] + 2%2a(u  u)
+ 2κf%a(u  r) + 2"bxk%a[u  (r h)] + κ2f (r  r) + 2"bxkκf [r  (r h)]
+ 2"2bx
2
k[(r h)  (r h)]
= y2a + 2xnya"b − 2"b’fyab − 2%aya%o − 2rκfya"a − 2"bxkya"e + x2n
− 2"b’f xnd − 2%axn[h−2("i + "f’b)]− 2rκf xn"c − 2"bxkxn"f + z2"2b’2f
+ 2%a"b’f (−r%b’b) + 2rκf"b’f"d − 2r"2bxk’f"h + 2%2a’2h




2h2 − (r  h)2]
by (6.1a); (6.3b); (6.10a); (6.27) & (A.2)
= y2a + 2xnya"b − 2"b’fyab − 2%aya%o − 2rκfya"a − 2"bxkya"e + x2n
− 2"b’f xnd − 2%axn(=h2)("i + "f’b)− 2rκf xn"c − 2"bxkxn"f + z2"2b’2f
− 2r%b’b%a"b’f + 2rκf "b’f"d − 2r"2bxk’f "h + 2%2a’2h




∴ jJrj = κi by (6.21j): (6.42)
Art 26i. Magnitude of the vector Jp + Jq.
We derive also
r  (Jp + Jq)
= r  [κgr + κhh + yx(bκ br) + yu(bκ bp) + "byr(bκ z) + "byn(bp z) + κa(r bp)
+ κb(r z)− %ays(bκ u)− κc(bp u)− κd(z u)] by (6.41d)
= κg(r  r) + κh(r  h) + yx[r  (bκ br)] + yu[r  (bκ bp)] + "byr[r  (bκ  z)] + "byn[r  (bp z)]
+ κa[r  (r bp)] + κb[r  (r z)]− %ays[r  (bκ u)]− κc[r  (bp u)]− κd[r  (z u)]
= κgr2 + yu&a + r"byrf + "byn&b − %ays[bκ  (u r)]− κc[bp  (u r)]− κd[z  (u r)]
by (1.5c); (6.21a); (6.10a) & (A.4)
= κgr2 + yu&a + r"byrf + "byn&b − %ays(bκ  h)− κc(bp  h)− κd(z  h) by (1.5c)
= κgr2 + yu&a + r"byrf + "byn&b − %aysa − κcc by (6.10a)
= κj by (6.21j) (6.43a)
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h  (Jp + Jq)
= h  [κgr + κhh + yx(bκ br) + yu(bκ bp) + "byr(bκ  z) + "byn(bp z) + κa(r bp)
+ κb(r z)− %ays(bκ u)− κc(bp u)− κd(z u)] by (6.41d)
= κg(h  r) + κh(h  h) + yx[h  (bκ br)] + yu[h  (bκ  bp)] + "byr[h  (bκ z)] + "byn[h  (bp z)]
+ κa[h  (r bp)] + κb[h  (r z)]− %ays[h  (bκ u)]− κc[h  (bp u)]− κd[h  (z u)]
= h2κh + (yx=r)"e − yue + "byr"g + "byn"i − κa"f + rκb"h − %ays[bκ  (u h)]
− κc[bp  (u h)]− κd[z  (u h)] by (6.1a); (6.10a) & (A.4)
= h2κh + (yx=r)"e − yue + "byr"g + "byn"i − κa"f + rκb"h − %ays[bκ  (−z− qbr)]
− κc[bp  (−z− qbr)]− κd[z  (−z− qbr)] by (1.5c)
= h2κh + (yx=r)"e − yue + "byr"g + "byn"i − κa"f + rκb"h − %ays[−(bκ  z)− q(bκ  br)]
− κc[−(bp  z)− q(bp  br)]− κd[−(z  z)− q(z  br)]
= h2κh + "e(yx=r)− yue + "byr"g + "byn"i − κa"f + rκb"h − %ays(−b − q"a)
− κc(−d − q"c)− κd(−z2 − q"d) by (6.1a) & (6.10a)
= h2κh + "e(yx=r)− yue + "byr"g + "byn"i − κa"f + rκb"h + %ays}a + κc}c + κdyz
by (6.10b) & (6.21h)
= κk by (6.21j) (6.43b)
(bκ br)  (Jp + Jq)
= (bκ  br)  [κgr + κhh + yx(bκ br) + yu(bκ bp) + "byr(bκ  z) + "byn(bp z) + κa(r bp)
+ κb(r z)− %ays(bκ u)− κc(bp u)− κd(z u)] by (6.41d)
= κg[r  (bκ br)] + κh[h  (bκ  br)] + yx[(bκ br)  (bκ br)] + yu[(bκ br)  (bκ bp)]
+ "byr[(bκ  br)  (bκ z)] + "byn[(bκ  br)  (bp z)] + κa[(bκ br)  (r bp)]
+ κb[(bκ br)  (r z)]− %ays[(bκ br)  (bκ u)]− κc[(bκ br)  (bp u)]
− κd[(bκ br)  (z u)]
= (κh=r)"e + yx[1− (bκ  br)2] + yu[(br  bp)− (bκ  bp)(br  bκ)] + "byr[(br  z)− (bκ  z)(br  bκ)]
+ "byn[(bκ  bp)(br  z)− (bκ  z)(br  bp)] + κa[(bκ  r)(br  bp)− (bκ  bp)(br  r)]
+ κb[(bκ  r)(br  z)− (bκ  z)(br  r)]− %ays[(br  u)− (bκ  u)(br  bκ)]
− κc[(bκ  bp)(br  u)− (bκ  u)(br  bp)]− κd[(bκ  z)(br  u)− (bκ  u)(br  z)]
by (6.1a) & (A.2)
= (κh=r)"e + yx(1− "2a) + yu("c − "b"a) + "byr("d − b"a) + "byn("b"d − b"c)
+ κa(r"a"c − r"b) + κb(r"a"d − rb)− %ays(r%b − %o"a)− κc(r"b%b − %o"c)
− κd(rb%b − %o"d) by (6.1a); (6.10a) & (6.27)
= κl by (6.21j) (6.43c)
(bκ bp)  (Jp + Jq)
= (bκ bp)  [κgr + κhh + yx(bκ br) + yu(bκ bp) + "byr(bκ z) + "byn(bp z) + κa(r bp)
+ κb(r z)− %ays(bκ u)− κc(bp u)− κd(z u)] by (6.41d)
= κg[r  (bκ bp)] + κh[h  (bκ bp)] + yx[(bκ bp)  (bκ br)] + yu[(bκ bp)  (bκ bp)]
+ "byr [(bκ bp)  (bκ z)] + "byn[(bκ bp)  (bp z)] + κa[(bκ  bp)  (r bp)]
+ κb[(bκ bp)  (r z)]− %ays[(bκ bp)  (bκ  u)]− κc[(bκ bp)  (bp u)]
− κd[(bκ  bp)  (z u)]
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= κg&a − κhe + yx[(bp  br)− (bκ  br)(bp  bκ)] + yu[1− (bκ  bp)2]
+ "byr[(bp  z)− (bκ  z)(bp  bκ)] + "byn[(bκ  bp)(bp  z)− (bκ  z)] + κa[(bκ  r)− (bκ  bp)(bp  r)]
+ κb[(bκ  r)(bp  z)− (bκ  z)(bp  r)]− %ays[(bp  u)− (bκ  u)(bp  bκ)]− κc[(bκ  bp)(bp  u)− (bκ  u)]
− κd[(bκ  z)(bp  u)− (bκ  u)(bp  z)] by (6.21a); (6.10a) & (A.2)
= κg&a − κhe + yx("c − "a"b) + yu(1− "2b) + "byr(d − b"b) + "byn("bd − b) + κa(r"a − r"b"c)
+ κb(r"ad − rb"c)− %ays[(bp  u)− %o"b]− κc["b(bp  u)− %o]− κd[b(bp  u)− %od]
by (6.1a); (6.10a) & (6.27)
= κg&a − κhe + yx("c − "a"b) + yu(1− "2b) + "byr(d − b"b) + "byn("bd − b)
+ κa(r"a − r"b"c) + κb(r"ad − rb"c)− %ays(bp  u) + %ays%o"b
− κc"b(bp  u) + κc%o − κdb(bp  u) + κd%od
= κg&a − κhe + yx("c − "a"b) + yu(1− "2b) + "byr(d − b"b) + "byn("bd − b)
+ rκa("a − "b"c) + rκb("ad − b"c) + %ays%o"b + κc%o + κd%od
− (%ays + κc"b + κdb)(bp  u)
= κg&a − κhe + yx("c − "a"b) + yu(1− "2b) + "byr(d − b"b) + "byn("bd − b)
+ rκa("a − "b"c) + rκb("ad − b"c) + %ays%o"b + κc%o + κd%od
− h−2(%ays + κc"b + κdb)("i + "f’b) by (6.27c)
= κm by (6.21k) (6.43d)
(bκ z)  (Jp + Jq)
= (bκ z)  [κgr + κhh + yx(bκ br) + yu(bκ bp) + "byr(bκ z) + "byn(bp z) + κa(r  bp)
+ κb(r z)− %ays(bκ u)− κc(bp u)− κd(z  u)] by (6.41d)
= κg[r  (bκ z)] + κh[h  (bκ z)] + yx[(bκ z)  (bκ br)] + yu[(bκ z)  (bκ bp)]
+ "byr[(bκ z)  (bκ z)] + "byn[(bκ z)  (bp z)] + κa[(bκ  z)  (r bp)]
+ κb[(bκ  z)  (r z)]− %ays[(bκ z)  (bκ  u)]− κc[(bκ z)  (bp u)]
− κd[(bκ z)  (z u)]
= rκgf + κh"g + yx[(z  br)− (bκ  br)(z  bκ)] + yu[(z  bp)− (bκ  bp)(z  bκ)]
+ "byr[z2 − (bκ  z)2] + "byn[(bκ  bp)z2 − (bκ  z)(z  bp)] + κa[(bκ  r)(z  bp)− (bκ  bp)(z  r)]
+ κb[(bκ  r)z2 − (bκ  z)(z  r)]− %ays[(z  u)− (bκ  u)(z  bκ)]− κc[(bκ  bp)(z  u)− (bκ  u)(z  bp)]
− κd[(bκ  z)(z  u)− (bκ  u)z2] by (6.1a); (6.10a) & (A.2)
= rκgf + κh"g + yx("d − "ab) + yu(d − "bb) + "byr(z2 − 2b ) + "byn("bz2 − bd)
+ κa(r"ad − r"b"d) + κb(r"az2 − rb"d)− %ays(−r%b’b − %ob)− κc["b(−r%b’b)− %od]
− κd[b(−r%b’b)− %oz2] by (6.1a); (6.10a) & (6.27)
= rκgf + κh"g + yx("d − "ab) + yu(d − "bb) + "byr(z2 − 2b ) + "byn("bz2 − bd)
+ rκa("ad − "b"d) + rκb("az2 − b"d) + %ays(r%b’b + %ob) + κc(r"b%b’b + %od)
+ κd(r%b’bb + %oz2) = κn by (6.21k)
(6.43e)
(bp z)  (Jp + Jq)
= (bp z)  [κgr + κhh + yx(bκ  br) + yu(bκ bp) + "byr(bκ z) + "byn(bp z) + κa(r bp)
+ κb(r z)− %ays(bκ u)− κc(bp u)− κd(z u)] by (6.41d)
= κg[r  (bp z)] + κh[h  (bp z)] + yx[(bp z)  (bκ br)] + yu[(bp z)  (bκ bp)]
+ "byr[(bp z)  (bκ z)] + "byn[(bp z)  (bp z)] + κa[(bp z)  (r bp)]
+ κb[(bp z)  (r z)]− %ays[(bp z)  (bκ u)]− κc[(bp z)  (bp u)]
− κd[(bp z)  (z  u)]
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= κg&b + κh"i + yx[(bp  bκ)(z  br)− (bp  br)(z  bκ)] + yu[(bp  bκ)(z  bp)− (z  bκ)]
+ "byr [(bp  bκ)z2 − (bp  z)(z  bκ)] + "byn[z2 − (bp  z)2] + κa[(bp  r)(z  bp)− (z  r)]
+ κb[(bp  r)z2 − (bp  z)(z  r)]− %ays[(bp  bκ)(z  u)− (bp  u)(z  bκ)]
− κc[(z  u)− (bp  u)(z  bp)]− κd[(bp  z)(z  u)− (bp  u)z2] by (6.21a); (6.1a) & (A.2)
= κg&b + κh"i + yx("b"d − "cb) + yu("bd − b)
+ "byr("bz2 − db) + "byn(z2 − 2d) + κa(r"cd − r"d)
+ κb(r"cz2 − rd"d)− %ays["b(−r%b’b)− (bp  u)b]− κc[(−r%b’b)− (bp  u)d]
− κd[d(−r%b’b)− (bp  u)z2] by (6.1a); (6.10a) & (6.27)
= κg&b + κh"i + yx("b"d − "cb) + yu("bd − b) + "byr("bz2 − db) + "byn(z2 − 2d)
+ rκa("cd − "d) + rκb("cz2 − d"d) + %ays"b(r%b’b) + %aysb(bp  u) + κcr%b’b
+ κcd(bp  u) + κdd(r%b’b) + κdz2(bp  u)
= κg&b + κh"i + yx("b"d − "cb) + yu("bd − b) + "byr("bz2 − db) + "byn(z2 − 2d)
+ rκa("cd − "d) + rκb("cz2 − d"d) + rys"b%a%b’b + rκc%b’b + rκdd%b’b
+ (%aysb + κcd + κdz2)(bp  u)
= κg&b + κh"i + yx("b"d − "cb) + yu("bd − b) + "byr("bz2 − db) + "byn(z2 − 2d)
+ rκa("cd − "d) + rκb("cz2 − d"d) + rys"b%a%b’b + rκc%b’b + rκdd%b’b
+ h−2(%aysb + κcd + κdz2)("i + "f’b) by (6.27c)
= κo by (6.21k) (6.43f)
(r bp)  (Jp + Jq)
= (r bp)  [κgr + κhh + yx(bκ br) + yu(bκ bp) + "byr(bκ z) + "byn(bp z) + κa(r bp)
+ κb(r z)− %ays(bκ u)− κc(bp u)− κd(z u)] by (6.41d)
= κg[r  (r bp)] + κh[h  (r bp)] + yx[(r  bp)  (bκ br)] + yu[(r bp)  (bκ  bp)]
+ "byr [(r bp)  (bκ z)] + "byn[(r bp)  (bp z)] + κa[(r bp)  (r bp)]
+ κb[(r bp)  (r z)]− %ays[(r bp)  (bκ u)]− κc[(r  bp)  (bp u)]
− κd[(r  bp)  (z u)]
= −κh"f + yx[(r  bκ)(bp  br)− (r  br)(bp  bκ)] + yu[(r  bκ)− (r  bp)(bp  bκ)]
+ "byr[(r  bκ)(bp  z)− (r  z)(bp  bκ)] + "byn[(r  bp)(bp  z)− (r  z)] + κa[r2 − (r  bp)2]
+ κb[r2(bp  z)− (r  z)(bp  r)]− %ays[(r  bκ)(bp  u)− (r  u)(bp  bκ)]
− κc[(r  bp)(bp  u)− (r  u)]− κd[(r  z)(bp  u)− (r  u)(bp  z)] by (6.1a) & (A.2)
= −κh"f + yx(r"a"c − r"b) + yu(r"a − r"c"b) + "byr(r"ad − r"d"b) + "byn(r"cd − r"d)
+ κa(r2 − r2"2c) + κb(r2d − r2"d"c)− %ays[r"a(bp  u)− r(r%b)"b]− κc[r"c(bp  u)− r(r%b)]
− κd[r"d(bp  u)− r(r%b)d] by (6.1a); (6.10a) & (6.27)
= −κh"f + ryx("a"c − "b) + ryu("a − "c"b) + r"byr("ad − "d"b) + r"byn("cd − "d)
+ r2κa(1 − "2c) + r2κb(d − "d"c)− %aysr"a(bp  u) + r2"bys%a%b − κcr"c(bp  u) + r2κc%b
− κdr"d(bp  u) + r2κdd%b
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= −κh"f + ryx("a"c − "b) + ryu("a − "c"b) + r"byr("ad − "d"b) + r"byn("cd − "d)
+ r2κa(1− "2c) + r2κb(d − "d"c) + r2"bys%a%b + r2κc%b + r2κdd%b
− r(%ays"a + κc"c + κd"d)(bp  u)
= −κh"f + ryx("a"c − "b) + ryu("a − "c"b) + r"byr("ad − "d"b) + r"byn("cd − "d)
+ r2κa(1− "2c) + r2κb(d − "d"c) + r2"bys%a%b + r2κc%b + r2κdd%b
− (r=h2)(%ays"a + κc"c + κd"d)("i + "f’b) by (6.27c)
= κp by (6.21l) (6.43g)
(r z)  (Jp + Jq)
= (r z)  [κgr + κhh + yx(bκ br) + yu(bκ bp) + "byr(bκ z) + "byn(bp z) + κa(r bp)
+ κb(r z)− %ays(bκ u)− κc(bp u)− κd(z  u)] by (6.41d)
= κg[r  (r z)] + κh[h  (r z)] + yx[(r z)  (bκ br)] + yu[(r  z)  (bκ bp)]
+ "byr[(r z)  (bκ z)] + "byn[(r z)  (bp z)] + κa[(r z)  (r bp)]
+ κb[(r z)  (r z)]− %ays[(r z)  (bκ u)]− κc[(r z)  (bp u)]
− κd[(r z)  (z u)]
= rκh"h + yx[(r  bκ)(z  br)− (r  br)(z  bκ)] + yu[(r  bκ)(z  bp)− (r  bp)(z  bκ)]
+ "byr[(r  bκ)z2 − (r  z)(z  bκ)] + "byn[(r  bp)z2 − (r  z)(z  bp)] + κa[r2(z  bp)− (r  bp)(z  r)]
+ κb[r2z2 − (r  z)2]− %ays[(r  bκ)(z  u)− (r  u)(z  bκ)]− κc[(r  bp)(z  u)− (r  u)(z  bp)]
− κd[(r  z)(z  u)− (r  u)z2] by (6.1a) & (A.2)
= rκh"h + yx(r"a"d − rb) + yu(r"ad − r"cb) + "byr(r"az2 − r"db) + "byn(r"cz2 − r"dd)
+ κa(r2d − r2"c"d) + κb(r2z2 − r2"2d)− %ays[r"a(−r%b’b)− r(r%b)b]
− κc[r"c(−r%b’b)− r(r%b)d]− κd[r"d(−r%b’b)− r(r%b)z2] by (6.1a); (6.10a) & (6.27)
= rκh"h + ryx("a"d − b) + ryu("ad − "cb) + r"byr("az2 − "db) + r"byn("cz2 − "dd)
+ r2κa(d − "c"d) + r2κb(z2 − "2d) + r2%ays%b("a’b + b) + r2κc%b("c’b + d)
+ r2κd%b("d’b + z2)
= κq by (6.21l) (6.43h)
(bκ u)  (Jp + Jq)
= (bκ u)  [κgr + κhh + yx(bκ br) + yu(bκ bp) + "byr(bκ z) + "byn(bp z) + κa(r bp)
+ κb(r z)− %ays(bκ u)− κc(bp u)− κd(z u)] by (6.41d)
= κg[r  (bκ u)] + κh[h  (bκ u)] + yx[(bκ u)  (bκ br)] + yu[(bκ u)  (bκ bp)]
+ "byr [(bκ u)  (bκ z)] + "byn[(bκ u)  (bp z)] + κa[(bκ  u)  (r bp)]
+ κb[(bκ u)  (r z)]− %ays[(bκ u)  (bκ  u)]− κc[(bκ u)  (bp u)]
− κd[(bκ  u)  (z u)]
= κg[bκ  (u r)] + κh[bκ  (u h)] + yx[(u  br)− (bκ  br)(u  bκ)] + yu[(u  bp)− (bκ  bp)(u  bκ)]
+ "byr[(u  z)− (bκ  z)(u  bκ)] + "byn[(bκ  bp)(u  z)− (bκ  z)(u  bp)]
+ κa[(bκ  r)(u  bp)− (bκ  bp)(u  r)] + κb[(bκ  r)(u  z)− (bκ  z)(u  r)]− %ays[u2 − (bκ  u)2]
− κc[(bκ  bp)u2 − (bκ  u)(u  bp)]− κd[(bκ  z)u2 − (bκ  u)(u  z)] by (A.2) & (A.4)
= κg(bκ  h) + κh[bκ  (−z− qbr)] + yx(r%b − "a%o) + yu[(u  bp)− "b%o]
+ "byr(−r%b’b − b%o) + "byn["b(−r%b’b)− b(u  bp)]
+ κa[r"a(u  bp)− r"b(r%b)] + κb[r"a(−r%b’b)− rb(r%b)]− %ays(’2h − %2o)
− κc["b’2h − %o(u  bp)]− κd[b’2h − %o(−r%b’b)] by (1.5c); (6.27) & (6.3b)
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= κga − κh(b + q"a) + yx(r%b − "a%o) + yu(u  bp)− yu"b%o − "byr(r%b’b + b%o)
− "bynr"b%b’b − "bynb(u  bp) + κar"a(u  bp)− r2κa"b%b − r2κb%b("a’b + b)
− %ays(’2h − %2o)− κc"b’2h + κc%o(u  bp)− κd(b’2h + r%o%b’b) by (6.1a) & (6.10a)
= κga − κh(b + q"a) + yx(r%b − "a%o)− yu"b%o − "byr(r%b’b + b%o)
− "bynr"b%b’b − r2κa"b%b − r2κb%b("a’b + b)− %ays(’2h − %2o)− κc"b’2h
− κd(b’2h + r%o%b’b) + yu(u  bp)− "bynb(u  bp) + κar"a(u  bp) + κc%o(u  bp)
= κga − κh}a + yx(r%b − "a%o)− yu"b%o − "byr(r%b’b + b%o)
− "bynr"b%b’b − r2κa"b%b − r2κb%b("a’b + b)− %ays(’2h − %2o)− κc"b’2h
− κd(b’2h + r%o%b’b) + (yu − "bynb + κar"a + κc%o)(u  bp) by (6.10b)
= κga − κh}a + yx(r%b − "a%o)− yu"b%o − "byr(r%b’b + b%o)
− "2bynr%b’b − r2κa"b%b − r2κb%b("a’b + b)− %ays(’2h − %2o)− κc"b’2h
− κd(b’2h + r%o%b’b) + h−2(yu − "bynb + κar"a + κc%o)("i + "f’b) by (6.27c)
= κr by (6.21l) (6.43i)
(bp u)  (Jp + Jq)
= (bp u)  [κgr + κhh + yx(bκ br) + yu(bκ bp) + "byr(bκ z) + "byn(bp z) + κa(r bp)
+ κb(r z)− %ays(bκ  u)− κc(bp u)− κd(z u)] by (6.41d)
= κg[r  (bp u)] + κh[h  (bp u)] + yx[(bp u)  (bκ br)] + yu[(bp u)  (bκ  bp)]
+ "byr[(bp u)  (bκ z)] + "byn[(bp u)  (bp z)] + κa[(bp u)  (r bp)]
+ κb[(bp u)  (r z)]− %ays[(bp u)  (bκ u)]− κc[(bp u)  (bp u)]
− κd[(bp u)  (z u)]
= κg[bp  (u r)] + κh[bp  (u h)] + yx[(bp  bκ)(u  br)− (bp  br)(u  bκ)] + yu[(bp  bκ)(u  bp)− (u  bκ)]
+ "byr[(bp  bκ)(u  z)− (bp  z)(u  bκ)] + "byn[(u  z)− (bp  z)(u  bp)] + κa[(bp  r)(u  bp)− (u  r)]
+ κb[(bp  r)(u  z)− (bp  z)(u  r)]− %ays[(bp  bκ)u2 − (bp  u)(u  bκ)]− κc[u2 − (bp  u)2]
− κd[(bp  z)u2 − (bp  u)(u  z)] by (A.4) & (A.2)
= κg(bp  h) + κh[bp  (−z− qbr)] + yx["b(r%b)− "c%o] + yu["b(u  bp)− %o]
+ "byr["b(−r%b’b)− d%o] + "byn[(−r%b’b)− d(u  bp)] + κa[r"c(u  bp)− r(r%b)]
+ κb[r"c(−r%b’b)− rd(r%b)]− %ays["b’2h − (bp  u)%o]− κc[’2h − (bp  u)2]
− κd[d’2h − (bp  u)(−r%b’b)] by (1.5c); (6.1a); (6.3b) & (6.10a)
= κgc + κh(−d − q"c) + yx(r"b%b − "c%o) + yu"b(u  bp)− yu%o
− "byr(r"b%b’b + d%o)− "bynr%b’b − "bynd(u  bp) + rκa"c(u  bp)− r2κa%b
− r2κb%b("c’b + d)− %ays"b’2h + %o%ays(bp  u)− κc’2h + κc(bp  u)2
− κdd’2h − rκd%b’b(bp  u) by (6.10a)
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= κgc − κh(d + q"c) + yx(r"b%b − "c%o)− yu%o − "byr(r"b%b’b + d%o)− "bynr%b’b
− r2κa%b − r2κb%b("c’b + d)− %ays"b’2h − κc’2h − κdd’2h + yu"b(u  bp)− "bynd(u  bp)
+ rκa"c(u  bp) + %o%ays(bp  u) + κc(bp  u)2 − rκd%b’b(bp  u)
= κgc − κh(d + q"c) + yx(r"b%b − "c%o)− yu%o − "byr(r"b%b’b + d%o)
− "bynr%b’b − r2κa%b − r2κb%b("c’b + d)− %ays"b’2h − κc’2h − κdd’2h
+ κc(bp  u)2 + (yu"b − "bynd + rκa"c + %o%ays − rκd%b’b)(bp  u)
= κgc − κh}c + yx(r"b%b − "c%o)− yu%o − "byr(r"b%b’b + d%o)− r"byn%b’b
− r2%b[κa + κb("c’b + d)]− ’2h(%ays"b + κc + κdd) + h−4κc("i + "f’b)2
+ h−2(yu"b − "bynd + rκa"c + %o%ays − rκd%b’b)("i + "f’b) by (6.27c) & (6.10b)
= κs by (6.21m) (6.43j)
(z  u)  (Jp + Jq)
= (z u)  [κgr + κhh + yx(bκ  br) + yu(bκ bp) + "byr(bκ z) + "byn(bp z) + κa(r bp)
+ κb(r z)− %ays(bκ u)− κc(bp u)− κd(z u)] by (6.41d)
= κg[r  (z  u)] + κh[h  (z u)] + yx[(z u)  (bκ br)] + yu[(z u)  (bκ bp)]
+ "byr[(z u)  (bκ z)] + "byn[(z u)  (bp z)] + κa[(z u)  (r bp)]
+ κb[(z u)  (r z)]− %ays[(z  u)  (bκ u)]− κc[(z u)  (bp u)]
− κd[(z u)  (z  u)]
= κg[z  (u r)] + κh[z  (u h)] + yx[(z  bκ)(u  br)− (z  br)(u  bκ)]
+ yu[(z  bκ)(u  bp)− (z  bp)(u  bκ)] + "byr[(z  bκ)(u  z)− z2(u  bκ)]
+ "byn[(z  bp)(u  z)− z2(u  bp)] + κa[(z  r)(u  bp)− (z  bp)(u  r)]
+ κb[(z  r)(u  z)− z2(u  r)]− %ays[(z  bκ)u2 − (z  u)(u  bκ)]− κc[(z  bp)u2 − (z  u)(u  bp)]
− κd[z2u2 − (z  u)2] by (A.2) & (A.4)
= κg(z  h) + κh[z  (−z− qbr)] + yx[b(r%b)− "d%o] + yu[b(u  bp)− d%o]
+ "byr[b(−r%b’b)− z2%o] + "byn[d(−r%b’b)− z2(u  bp)] + κa[r"d(u  bp)− rd(r%b)]
+ κb[r"d(−r%b’b)− rz2(r%b)]− %ays[b’2h − (−r%b’b)%o]− κc[d’2h − (−r%b’b)(u  bp)]
− κd[z2’2h − (−r%b’b)2] by (1.5c); (6.10a); (6.27) & (6.3b)
= κh(−z2 − q"d) + yx(rb%b − "d%o) + yub(u  bp)− yud%o
− "byr(rb%b’b + z2%o)− r"bynd%b’b − z2"byn(u  bp) + rκa"d(u  bp)− r2κad%b
− r2κb%b("d’b + z2)− %ays(b’2h + r%b’b%o)− κcd’2h − rκc%b’b(u  bp)
− κd(z2’2h − r2%2b’2b) by (1.5c); (6.1a) & (6.10a)
= −κh(z2 + q"d) + yx(rb%b − "d%o)− yud%o − "byr(rb%b’b + z2%o)− r"bynd%b’b − r2κad%b
− r2κb%b("d’b + z2)− %ays(b’2h + r%b’b%o)− κcd’2h − κd(z2’2h − r2%2b’2b)
+ yub(u  bp)− z2"byn(u  bp) + rκa"d(u  bp)− rκc%b’b(u  bp)
= −κhyz + yx(rb%b − "d%o)− yud%o − "byr(rb%b’b + z2%o)− r"bynd%b’b − r2κad%b
− r2κb%b("d’b + z2)− %ays(b’2h + r%b’b%o)− κcd’2h − κd(z2’2h − r2%2b’2b)
+ (yub − z2"byn + rκa"d − rκc%b’b)(u  bp) by (6.21h)
= −κhyz + yx(rb%b − "d%o)− yud%o − "byr(rb%b’b + z2%o)− r"bynd%b’b − r2κad%b
− r2κb%b("d’b + z2)− %ays(b’2h + r%b’b%o)− κcd’2h − κd(z2’2h − r2%2b’2b)
+ h−2(yub − z2"byn + rκa"d − rκc%b’b)("i + "f’b) by (6.27c)
= κt by (6.21m) (6.43k)
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jJp + Jqj2 = (Jp + Jq)  (Jp + Jq)
= (Jp + Jq)  [κgr + κhh + yx(bκ br) + yu(bκ  bp) + "byr(bκ z) + "byn(bp z)
+ κa(r bp) + κb(r z)− %ays(bκ u)− κc(bp u)− κd(z u)] by (6.41d)
= κg[(Jp + Jq)  r] + κh[(Jp + Jq)  h] + yx[(Jp + Jq)  (bκ br)] + yu[(Jp + Jq)  (bκ bp)]
+ "byr[(Jp + Jq)  (bκ  z)] + "byn[(Jp + Jq)  (bp z)] + κa[(Jp + Jq)  (r bp)]
+ κb[(Jp + Jq)  (r z)]− %ays[(Jp + Jq)  (bκ u)]− κc[(Jp + Jq)  (bp u)]
− κd[(Jp + Jq)  (z u)]
= κgκj + κhκk + yxκl + yuκm + "byrκn + "bynκo + κaκp + κbκq − %aysκr − κcκs
− κdκt by (6.43)
∴ jJp + Jqj = κu by (6.21n): (6.44)
Art 26j. Development of equation (3.15d).
To evaluate the quantities dened by eqnrefkpath2d, we rst derive
z u = h−2[z (z h + qbr h)] by (1.5c)
= h−2[z (z h) + qz (br h)]
= h−2[z(z  h)− z2h + qbr(z  h)− qh(z  br)] by (A.1)
= h−2(−z2h− q"dh) by (1.5c) & (6.1a)
= −h−2(z2 + q"d)h = −h−2yzh by (6.21h) (6.45a)
bκ  (Jp + Jq)
= bκ  [κgr + κhh + yx(bκ br) + yu(bκ  bp) + "byr(bκ z) + "byn(bp z) + κa(r bp)
+ κb(r z)− %ays(bκ u)− κc(bp u)− κd(z u)] by (6.41d)
= κg(bκ  r) + κh(bκ  h) + yx[bκ  (bκ br)] + yu[bκ  (bκ bp)] + "byr[bκ  (bκ z)] + "byn[bκ  (bp z)]
+ κa[bκ  (r bp)] + κb[bκ  (r z)]− %ays[bκ  (bκ u)]− κc[bκ  (bp u)]− κd[bκ  (z  u)]
= rκg"a + κha + "byn&c − κa&a − rκbf − h−2κc[bκ  (cz + qcbr− }ch)]
− h−2κd[bκ  (−yzh)] by (6.1a); (6.10a); (6.21a); (6.11d) & (6.45a)
= rκg"a + κha + "byn&c − κa&a − rκbf − h−2κc[c(bκ  z) + qc(bκ  br)− }c(bκ  h)]
+ h−2κdyz(bκ  h)
= rκg"a + κha + "byn&c − κa&a − rκbf − h−2κc(cb + qc"a − }ca)
+ h−2κdyza by (6.10a) & (6.1a)
= rκg"a + κha + "byn&c − κa&a − rκbf − h−2κc[c(b + q"a)− }ca] + h−2κdyza
= rκg"a + κha + "byn&c − κa&a − rκbf − (κc=h2)(c}a − }ca) + (κd=h2)yza by (6.10b)
= κv by (6.21n) (6.46a)
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bp  (Jp + Jq)
= bp  [κgr + κhh + yx(bκ br) + yu(bκ bp) + "byr(bκ  z) + "byn(bp z) + κa(r bp)
+ κb(r z)− %ays(bκ u)− κc(bp u)− κd(z u)] by (6.41d)
= κg(bp  r) + κh(bp  h) + yx[bp  (bκ br)] + yu[bp  (bκ  bp)] + "byr[bp  (bκ z)] + "byn[bp  (bp z)]
+ κa[bp  (r bp)] + κb[bp  (r z)]− %ays[bp  (bκ u)]− κc[bp  (bp u)]− κd[bp  (z u)]
= rκg"c + κhc − (yx=r)&a − "byr&c − κb&b + %ays[bκ  (bp u)]
− κd[bp  (z u)] by (6.1a); (6.10a); (6.21a) & (A.4)
= rκg"c + κhc − (yx=r)&a − "byr&c − κb&b + %a(ys=h2)[bκ  (cz + qcbr− }ch)]
− (κd=h2)[bp  (−yzh)] by (6.11d) & (6.45a)
= rκg"c + κhc − (yx=r)&a − "byr&c − κb&b + %a(ys=h2)(cb + qc"a − }ca) + (κd=h2)yzc
by (6.1a) & (6.10a)
= rκg"c + κhc − (yx=r)&a − "byr&c − κb&b + %a(ys=h2)[c(b + q"a)− }ca] + (κd=h2)yzc
= rκg"c + κhc − (yx=r)&a − "byr&c − κb&b + %a(ys=h2)(c}a − }ca) + (κd=h2)yzc by (6.10b)
= κw by (6.21n) (6.46b)
z  (Jp + Jq)
= z  [κgr + κhh + yx(bκ br) + yu(bκ  bp) + "byr(bκ z) + "byn(bp z) + κa(r bp)
+ κb(r  z)− %ays(bκ u)− κc(bp u)− κd(z u)] by (6.41d)
= κg(z  r) + κh(z  h) + yx[z  (bκ br)] + yu[z  (bκ bp)] + "byr[z  (bκ z)] + "byn[z  (bp z)]
+ κa[z  (r bp)] + κb[z  (r z)]− %ays[z  (bκ u)]− κc[z  (bp u)]− κd[z  (z  u)]
= rκg"d − yxf + yu&c + κa&b + %ays[bκ  (z  u)]
+ κc[bp  (z u)] by (1.5c); (6.1a); (6.10a); (6.21a) & (A.4)
= rκg"d − yxf + yu&c + κa&b + %a(ys=h2)[bκ  (−yzh)] + (κc=h2)[bp  (−yzh)] by (6.45a)
= rκg"d − yxf + yu&c + κa&b − %a(ys=h2)(yza)− (κc=h2)(yzc) by (6.10a)
= rκg"d − yxf + yu&c + κa&b − (yz=h2)(ys%aa + κcc)
= κx by (6.21n) (6.46c)
(r h)  (Jp + Jq)
= (r h)  [κgr + κhh + yx(bκ br) + yu(bκ bp) + "byr(bκ  z) + "byn(bp z) + κa(r bp)
+ κb(r z)− %ays(bκ u)− κc(bp u)− κd(z  u)] by (6.41d)
= κg[r  (r h)] + κh[h  (r h)] + yx[(r h)  (bκ br)] + yu[(r h)  (bκ bp)]
+ "byr[(r h)  (bκ z)] + "byn[(r  h)  (bp z)] + κa[(r  h)  (r bp)]
+ κb[(r h)  (r z)]− %ays[(r h)  (bκ  u)]− κc[(r h)  (bp u)]− κd[(r h)  (z u)]
= yx[(r  bκ)(h  br)− (r  br)(h  bκ)] + yu[(r  bκ)(h  bp)− (r  bp)(h  bκ)]
+ "byr[(r  bκ)(h  z)− (r  z)(h  bκ)] + "byn[(r  bp)(h  z)− (r  z)(h  bp)]
+ κa[r2(h  bp)− (r  bp)(h  r)] + κb[r2(h  z)− (r  z)(h  r)]
− %ays[(r  bκ)(h  u)− (r  u)(h  bκ)]− κc[(r  bp)(h  u)− (r  u)(h  bp)]
− κd[(r  z)(h  u)− (r  u)(h  z)] by (A.2)
= yx(−ra) + yu(r"ac − r"ca) + "byr(−r"da) + "byn(−r"dc) + κa(r2c)
− %ays[−r(r%b)a]− κc[−r(r%b)c] by (1.5c); (6.10a) & (6.27b)
= −ryxa + ryu("ac − "ca)− r"b"d(yra + ync) + r2(κac + %ays%ba + κc%bc)
= κy by (6.21n) (6.46d)
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(z  h)  (Jp + Jq)
= (z h)  [κgr + κhh + yx(bκ  br) + yu(bκ bp) + "byr(bκ z) + "byn(bp z) + κa(r bp)
+ κb(r z)− %ays(bκ u)− κc(bp u)− κd(z u)] by (6.41d)
= κg[r  (z  h)] + κh[h  (z h)] + yx[(z h)  (bκ br)] + yu[(z h)  (bκ bp)]
+ "byr[(z h)  (bκ z)] + "byn[(z h)  (bp z)] + κa[(z h)  (r bp)]
+ κb[(z h)  (r z)]− %ays[(z  h)  (bκ u)]− κc[(z h)  (bp u)]
− κd[(z h)  (z  u)]
= rκg"h + yx[(z  bκ)(h  br)− (z  br)(h  bκ)] + yu[(z  bκ)(h  bp)− (z  bp)(h  bκ)]
+ "byr[(z  bκ)(h  z)− z2(h  bκ)] + "byn[(z  bp)(h  z)− z2(h  bp)]
+ κa[(z  r)(h  bp)− (z  bp)(h  r)] + κb[(z  r)(h  z)− z2(h  r)]
− %ays[(z  bκ)(h  u)− (z  u)(h  bκ)]− κc[(z  bp)(h  u)− (z  u)(h  bp)]
− κd[z2(h  u)− (z  u)(h  z)] by (6.1a) & (A.2)
= rκg"h + yx(−"da) + yu(bc − da) + "byr(−z2a) + "byn(−z2c) + κa(r"dc)
− %ays[−(−r%b’b)a]− κc[−(−r%b’b)c] by (1.5c); (6.1a); (6.10a) & (6.27d)
= rκg"h − yx"da + yu(bc − da)− z2"b(yra + ync) + r(κa"dc − %ays%b’ba − κc%b’bc)
= −yx"da + yu(bc − da)− z2"b(yra + ync) + r(κg"h + κa"dc)− r%b’b(%aysa + κcc)
= κz by (6.21n) (6.46e)
u  (Jp + Jq) = h−2[(z h + qbr h)  (Jp + Jq)] by (1.5c)
= h−2[(z h)  (Jp + Jq) + (q=r)(r h)  (Jp + Jq)]
= h−2(κz + ’bκy) by (6.1b); (6.46d) & (6.46e)
= va by (6.21o): (6.46f)
Consequently, we obtain
@1 = bκ  (Jp + Jq) by (3.15d)
= κv by (6.46a) (6.47a)
@2 = a  (Jp + Jq) by (3.15d)
= (−%ar)  (Jp + Jq) by (1.5a) & (6.21b)
= −%aκj by (6.43a) (6.47b)
@3 = _a  (Jp + Jq) by (3.15d)
= (−%au + 3%a%br)  (Jp + Jq) by (6.26a)
= −%a[u  (Jp + Jq)] + 3%a%b[r  (Jp + Jq)]
= −%ava + 3%a%bκj by (6.46f) & (6.43a)
= %a(3%bκj − va) (6.47c)
@4 = a¨  (Jp + Jq) by (3.15d)
= (6%a%bu− %a%lr)  (Jp + Jq) by (6.26b)
= 6%a%b[u  (Jp + Jq)]− %a%l[r  (Jp + Jq)]
= 6%a%bva − %a%lκj by (6.46f) & (6.43a)
= %a(6%bva − %lκj) (6.47d)
@5 = ...a  (Jp + Jq) by (3.15d)
= (%mu + %nr)  (Jp + Jq) by (6.26c)
= %m[u  (Jp + Jq)] + %n[r  (Jp + Jq)]
= %mva + %nκj by (6.46f) & (6.43a) (6.47e)
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@6 = ...e  (Jp + Jq) by (3.15d)
= [xqbp− xsz− qxsbr + xr(r h)]  (Jp + Jq) by (6.36c)
= xq[bp  (Jp + Jq)]− xs[z  (Jp + Jq)]− qxs[br  (Jp + Jq)] + xr[(r h)  (Jp + Jq)]
= xqκw − xsκx − (q=r)xs[r  (Jp + Jq)] + xrκy by (6.46)
= xqκw − xsκx − ’bxsκj + xrκy by (6.43a) & (6.1b)
= vb by (6.21o) (6.47f)
from which we derive
...









Y )− %aκj(... ) + 3%a(3%bκj − va)(¨) + %a(6%bva − %lκj)(b3) + (%mva + %nκj) + vb
= κv(yc)− %aκj(xj) + 3%a(3%bκj − va)(xi) + %a(6%bva − %lκj)(yf ) + (%mva + %nκj) + vb
by (6.38); (6.32) & (6.39c)
= κvyc + %a[−κjxj + 3xi(3%bκj − va) + yf (6%bva − %lκj)] + (%mva + %nκj) + vb
= vb + κvyc + %avc + (%mva + %nκj) by (6.21o): (6.48)
Moreover, we derive
Jr = yabκ + xnbp− "b’fz− %au− κfr− "bxk(r  h) by (6.41c)
= yabκ + xnbp− "b’fz− κfr− h−2%a(z h + qbr h)− "bxk(r h) by (1.5c)
= yabκ + xnbp− "b’fz− κfr− h−2%a(z h)− h−2%a(q=r)(r  h)− "bxk(r h)
= yabκ + xnbp− "b’fz− κfr− h−2%a(z h)− (h−2%a’b + "bxk)(r  h) by (6.1b)
= yabκ + xnbp− "b’fz− κfr− h−2%a(z h)− vd(r h) by (6.21o) (6.49a)
Jp + Jq = κgr + κhh + yx(bκ  br) + yu(bκ bp) + "byr(bκ z) + "byn(bp z) + κa(r bp)
+ κb(r z)− %ays(bκ u)− κc(bp u)− κd(z u) by (6.41d)
= κgr + κhh + yx(bκ  br) + yu(bκ bp) + "byr(bκ z) + "byn(bp z) + κa(r bp)
+ κb(r z)− %ays[h−2(az + qabr− }ah)]− κc[h−2(cz + qcbr− }ch)]
− κd[−h−2yzh] by (6.11) & (6.45a)
= κgr + κhh + yx(bκ  br) + yu(bκ bp) + "byr(bκ z) + "byn(bp z) + κa(r bp)
+ κb(r z)− h−2%aysaz− qh−2%aysabr + h−2%ays}ah− h−2κccz− qh−2κccbr
+ h−2κc}ch + h−2κdyzh
= rκgbr− qh−2%aysabr− qh−2κccbr + κhh + h−2%ays}ah + h−2κc}ch + h−2κdyzh
− h−2%aysaz− h−2κccz + yx(bκ br) + yu(bκ bp) + "byr(bκ z) + "byn(bp z)
+ κa(r bp) + κb(r z)
= [rκg − qh−2(%aysa + κcc)]br + [κh + h−2(%ays}a + κc}c + κdyz)]h
− h−2(%aysa + κcc)z + yx(bκ br) + yu(bκ bp) + "byr(bκ z) + "byn(bp z)
+ κa(r bp) + κb(r z)
= vgbr + vfh− vez + yx(bκ br) + yu(bκ  bp) + "byr(bκ z) + "byn(bp z)
+ κa(r bp) + κb(r z): (6.49b)
Art 26k. Results of the computations.





vb + κvyc + %avc + (%mva + %nκj)
(κu)2
(6.50a)










vgbr + vfh− vez + yx(bκ br) + yu(bκ bp) + "byr(bκ z) + "byn(bp z)
+ κa(r bp) + κb(r z)
(6.50b)
as the complete set of equations describing the apparent path of the light source for a gravitating
observer.
Art 27. Apparent geometry of obliquated rays.
To evaluate (3.26) for a gravitating observer, we introduce, in addition to (6.1), (6.10) and (6.21),
the quantities
Ka = h−2[}cxn + r"b"hxk − "b’f (yz + h2’b)]; Kb = h−2cxn
Kc = xn + "exk; Kd = r"b’f ("cKc − "b’f}b); Ke = %a=h2; Kf = "e’f cKe
Kg = ’f (2’b%b"b + Ke"e}c); Kh = Yyd − ya; Ki = Ya(Ke’b + "bxk)
Kj = (YKe}a − %2a) + "bxk(rY"a − ’b); Kk = %a(3Y%b − Kh)− Y"b’f’b
Kl = Kb − Kf + ya(a=h2); Km = yaa(’b=h2)− "b’f (aya + cKc) + ’b(Kb − Kf )
Kn = Kd − Ka + h−2(’a}byd − ya}a) + r"b’f ("aya − r%ayd) + (Kg − 3%a%b)
Ko = "e’f [%a(3%b − yd)− "b’b’f ]; Kp = Kj + Kn; Kq = Kl − YKea
Kr = Km − Ki; Ks = Yxn − "e’fya; Kt = Ko + %axn
(6.51a)
Ku = Kph2 + Kk"e − Y"b’f"g − Kse + Kt"f + r%a"b’f"h − "b"e’2f"i
Kv = Kqz2 + r(Kr"d − Kkf ) + Ks&c − Kt&b
Kw = r(Kq"d + rKr − Y"b’f f ) + Ks&a − "b"e&b’2f
Kx = Kp"e − rKqf + r2Kk(1− "2a)− rY"b’f ("d − b"a) + rKs("c − "b"a)
+ r2Kt("b − "a"c) + r2%a"b’f ("a"d − b)− r"b"e’2f ("b"d − b"c)
Ky = Kp"g + rKrf + rKk("d − "ab)− Y"b’f (z2 − 2b ) + Ks(d − "bb)
+ rKt("b"d − "ad) + r%a"b’f (z2"a − b"d)− "b"e’2f (z2"b − bd)
Kz = −Kpe + Kq&c + Kr&a + rKk("c − "a"b)− Y"b’f (d − b"b) + Ks(1− "2b)
+ rKt("b"c − "a) + r%a"b’f ("ad − b"c)− "b"e’2f ("bd − b)
(6.51b)
Ha = Kp"f − Kq&b + r2Kk("b − "c"a)− rY"b’f ("b"d − d"a) + rKs("b"c − "a)
+ r2Kt(1 − "2c)− r"b"e’2f ("d − d"c) + r2%a"b’f ("c"d − d)
Hb = Kp"i + Kr&b + rKk("b"d − "cb)− Y"b’f (z2"b − db) + Ks("bd − b)
+ rKt("d − "cd)− "b"e’2f (z2 − 2d) + r%a"b’f (z2"c − d"d)
Hc = rKp"h + r2Kk("a"d − b)− rY"b’f (z2"a − "db) + rKs("ad − "cb)
+ r2Kt("c"d − d)− r"b"e’2f (z2"c − "dd) + r2%a"b’f (z2 − "2d)
Hd = (KpKu + KqKv + KrKw + KkKx − Y"b’fKy + KsKz + KtHa
− "b"e’2fHb + %a"b’fHc)1/2
(6.51c)
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He = Kpa + Kqb + rKr"a + Kt&a − r%a"b’ff − "b"e’2f &c
Hf = −rKq%b’b + r2Kr%b − Kka + "b’fyza(Y=h2)− (Ks=h2)(}ca − c}a)
− Ktc + "b"e’2fyz(c=h2)
Hg = Kpc + Kqd + rKr"c − Kk&a + Y"b’f &c − %a"b’f &b
Hh = r[−Kq"h − r(Kka + Ktc) + Ks("ac − "ca) + "b"d’f (Ya + "e’f c)]
Hi = ybHe + xoHg + xpHh − %a[xiKw + ye(Hf − 3%bKw) + (%lKw − 6%bHf )]
+ 2"bxk(Kv + ’bKw)
Hj = "b’f − (’b=h2)
(6.51d)
Art 27a. Development of equation (3.24a).
In view of the above quantities, we derive
Sa = bκ u by (3.24a)
= h−2(az + qabr− }ah) by (6.11a) (6.52a)
Sb = bκ a by (3.24a)
= −%a(bκ r) by (6.40a) (6.52b)
Sc = bκ e by (3.24a)
= bκ [f1(r h) + f2bp] by (1.5b)
= f1[bκ (r h)] + f2(bκ bp)
= f1[r(bκ  h)− h(bκ  r)] + f2(bκ bp) by (A.1)
= f1(ar− r"ah) + f2(bκ bp) by (6.1a) & (6.10a)
= "b’f (ar− r"ah) + "e’f (bκ bp) by (6.2g) & (6.2h) (6.52c)
Sd = bκ _a by (3.24a)
= −%a(bκ u) + 3%a%b(bκ r) by (6.40b)
= (%a=h2)(}ah− az− qabr) + 3%a%b(bκ r) by (6.11a) (6.52d)
Se = bκ _e by (3.24a)
= r"a"bxkh− "bxkar + xn(bκ bp)− "b’f (bκ  z)− q"b’f (bκ br) by (6.40d) (6.52e)
Sf = a u by (3.24a)
= h−2’a}bh by (6.11b) (6.52f)
Sg = a e by (3.24a)
= (−%ar) [f1(r h) + f2bp] by (1.5) & (6.21b)
= −%af1[r (r  h)]− %af2(r bp)
= −%af1[r(r  h)− r2h]− %af2(r bp) by (A.1)
= r2%af1h− %af2(r  bp) by (1.5c)
= r2%a"b’fh− %a"e’f (r bp) by (6.2g) & (6.2h) (6.52g)
Sh = a _a by (3.24a)
= −%2ah by (6.40f) (6.52h)
Si = a _e by (3.24a)
= −%axn(r bp) + %a"b’f (r z)− ’b"bxkh by (6.40h) (6.52i)
Sj = u _a by (3.24a)
= u (−%au + 3%a%br) by (6.26a)
= 3%a%b(u r) = 3%a%bh by (1.5c) (6.52j)
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Sk = u _e by (3.24a)
= u [xnbp− "b’fz− q"b’fbr− "bxk(r h)] by (6.36a)
= xn(u bp)− "b’f (u z)− q"b’f (u br)− "bxk[u (r h)]
= xn(u bp)− "b’f (u z)− "b’f (q=r)(u r)− "bxk(−h−2r"hh) by (6.11c)
= xn(u bp)− "b’f (u z)− "b’f’bh + h−2r"b"hxkh by (1.5c) & (6.1b)
= xn[h−2(}ch− cz− qcbr)] + "b’f [−h−2yzh]− "b’f’bh
+ h−2r"b"hxkh by (6.11d) & (6.45a)
= h−2}cxnh− h−2cxnz− h−2qcxnbr− h−2"b’fyzh− "b’f’bh + h−2r"b"hxkh
= h−2[}cxn + r"b"hxk − "b’f (yz + h2’b)]h− h−2cxn(z + qbr)
= Kah− Kb(z + qbr) by (6.51a) (6.52k)
Sl = e _a by (3.24a)
= [f1(r h) + f2bp] (−%au + 3%a%br) by (1.5b) & (6.26a)
= %af1[u (r h)]− 3%a%bf1[r (r h)]− %af2(bp u) + 3%a%bf2(bp r)
= %af1[r(u  h)− h(u  r)]− 3%a%bf1[r(r  h)− r2h] + %af2[h−2(}ch− cz− qcbr)]
+ 3%a%bf2(bp r) by (A.1) & (6.11d)
= %af1[−r(r%b)h]− 3%a%bf1(−r2h) + f2(%a=h2)(}ch− cz− qcbr)
+ 3%a%bf2(bp r) by (1.5c) & (6.27b)
= −r2%af1%bh + 3r2%a%bf1h + f2(%a=h2)}ch− f2c(%a=h2)(z + qbr) + 3%a%bf2(bp r)
= [2’b%bf1 + (%a=h2)}cf2]h− f2c(%a=h2)(z + qbr) + 3%a%bf2(bp r)
by (6.1b) & (6.21b)
= ’f [2’b%b"b + (%a=h2)"e}c]h− "e’fc(%a=h2)(z + qbr) + 3%a%b"e’f (bp r)
by (6.2g) & (6.2h)
= Kgh− Kf (z + qbr) + 3%a%b"e’f (bp r) by (6.51a) (6.52l)
Sm = e _e by (3.24a)
= [f1(r h) + f2bp] [xnbp− "b’fz− q"b’fbr− "bxk(r h)] by (1.5b) & (6.36a)
= −xnf1[bp (r h)] + "b’ff1[z (r h)] + q"b’ff1[br (r h)]
− "b’ff2(bp z)− q"b’ff2(bp br)− "bxkf2[bp (r h)]
= −xnf1[r(bp  h)− h(bp  r)] + "b’ff1[r(z  h)− h(z  r)] + q"b’ff1[r(br  h)− h(br  r)]
− "b’ff2(bp z)− q"b’ff2(bp br)− "bxkf2[r(bp  h)− h(bp  r)] by (A.1)
= −xnf1(cr− r"ch) + "b’ff1(−r"dh) + q"b’ff1(−rh)− "b’ff2(bp z)
− q"b’ff2(bp br)− "bxkf2(cr− r"ch) by (1.5c); (6.1a) & (6.10a)
= −xn"b’f (cr− r"ch) + "2b’2f (−r"dh) + q"2b’2f (−rh)− "b"e’2f (bp z)
− q"b"e’2f (bp br)− "bxk"e’f (cr− r"ch) by (6.2g) & (6.2h)
= −xn"b’fcr + rxn"b’f"ch− r"2b’2f"dh− rq"2b’2fh− "b"e’2f (bp z)
− q"b"e’2f (bp br)− "bxk"e’f cr + r"bxk"e’f "ch
= −"b’f c(xn + "exk)r + r"b’f ["c(xn + "exk)− "b’f ("d + q)]h
− "b"e’2f (bp z)− q"b"e’2f (bp br)
= −"b’f cKcr + Kdh− "b"e’2f (bp z)− q"b"e’2f (bp br) by (6.51a): (6.52m)
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Art 27b. Development of equation (3.24b).
Using the foregoing equations, we derive
St = (Yb1 −  _Y)Sb + YSn + So by (3.24b)
= (Yyd − ya)Sb + Y(Sd + Se) + (Sh + Si) by (6.39a); (6.38a) & (3.24b)
= KhSb + YSd + YSe + 2Sh + Si by (6.51a)
= Kh[−%a(bκ  r)] + Y[Ke(}ah− az− qabr) + 3%a%b(bκ r)]
+ Y[r"a"bxkh− "bxkar + xn(bκ bp)− "b’f (bκ z)− q"b’f (bκ br)] + 2[−%2ah]
+ [−%axn(r bp) + %a"b’f (r z)− ’b"bxkh] by (6.51a) & (6.52)
= −Kh%a(bκ r) + YKe}ah− YKeaz− qYKeabr + 3Y%a%b(bκ r)
+ rY"a"bxkh− Y"bxkar + Yxn(bκ bp)− Y"b’f (bκ z)− qY"b’f (bκ br)− 2%2ah
− %axn(r bp) + %a"b’f (r z)− ’b"bxkh
= YKe}ah + rY"a"bxkh− 2%2ah− ’b"bxkh− YKeaz− YKea(q=r)r− Y"bxkar
− Kh%a(bκ r) + 3Y%a%b(bκ r)− Y"b’f (q=r)(bκ r)− Y"b’f (bκ z) + Yxn(bκ bp)
− %axn(r bp) + %a"b’f (r z)
= [(YKe}a − %2a) + "bxk(rY"a − ’b)]h− YKeaz− Ya(Ke’b + "bxk)r
+ [%a(3Y%b − Kh)− Y"b’f’b](bκ r)− Y"b’f (bκ z) + Yxn(bκ  bp)
− %axn(r bp) + %a"b’f (r z) by (6.1b)
= Kjh− YKeaz− Kir + Kk(bκ r)− Y"b’f (bκ z) + Yxn(bκ  bp)
− %axn(r bp) + %a"b’f (r z) by (6.51a) (6.53a)
Su = _YSp + b1Sq + Sr + Ss by (3.24b)
= ya(Sa − Sc) + yd(Sf − Sg) + (Sl − Sj) + Sm − Sk by (6.38a); (6.39a) & (3.24b)
= yaSa − yaSc + ydSf − ydSg + Sl − Sj + Sm − Sk
= ya[h−2(az + qabr− }ah)]− ya["b’f (ar− r"ah) + "e’f (bκ bp)] + yd[h−2’a}bh]
− yd[r2%a"b’fh− %a"e’f (r bp)] + [Kgh− Kf (z + qbr) + 3%a%b"e’f (bp r)]− [3%a%bh]
− "b’f cKcr + Kdh− "b"e’2f (bp z)− q"b"e’2f (bp br)− [Kah− Kb(z + qbr)] by (6.52)
= ya(a=h2)z + qya(a=h2)br− ya(}a=h2)h− "b’f ayar + r"a"b’fyah− "e’fya(bκ  bp)
+ ’a}b(yd=h2)h− r2%a"b’fydh + %a"e’fyd(r bp) + Kgh− Kfz− qKfbr
+ 3%a%b"e’f (bp r)− 3%a%bh− "b’fcKcr + Kdh− "b"e’2f (bp z)− q"b"e’2f (bp br)
− Kah + Kbz + qKbbr
= ya(a=h2)z− Kfz + Kbz + ya(a=h2)(q=r)r− "b’f ayar
− Kf (q=r)r− "b’fcKcr + Kb(q=r)r− ya(}a=h2)h + r"a"b’fyah + ’a}b(yd=h2)h
− r2%a"b’fydh + Kgh− 3%a%bh + Kdh− Kah− "e’fya(bκ bp)− "b"e’2f (bp z)
+ %a"e’fyd(r bp) + 3%a%b"e’f (bp r)− "b"e’2f (q=r)(bp  r)
= [Kb − Kf + ya(a=h2)]z + [yaa(’b=h2)− "b’f (aya + cKc) + ’b(Kb − Kf )]r
+ [Kd − Ka + h−2(’a}byd − ya}a) + r"b’f ("aya − r%ayd) + (Kg − 3%a%b)]h
− "e’fya(bκ bp)− "b"e’2f (bp z) + "e’f [%a(3%b − yd)− "b’b’f ](bp r) by (6.1b)
= Klz + Kmr + Knh− "e’fya(bκ bp)− "b"e’2f (bp z) + Ko(bp r) by (6.51a) (6.53b)
Classical Aberration And Obliquation Page 174
St + Su
= Kjh− YKeaz− Kir + Kk(bκ r)− Y"b’f (bκ z) + Yxn(bκ  bp)
− %axn(r bp) + %a"b’f (r z) + Klz + Kmr + Knh− "e’fya(bκ bp)
− "b"e’2f (bp z) + Ko(bp r) by (6.53)
= Kjh + Knh− YKeaz + Klz− Kir + Kmr + Kk(bκ  r)− Y"b’f (bκ z) + Yxn(bκ bp)
− "e’fya(bκ  bp) + %axn(bp r) + Ko(bp r) + %a"b’f (r z)− "b"e’2f (bp z)
= (Kj + Kn)h + (Kl − YKea)z + (Km − Ki)r + Kk(bκ  r)− Y"b’f (bκ z)
+ (Yxn − "e’fya)(bκ bp) + (Ko + %axn)(bp r) + %a"b’f (r z)− "b"e’2f (bp z)
= Kph + Kqz + Krr + Kk(bκ r)− Y"b’f (bκ z) + Ks(bκ bp) + Kt(bp r)
+ %a"b’f (r z)− "b"e’2f (bp z) by (6.51a): (6.54)
Art 27c. Computation of the magnitude of St + Su.
To compute the magnitude of vector St + Su, we rst derive
h  (St + Su)
= h  [Kph + Kqz + Krr + Kk(bκ r)− Y"b’f (bκ z) + Ks(bκ bp) + Kt(bp r)
+ %a"b’f (r z)− "b"e’2f (bp z)] by (6.54)
= Kp(h  h) + Kq(h  z) + Kr(h  r) + Kk[h  (bκ  r)]− Y"b’f [h  (bκ z)] + Ks[h  (bκ bp)]
+ Kt[h  (bp r)] + %a"b’f [h  (r z)]− "b"e’2f [h  (bp z)]
= Kph2 + Kk"e − Y"b’f"g − Kse + Kt"f + r%a"b’f"h − "b"e’2f"i by (1.5c); (6.1a) & (6.10a)
= Ku by (6.51b) (6.55a)
z  (St + Su)
= z  [Kph + Kqz + Krr + Kk(bκ r)− Y"b’f (bκ z) + Ks(bκ  bp) + Kt(bp r)
+ %a"b’f (r z)− "b"e’2f (bp z)] by (6.54)
= Kp(z  h) + Kq(z  z) + Kr(z  r) + Kk[z  (bκ r)]− Y"b’f [z  (bκ z)] + Ks[z  (bκ  bp)]
+ Kt[z  (bp r)] + %a"b’f [z  (r  z)]− "b"e’2f [z  (bp z)]
= Kqz2 + rKr"d − rKkf + Ks&c − Kt&b by (1.5c); (6.1a); (6.10a) & (6.21a)
= Kv by (6.51b) (6.55b)
r  (St + Su)
= r  [Kph + Kqz + Krr + Kk(bκ r)− Y"b’f (bκ  z) + Ks(bκ bp) + Kt(bp r)
+ %a"b’f (r z)− "b"e’2f (bp z)] by (6.54)
= Kp(r  h) + Kq(r  z) + Kr(r  r) + Kk[r  (bκ r)]− Y"b’f [r  (bκ z)] + Ks[r  (bκ bp)]
+ Kt[r  (bp r)] + %a"b’f [r  (r z)]− "b"e’2f [r  (bp z)]
= rKq"d + r2Kr − rY"b’ff + Ks&a − "b"e’2f &b by (1.5c); (6.1a); (6.10a) & (6.21a)
= Kw by (6.51b) (6.55c)
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(bκ r)  (St + Su)
= (bκ  r)  [Kph + Kqz + Krr + Kk(bκ r)− Y"b’f (bκ z) + Ks(bκ bp) + Kt(bp r)
+ %a"b’f (r z)− "b"e’2f (bp z)] by (6.54)
= Kp[h  (bκ r)] + Kq[z  (bκ r)] + Kr[r  (bκ r)] + Kk[(bκ r)  (bκ r)]
− Y"b’f [(bκ r)  (bκ z)] + Ks[(bκ r)  (bκ bp)] + Kt[(bκ r)  (bp r)]
+ %a"b’f [(bκ r)  (r z)]− "b"e’2f [(bκ r)  (bp z)]
= Kp"e − rKqf + Kk[r2 − (bκ  r)2]− Y"b’f [(r  z)− (bκ  z)(r  bκ)]
+ Ks[(r  bp)− (bκ  bp)(r  bκ)] + Kt[(bκ  bp)r2 − (bκ  r)(r  bp)] + %a"b’f [(bκ  r)(r  z)− (bκ  z)r2]
− "b"e’2f [(bκ  bp)(r  z)− (bκ  z)(r  bp)] by (6.1a); (6.10a) & (A.2)
= Kp"e − rKqf + Kk(r2 − r2"2a)− Y"b’f (r"d − rb"a) + Ks(r"c − r"b"a) + Kt("br2 − r2"a"c)
+ %a"b’f (r2"a"d − br2)− "b"e’2f (r"b"d − rb"c) by (6.1a) & (6.10a)
= Kp"e − rKqf + r2Kk(1− "2a)− rY"b’f ("d − b"a) + rKs("c − "b"a) + r2Kt("b − "a"c)
+ r2%a"b’f ("a"d − b)− r"b"e’2f ("b"d − b"c)
= Kx by (6.51b) (6.55d)
(bκ z)  (St + Su)
= (bκ z)  [Kph + Kqz + Krr + Kk(bκ  r)− Y"b’f (bκ  z) + Ks(bκ bp) + Kt(bp r)
+ %a"b’f (r z)− "b"e’2f (bp z)] by (6.54)
= Kp[h  (bκ z)] + Kq[z  (bκ z)] + Kr[r  (bκ z)] + Kk[(bκ  z)  (bκ r)]
− Y"b’f [(bκ z)  (bκ z)] + Ks[(bκ z)  (bκ bp)] + Kt[(bκ  z)  (bp r)]
+ %a"b’f [(bκ z)  (r z)]− "b"e’2f [(bκ z)  (bp z)]
= Kp"g + rKrf + Kk[(z  r)− (bκ  r)(z  bκ)]− Y"b’f [z2 − (bκ  z)2] + Ks[(z  bp)− (bκ  bp)(z  bκ)]
+ Kt[(bκ  bp)(z  r)− (bκ  r)(z  bp)] + %a"b’f [(bκ  r)z2 − (bκ  z)(z  r)]
− "b"e’2f [(bκ  bp)z2 − (bκ  z)(z  bp)] by (6.1a); (6.10a) & (A.2)
= Kp"g + rKrf + Kk(r"d − r"ab)− Y"b’f (z2 − 2b ) + Ks(d − "bb) + Kt(r"b"d − r"ad)
+ %a"b’f (rz2"a − rb"d)− "b"e’2f ("bz2 − bd) by (6.1a) & (6.10a)
= Kp"g + rKrf + rKk("d − "ab)− Y"b’f (z2 − 2b ) + Ks(d − "bb) + rKt("b"d − "ad)
+ r%a"b’f (z2"a − b"d)− "b"e’2f (z2"b − bd)
= Ky by (6.51b) (6.55e)
(bκ bp)  (St + Su)
= (bκ bp)  [Kph + Kqz + Krr + Kk(bκ r)− Y"b’f (bκ z) + Ks(bκ bp) + Kt(bp r)
+ %a"b’f (r z)− "b"e’2f (bp z)] by (6.54)
= Kp[h  (bκ bp)] + Kq[z  (bκ  bp)] + Kr [r  (bκ bp)] + Kk[(bκ  bp)  (bκ r)]
− Y"b’f [(bκ  bp)  (bκ z)] + Ks[(bκ  bp)  (bκ bp)] + Kt[(bκ bp)  (bp r)]
+ %a"b’f [(bκ bp)  (r z)]− "b"e’2f [(bκ bp)  (bp z)]
= −Kpe + Kq&c + Kr&a + Kk[(bp  r)− (bκ  r)(bp  bκ)]− Y"b’f [(bp  z)− (bκ  z)(bp  bκ)]
+ Ks[1− (bκ  bp)2] + Kt[(bκ  bp)(bp  r)− (bκ  r)] + %a"b’f [(bκ  r)(bp  z)− (bκ  z)(bp  r)]
− "b"e’2f [(bκ  bp)(bp  z)− (bκ  z)] by (6.10a); (6.21a) & (A.2)
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= −Kpe + Kq&c + Kr&a + Kk(r"c − r"a"b)− Y"b’f (d − b"b) + Ks(1− "2b) + Kt(r"b"c − r"a)
+ %a"b’f (r"ad − rb"c)− "b"e’2f ("bd − b) by (6.1a) & (6.10a)
= −Kpe + Kq&c + Kr&a + rKk("c − "a"b)− Y"b’f (d − b"b) + Ks(1− "2b) + rKt("b"c − "a)
+ r%a"b’f ("ad − b"c)− "b"e’2f ("bd − b)
= Kz by (6.51b) (6.55f)
(bp r)  (St + Su)
= (bp r)  [Kph + Kqz + Krr + Kk(bκ r)− Y"b’f (bκ z) + Ks(bκ bp) + Kt(bp r)
− "b"e’2f (bp z) + %a"b’f (r z)] by (6.54)
= Kp[h  (bp r)] + Kq[z  (bp r)] + Kr [r  (bp r)] + Kk[(bp r)  (bκ r)]
− Y"b’f [(bp r)  (bκ z)] + Ks[(bp r)  (bκ bp)] + Kt[(bp r)  (bp r)]
− "b"e’2f [(bp r)  (bp z)] + %a"b’f [(bp r)  (r z)]
= Kp"f − Kq&b + Kk[(bp  bκ)r2 − (bp  r)(r  bκ)]− Y"b’f [(bp  bκ)(r  z)− (bp  z)(r  bκ)]
+ Ks[(bp  bκ)(r  bp)− (r  bκ)] + Kt[r2 − (bp  r)2]− "b"e’2f [(r  z)− (bp  z)(r  bp)]
+ %a"b’f [(bp  r)(r  z)− (bp  z)r2] by (6.1a); (6.21a) & (A.2)
= Kp"f − Kq&b + Kk("br2 − r2"c"a)− Y"b’f (r"b"d − rd"a) + Ks(r"b"c − r"a) + Kt(r2 − r2"2c)
− "b"e’2f (r"d − rd"c) + %a"b’f (r2"c"d − r2d) by (6.1a) & (6.10a)
= Kp"f − Kq&b + r2Kk("b − "c"a)− rY"b’f ("b"d − d"a) + rKs("b"c − "a) + r2Kt(1− "2c)
− r"b"e’2f ("d − d"c) + r2%a"b’f ("c"d − d)
= Ha by (6.51c) (6.55g)
(bp z)  (St + Su)
= (bp z)  [Kph + Kqz + Krr + Kk(bκ r)− Y"b’f (bκ z) + Ks(bκ bp) + Kt(bp r)
− "b"e’2f (bp z) + %a"b’f (r z)] by (6.54)
= Kp[h  (bp z)] + Kq [z  (bp z)] + Kr[r  (bp z)] + Kk[(bp z)  (bκ r)]
− Y"b’f [(bp z)  (bκ z)] + Ks[(bp z)  (bκ bp)] + Kt[(bp z)  (bp r)]
− "b"e’2f [(bp z)  (bp z)] + %a"b’f [(bp z)  (r  z)]
= Kp"i + Kr&b + Kk[(bp  bκ)(z  r)− (bp  r)(z  bκ)]− Y"b’f [(bp  bκ)z2 − (bp  z)(z  bκ)]
+ Ks[(bp  bκ)(z  bp)− (z  bκ)] + Kt[(z  r)− (bp  r)(z  bp)]− "b"e’2f [z2 − (bp  z)2]
+ %a"b’f [(bp  r)z2 − (bp  z)(z  r)] by (6.1a); (6.21a) & (A.2)
= Kp"i + Kr&b + Kk(r"b"d − r"cb)− Y"b’f (z2"b − db) + Ks("bd − b) + Kt(r"d − r"cd)
− "b"e’2f (z2 − 2d) + %a"b’f (rz2"c − rd"d) by (6.1a) & (6.10a)
= Kp"i + Kr&b + rKk("b"d − "cb)− Y"b’f (z2"b − db) + Ks("bd − b) + rKt("d − "cd)
− "b"e’2f (z2 − 2d) + r%a"b’f (z2"c − d"d)
= Hb by (6.51c) (6.55h)
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(r z)  (St + Su)
= (r z)  [Kph + Kqz + Krr + Kk(bκ r)− Y"b’f (bκ z) + Ks(bκ  bp) + Kt(bp r)
− "b"e’2f (bp z) + %a"b’f (r z)] by (6.54)
= Kp[h  (r z)] + Kq [z  (r z)] + Kr [r  (r z)] + Kk[(r z)  (bκ r)]
− Y"b’f [(r z)  (bκ z)] + Ks[(r z)  (bκ bp)] + Kt[(r z)  (bp r)]
− "b"e’2f [(r z)  (bp z)] + %a"b’f [(r z)  (r z)]
= rKp"h + Kk[(r  bκ)(z  r)− r2(z  bκ)]− Y"b’f [(r  bκ)z2 − (r  z)(z  bκ)]
+ Ks[(r  bκ)(z  bp)− (r  bp)(z  bκ)] + Kt[(r  bp)(z  r)− r2(z  bp)]
− "b"e’2f [(r  bp)z2 − (r  z)(z  bp)] + %a"b’f [r2z2 − (r  z)2] by (6.1a) & (A.2)
= rKp"h + Kk(r2"a"d − r2b)− Y"b’f (rz2"a − r"db) + Ks(r"ad − r"cb) + Kt(r2"c"d − r2d)
− "b"e’2f (rz2"c − r"dd) + %a"b’f (r2z2 − r2"2d) by (6.1a) & (6.10a)
= rKp"h + r2Kk("a"d − b)− rY"b’f (z2"a − "db) + rKs("ad − "cb) + r2Kt("c"d − d)
− r"b"e’2f (z2"c − "dd) + r2%a"b’f (z2 − "2d)
= Hc by (6.51c) (6.55i)
all of which lead to
jSt + Suj2 = (St + Su)  (St + Su)
= (St + Su)  [Kph + Kqz + Krr + Kk(bκ r)− Y"b’f (bκ z) + Ks(bκ bp) + Kt(bp r)
− "b"e’2f (bp z) + %a"b’f (r z)] by (6.54)
= Kp[h  (St + Su)] + Kq[z  (St + Su)] + Kr[r  (St + Su)] + Kk[(St + Su)  (bκ r)]
− Y"b’f [(St + Su)  (bκ z)] + Ks[(St + Su)  (bκ  bp)] + Kt[(St + Su)  (bp r)]
− "b"e’2f [(St + Su)  (bp z)] + %a"b’f [(St + Su)  (r z)]
= KpKu + KqKv + KrKw + KkKx − Y"b’fKy + KsKz + KtHa
− "b"e’2fHb + %a"b’fHc by (6.55)
∴ jSt + Suj = Hd by (6.51c): (6.56)
Art 27d. Development of equation (3.24c).
To evaluate the quantities dened by (3.24c), we proceed by rst deriving
bκ  (St + Su)
= bκ  [Kph + Kqz + Krr + Kk(bκ r)− Y"b’f (bκ z) + Ks(bκ bp) + Kt(bp r)
+ %a"b’f (r z)− "b"e’2f (bp z)] by (6.54)
= Kp(bκ  h) + Kq(bκ  z) + Kr(bκ  r) + Kk[bκ  (bκ r)]− Y"b’f [bκ  (bκ z)] + Ks[bκ  (bκ  bp)]
+ Kt[bκ  (bp r)] + %a"b’f [bκ  (r z)]− "b"e’2f [bκ  (bp z)]
= Kpa + Kqb + rKr"a + Kt&a − r%a"b’ff − "b"e’2f &c by (6.1a); (6.10a) & (6.21a)
= He by (6.51d) (6.57a)
u  (St + Su)
= u  [Kph + Kqz + Krr + Kk(bκ r)− Y"b’f (bκ z) + Ks(bκ bp) + Kt(bp r)
+ %a"b’f (r z)− "b"e’2f (bp z)] by (6.54)
= Kp(u  h) + Kq(u  z) + Kr(u  r) + Kk[u  (bκ r)]− Y"b’f [u  (bκ z)] + Ks[u  (bκ bp)]
+ Kt[u  (bp r)] + %a"b’f [u  (r z)]− "b"e’2f [u  (bp z)]
= Kq(−r%b’b) + rKr(r%b)− Kk[bκ  (u r)]− Y"b’f [bκ  (z  u)]− Ks[bκ  (u bp)]
− Kt[bp  (u r)] + %a"b’f [z  (u r)]− "b"e’2f [bp  (z u)] by (1.5c); (6.27) & (A.4)
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= −rKq%b’b + r2Kr%b − Kk(bκ  h)− Y"b’f [bκ  (−h−2yzh)]− (Ks=h2)[bκ  (}ch− cz− qcbr)]
− Kt(bp  h) + %a"b’f (z  h)− "b"e’2f [bp  (−h−2yzh)] by (1.5c); (6.11) & (6.45a)
= −rKq%b’b + r2Kr%b − Kka + "b’fyza(Y=h2)− (Ks=h2)[}ca − c(b + q"a)]
− Ktc + "b"e’2fyz(c=h2) by (6.10a); (6.1a) & (1.5c)
= −rKq%b’b + r2Kr%b − Kka + "b’fyza(Y=h2)− (Ks=h2)(}ca − c}a)
− Ktc + "b"e’2fyz(c=h2) by (6.10b)
= Hf by (6.51d) (6.57b)
bp  (St + Su)
= bp  [Kph + Kqz + Krr + Kk(bκ r)− Y"b’f (bκ z) + Ks(bκ bp) + Kt(bp r)
+ %a"b’f (r z)− "b"e’2f (bp z)] by (6.54)
= Kp(bp  h) + Kq(bp  z) + Kr(bp  r) + Kk[bp  (bκ r)]− Y"b’f [bp  (bκ z)] + Ks[bp  (bκ bp)]
+ Kt[bp  (bp r)] + %a"b’f [bp  (r z)]− "b"e’2f [bp  (bp z)]
= Kpc + Kqd + rKr"c − Kk&a + Y"b’f &c − %a"b’f &b by (6.1a); (6.10a) & (6.21a)
= Hg by (6.51d) (6.57c)
(r h)  (St + Su)
= (r h)  [Kph + Kqz + Krr + Kk(bκ r)− Y"b’f (bκ z) + Ks(bκ bp) + Kt(bp r)
− "b"e’2f (bp z) + %a"b’f (r z)] by (6.54)
= Kp[h  (r h)] + Kq[z  (r h)] + Kr [r  (r h)] + Kk[(r h)  (bκ r)]
− Y"b’f [(r h)  (bκ z)] + Ks[(r  h)  (bκ bp)] + Kt[(r h)  (bp r)]
− "b"e’2f [(r  h)  (bp z)] + %a"b’f [(r  h)  (r z)]
= −rKq"h + Kk[(r  bκ)(h  r)− r2(h  bκ)]− Y"b’f [(r  bκ)(h  z)− (r  z)(h  bκ)]
+ Ks[(r  bκ)(h  bp)− (r  bp)(h  bκ)] + Kt[(r  bp)(h  r)− r2(h  bp)]
− "b"e’2f [(r  bp)(h  z)− (r  z)(h  bp)] + %a"b’f [r2(h  z)− (r  z)(h  r)] by (6.1a) & (A.2)
= −rKq"h + Kk(−r2a)− Y"b’f (−r"da) + Ks(r"ac − r"ca) + Kt(−r2c)
− "b"e’2f (−r"dc) by (1.5c); (6.1a) & (A.2)
= −rKq"h − r2Kka + rY"b’f"da + rKs("ac − "ca)− r2Ktc + r"b"e’2f"dc
= r[−Kq"h − r(Kka + Ktc) + Ks("ac − "ca) + "b"d’f (Ya + "e’f c)]
= Hh by (6.51d) (6.57d)
from which we obtain
<1 = bκ  (St + Su) by (3.24c)
= He by (6.57a) (6.58a)
<2 = a  (St + Su) by (3.24c)
= (−%ar)  (St + Su) by (1.5a) & (6.21b)
= −%aKw by (6.55c) (6.58b)
<3 = _a  (St + Su) by (3.24c)
= (−%au + 3%a%br)  (St + Su) by (6.26a)
= −%aHf + 3%a%bKw by (6.55c) & (6.57b) (6.58c)
<4 = a¨  (St + Su) by (3.24c)
= (6%a%bu− %a%lr)  (St + Su) by (6.26b)
= 6%a%bHf − %a%lKw by (6.55c) & (6.57b) (6.58d)
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<5 = e¨  (St + Su) by (3.24c)
= [xobp + 2"bxkz + 2q"bxkbr + xp(r h)]  (St + Su) by (6.36b)
= xoHg + 2"bxkKv + 2(q=r)"bxkKw + xpHh by (6.55) & (6.57)
= xoHg + 2"bxkKv + 2’b"bxkKw + xpHh by (6.1b): (6.58e)
We have also that
Y¨<1 + ¨<2 + b2<3 + <4 + <5
= yb<1 + xi<2 + ye<3 + <4 + <5 by (6.38b); (6.32b) & (6.39b)
= ybHe + xi(−%aKw) + ye(−%aHf + 3%a%bKw) + (6%a%bHf − %a%lKw)
+ xoHg + 2"bxkKv + 2’b"bxkKw + xpHh by (6.58)
= ybHe + xoHg + xpHh − %a[xiKw + ye(Hf − 3%bKw) + (%lKw − 6%bHf )]
+ 2"bxk(Kv + ’bKw)
= Hi by (6.51d) (6.59a)
Ybκ + a− u + e
= Ybκ + (−%ar)− [h−2(z h + qbr h)] + f1(r h) + f2bp by (1.5) & (6.21b)
= Ybκ − %ar− h−2(z h)− h−2(q=r)(r h) + f1(r h) + f2bp
= Ybκ + f2bp− %ar− h−2(z h) + (f1 − h−2’b)(r h) by (6.1b)
= Ybκ + "e’f bp− %ar− h−2(z h) + ("b’f − h−2’b)(r h) by (6.2g) & (6.2h)
= Ybκ + "e’f bp− %ar− (1=h2)(z  h) + Hj(r h) by (6.51d): (6.59b)
Art 27e. Results of the computations.
By substituting (6.59), (6.56) and (6.54) into (3.26), we nally get
K =
Hd













Kph + Kqz + Krr + Kk(bκ r)− Y"b’f (bκ z) + Ks(bκ bp) + Kt(bp r)
+ %a"b’f (r z)− "b"e’2f (bp z)
(6.60b)
as the complete set of equations describing the apparent geometry of obliquated rays for a gravi-
tating observer.
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Part III: Illustrations
The beauty of nature lies in detail; the message in generality. Optimal appreciation
demands both and I know of no better tactic than the illustration of exciting principles
by well-chosen particulars.
Stephen J. Gould (1941 - 2002)
7 Effects of constant acceleration
Art 28. On the apparent direction to a light source.
When an observer translates with a constant acceleration a = _u, the velocity u and the position
r of the observer at any instant t are given by
u = at+ uo; r =
1
2
at2 + uot+ ro (7.1a)
where uo and ro are respectively the observer’s velocity and position at instant t = 0. By squaring
the second of these equations and rearranging its terms, we get
a2t2 + 2(a  uo)t+ 2a  (ro − r) = 0 (7.1b)
while by squaring the second equation in (7.1a) and taking (7.1b) into account, we get
u2 = u2o + 2atuo cos o + a
2t2; u2 = u2o + 2a  (r − ro) (7.1c)
where o is the angle between a and uo. Consequently, if o = uo=c, then by (1.6) and (7.1c),
(t) = [2o + 2to cos o + 
2t2]1/2; (r) = [2o + 2(σ=c)  (r− ro)]1/2: (7.1d)
If we solve the rst equation in (7.1c) for at and take the second equation into account, we shall
obtain
at = −uo cos o  (u2 − u2o sin2 o)1/2 = −uo cos o  [u2o cos2 o + 2a  (r − ro)]1/2: (7.1e)
Also, by multiplying the rst equation in (7.1a) vectorwise by a, one may show that
u sin  = uo sin o (7.1f)
where  is the angle between a and u (cf. Figure 1). These results have been known since Galileo
brought them forcefully to the attention of philosophers; our task will be to study their kineoptical
consequences in some detail.
The acceleration a and the wave vector κ being constant, the angle  between them at any
instant does not change in the course of the observer’s motion, whence
(t) = (r) = o (7.2a)




u2o + 2atuo cos o + a2t2
)
; (r) = arcsin
(
uo sin op
u2o + 2a  (r− ro)
)
: (7.2b)
By multiplying through the rst equation in (7.1a) scalarwise by bκ and taking (7.1e) into consid-
eration, one may show that
(t) = arccos
(
uo coso + at cosop




uo(coso − coso cos o) coso
p
u2o cos2 o + 2a  (r− ro)p
u2o + 2a  (r − ro)
) (7.2c)
11We remind the reader that throughout this work and in accordance with (1.6), the case u = 0 is to be excluded
from consideration.
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where  is the angle between bκ and u, and o is the angle between bκ and uo.
Art 28a. Translation with zero acceleration.
When the observer translates without accelerating (a = 0), we have  = 0 and  = 0 by (1.6).
The various quantities dened by (4.2d) become
 = 0;  = 0; d = 1; # = 0; Y = c: (7.3a)
Putting a = 0 into (7.2c) and  = 0 into (7.1d) leads to
 = o;  = o (7.3b)
so that, in view of (7.3a) and (7.3b), the quantities dened by (4.2b) reduce to
G = −o + coso; R2 = 1 + 2o − 2o coso; F2 = sin2 o: (7.3c)
Substituting the value of R from (7.3c) into (3.5a) gives the ray speed as
 = c(1 + 2o − 2o coso)1/2 (7.4a)
while by putting the values of F and G from (7.3c) into (4.2c), we get the angular displacement







This well known result [?] is equivalent to (2.6a). We conclude that when an observer translates
without accelerating, polarization and dispersion have no eect on the apparent displacement of
a light source or on the speed of a light ray.
Art 28b. Rectilinear translation with nonzero acceleration.
If the initial velocity uo of the observer is directed parallel to the acceleration a, the rst equation
in (7.1a) shows that the instantaneous velocity u will remain parallel to the acceleration at all
times. Indeed, substituting o = 0 and o = o into (7.2b) and (7.2c) gives (cf. Figure 1)
 = o = 0;  = o = o =  (7.5a)
where we have taken advantage of (7.2a). Substituting (7.5a) into (7.1d) leads to
(t) = o + t; (r) = [2o + 2(=c)jr− roj]1/2: (7.5b)
Again in view of (7.5a), we have from (4.2d) that







 = #(1 + #2)−1/2;  = =(4d!o); Y = c(d− 2 coso)
(7.5c)
while (4.4a) becomes
F = jd− 2 cosoj sino; G = d coso −  −  cos 2o
R2 = d2 + 2 − 2d coso + ( − 2d coso + 2 cos 2o):
(7.5d)
Substituting the value of R from (7.5d) into (3.5a) gives the ray speed as
 = c[d2 + 2 − 2d coso + ( − 2d coso + 2 cos 2o)]1/2 (7.6a)
while by putting the values of F and G from (7.5d) into (4.2c), we get the angular displacement
of the light source as
 = arctan
 jd− 2 cosoj sino
d coso −  −  cos 2o

: (7.6b)
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We conclude that for an observer in accelerated rectilinear translation, both acceleration and
dispersion will be observed to aect the speed of a light ray as well as the angular displacement
of a light source.
Example 7-A. Transverse line of incidence. If the light ray is incident 12 at right angles to the
observer’s velocity, so that o = 90, then by (7.5c),
# = 0; d = 1;  = 0;  = 0; Y = c: (7.7a)
From (7.6a) and (7.6b), we obtain
 = c(1 + 2)1/2;  = arctan(−1=) (7.7b)
which shows that the ray speed and the angular displacement of the light source depend only on
the instantaneous velocity of the observer. We conclude that there are indeed situations in which
obliquation is determined by the instantaneous velocity of the observer and is independent of
the observer’s acceleration as postulated by the so-called clock or locality hypothesis of aclassical
physics [?, ?]. Generally speaking, however, obliquation depends explicitly on the observer’s
acceleration although its eects are easy to eliminate by an appropriate choice of geometry.
Example 7-B. Semi-transverse line of incidence. If the light ray is incident at 45 to the




2=2, then by (7.5c),
# = =
p
2; Y = c(d− 
p
2) (7.8a)
while from (7.6), we get
 = c[d2 + ( − d
p
2) + ( − d
p





which shows the eects of acceleration (via ) and dispersion (via ) on the ray speed  and on
the angular displacement  of the light source. We conclude in view of (7.5c) and (7.8a) that
since  6= 0 and  6= 0 unless a = 0, the eects of acceleration and dispersion cannot be strictly
eliminated in this case unless the observer ceases to accelerate.
Example 7-C. Ultragamma approximation for semi-transverse loi. When the quantity  is so
small that expressions containing its third and higher powers can be neglected (  1), we have
from (7.8a) that the third and higher powers of # can also be neglected. Accordingly, by (7.5c)
and (7.8a), we have the following approximations
d  1 + 
2
16
;   p
2











where we have used the fact that  = =!o by (1.6). Bearing this fact in mind in addition to
(7.8a) and (7.9a), it is easy to show that for d− p2  0, (7.8b) takes the form
  c


























We conclude that in this approximation, the eects of acceleration and dispersion on the ray speed
and on the angular displacement of the light source are of second and higher orders in .
Example 7-D. Infraradio approximation for semi-transverse loi. When the quantity  is so
large that expressions containing its rst and higher powers are much greater than
p
2, we have
12We remind the reader of the importance of distinguishing the line of incidence (loi) of a ray from its line of
sight (los) since insufficient attention to this distinction has proved to be a rich source of errors for careless minds.
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from (7.8a) that the rst and higher powers of # are much greater than 1. Accordingly, by (7.5c)












; Y  0: (7.10a)














;   arctan0 (7.10b)
from which we conclude that, in this approximation, the eects of acceleration and dispersion on
the ray speed manifest at rst order in  while the light source suers an angular displacement
that places it in a direction parallel or antiparallel to the observer’s velocity.
Scholium 7-A. Prosaic character of superluminal velocities. Each expression for the ray speed
 in the foregoing examples imposes a constraint on  for a given  since the radicand in the
expression must be positive in order for the expression to hold. These constraints are however
geometric and specic to each example. We may therefore not regard any of them as a fundamental
statement applicable to all obliquation phenomena. This is particularly important when the
constraint is such as to require that  < 1, because in this case those who have not learnt to
give due diligence to the demands of epistemological completeness may be tempted to suppose (in
view of the claim of many proponents of aclassical physics to this eect) that this constraint is an
Act of Nature. We emphasize therefore that in this work we neither require  < 1 nor place any
apriori constraint on . This is illustrated by the foregoing examples which admit   1 without
contradictions.
Art 28c. Coradial translation with nonzero acceleration.
When an observer translates with a constant acceleration directed along the line of incidence of
a light ray, we have o = 0; o = o which upon substitution into (7.2) yields (cf. Figure 1)
o = o;  = ; o =  = 0 (7.11a)





u2o + 2atuo coso + a2t2
1/2




u2o + 2a  (r− ro)
1/2
: (7.11b)
Substituting (7.11a) into (7.1d) leads to
(t) = [2o + 2to coso + 
2t2]1/2; (r) = [2o + 2(σ=c)  (r− ro)]1/2: (7.11c)
In view of (7.11a), we have from (4.2d) that







 = #(1 + #2)−1/2;  = =(4d!o); Y = c(d− 2)
(7.12a)
while according to (4.5a),
F = jd− j sin; G = − + (d− ) cos
R2 = (d− )2 + 2 − (2d+ ) cos: (7.12b)
Substituting the value of R from (7.12b) into (3.5a) gives the ray speed as
 = c[2 − (2d+ ) cos+ (d− )2]1/2: (7.13a)
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Furthermore, by putting the values of F and G from (7.12b) into (4.2c), we get the angular
displacement of the light source as
 = arctan
 jd− j sin
− + (d− ) cos

(7.13b)
which, while similar in form to (4.5b), diers from (4.5b) in that  is required to satisfy (7.11b). We
conclude that for an observer in accelerated coradial translation, both acceleration and dispersion
will be observed to aect the speed of a light ray as well as the angular displacement of a light
source.
Example 7-E. Coradial translation with transverse loi. It may seem that one can obtain an
interesting and useful result by putting  = 90 into (7.13). One diculty with this circumstance
is that since  is a function of time by (7.11b), the condition  = 90 can be established only
for a brief instant. A more serious diculty is that since the observer’s acceleration is parallel
to the line of incidence of the light ray, the condition  = 90 requires the observer’s velocity to
be perpendicular to the acceleration. The acceleration being constant, however, this requirement
can be satised only at the instant when the observer’s velocity is zero. We conclude that putting
 = 90 into (7.13) does not lead to a very useful result.
Art 29. On the apparent drift of a light source.
For an observer translating with constant acceleration, the velocity and acceleration of the observer
are independent quantities, the acceleration being constant while the velocity varies, so that the
formulae of Art 17 are applicable. In view of (7.1), we have from (4.8) that
X = {0bκ + {1uo + ({1t− {2)a (7.14a)
{4 =
(R2 + G)
FR2u2 ; {3 =
 + G
Fu2 ; {2 = {4; {1 = {3 + {4; {0 = −{4Y: (7.14b)
Furthermore, by (3.7c), (4.9) and (7.14a), we get
_ = a[{0 cos+ {1uo cos o + a({1t− {2)];  = _ =a




o + a({1t− {2)[a({1t− {2) + 2{0 cos+ 2{1uo cos o]
(7.14c)
which gives the drift _ and the magnitude of the obliquation gradient X as functions of time t,
the variation of obliquation  being dened only when the observer has a nonzero acceleration.
Art 29a. Translation with zero acceleration.
When the observer translates without accelerating, the obliquation gradient X is well dened and
can be calculated by rst substituting (7.3) into (7.14b) to get
{4 =
o(1− o coso)




; {2 = 0 (7.15a)
{1 =
o + (1− 2o coso) coso
u2o(1 + 2o − 2o coso) sino
; {0 =
o coso − 1
uo(1 + 2o − 2o coso) sino
(7.15b)
and then putting a = 0 into (7.14a) and (7.14c) to get
X = {0bκ + {1uo; X2 = {20 + 2{0{1uo coso + {21u2o; _ = 0: (7.15c)
We conclude that when an observer translates without accelerating, the angular displacement of a
light source will not change in the course of the observer’s motion regardless of the line of incidence
of a light ray from the source to the observer.
Scholium 7-B. Interpretation of obliquation gradient. So long as the obliquation angle  
depends on the observer’s velocity u, the gradient of  with respect to u is well dened even for
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a constant u because the gradient gives the amount by which  changes if and when u changes
without explicitly requiring u to be variable. When u does vary, as it must when an observer
accelerates, the obliquation gradient gives the amount by which the apparent position of a light
source changes for a unit change in the observer’s velocity at any given instant. But when u
is xed, as it must be when an observer does not accelerate, the obliquation gradient gives the
amount by which the apparent position of a light source diers for two observers, each moving
with a constant velocity, for every unit dierence in the observers’ velocities. This case deserves
clarication because those familiar with the prevailing mode of expression in aclassical physics may
be tempted to interprete it by introducing a space lled with observers, all moving with dierent
but constant velocities, and may therefore be led to suppose that obliquation gradient by its very
nature requires a multiplicity of observers.
Art 29b. Rectilinear translation with nonzero acceleration.
When an observer translates rectilinearly with a constant acceleration, the results of Art 28b are
applicable. Introducing
 =
d(d−  coso) + ( − 2d coso +  cos 2o)
d2 + 2 − 2d coso + ( − 2d coso + 2 cos 2o) (7.16)
we have by substituting (7.5d) and the value of Y from (7.5c) into (7.14b),
{4 =

u2(d− 2 coso) sino ; {3 =
d coso −  cos 2o
u2(d− 2 coso) sino (7.17a)
{2 = {4; {1 = {3 + {4; {0 = −=(u sino): (7.17b)
Also, by using (7.5a) in (7.14c), we get
_ = a[{0 coso + {1uo + a({1t− {2)];  = _ =a




o + a({1t− {2)[a({1t− {2) + 2{0 coso + 2{1uo]
(7.18)
from which we conclude that the apparent displacement of a light source will in general vary with
time when an observer translates rectilinearly with a constant nonzero acceleration.
Example 7-F. Transverse line of incidence. If a light ray is incident at right angles to the











; {0 = − 1
u(1 + 2)
(7.19a)











where  satises (7.5b). We conclude that in this scenario the apparent drift of the light source is
aected by acceleration but not by dispersion.
Art 30. On the apparent path of a light source.
To calculate the apparent path of a light source for an observer translating with a constant
acceleration, we note that for this observer, (4.10a) reduces to
&a = 0; &b = 0; &c = 0; &d = 0; &e = 0; &f = 0; &g = 0; &h = 0
&i = 0; &j = 0; &k = 0; &l = 0; &m = 0; &n = 0; &o = 0; &p = 0
&q = 0; &r = 0; &s = 0; &t = 0; &u = 0; &v = 0:
(7.20a)
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Ignoring %a; %b; %c because they will not be needed in the calculations, we also have by (4.10),
%d = −1; %e = 0; %f = 0; %g = 0; %h = 0; %i = 0; %j = 0; %k = 0
%l = 0; %m = 0; %n = 0; %o = 0; %p = 1; %q = a; %r = 0; %s = 0
%t = 0; %u = 0; %v = 0; %w = 0; %x = 0; %y = 0:
(7.20b)
Substituting these values into (4.25) gives 13
K = 0; T = 0; `t = −a=a; `b = ? (7.21)
from which we conclude that the apparent path of the light source is a straight line in a direction
antiparallel to the observer’s acceleration whatever maybe the line of incidence of the light ray from
the source to the observer. We conclude further that if the observer’s motion is not accelerated, the
light source will not have an apparent path (`t = ?) and will therefore be apparently stationary [?].
Art 31. On the apparent geometry of rays.
To study the apparent geometry of obliquated rays for an observer translating with a constant
acceleration, we note that for this observer, (4.26a) reduces to
Ha = bκ  (a u); Hb = 0; Hc = 0
Hd = 0; He = 0; Hf = 0; Hg = 0; Hh = 0
(7.22a)
so that, with (7.20), the remaining quantities dened in (4.26) are given by
Ka = −Y; Kb = −Ha; Kc = 0; Kd = 0; Ke = 0
Kf = a2Y2 sin2 ; Kg = a2u2 sin2 ; Kh = Yua2(cos cos  − cos):
(7.22b)
We substitute (7.22) into (4.31) to get, in view of (7.20b) and (7.1a),
K = =(cR3); T = 0; `t = Ybκ− uo + (− t)a
cR ; `b =
a (Ybκ − uo)
c2
 = [2 sin2  + (Y=c)2 sin2 + 2(Y=c)(cos cos  − cos)]1/2:
(7.23)
We conclude that for an observer translating with a constant acceleration, the light ray is curved
but lies entirely in a plane whatever the line of incidence of the ray maybe.
Example 7-G. Rectilinear translation. When the observer’s motion is rectilinear, the quantities
featured in (7.23) have the values calculated in Art 28b. Substituting (7.5a) into (7.23) and using
the value of Y from (7.5c) gives
 = jd− 2 cosoj sino: (7.24a)
In particular, when the light ray is incident at right angles to the observer’s initial velocity uo, we
have o = 90 which reduces (7.5d) to R2 = 1 + 2 and (7.24a) to  = . It follows by putting
these values into (7.23) that
(7.24c)
=c if   1(=c)−3 i
where  satises (7.5b). We conclude that dispersion has no eect on the curvature of the ray.
However, unlike the corresponding obliquation angle given by (7.7b), the ray curvature depends
explicitly on the observer’s acceleration and not only on the instantaneous velocity of the observer.
Hence those who wish to uphold the socalled locality hypothesis mentioned in Example 7-A ought
to bear in mind that while the obliquation angle may depend only the instantaneous velocity of the
13We use ? to denote an indeterminate or undefined scalar or vector.
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observer, the curvature of the ray does in fact depend on the observer’s acceleration, on account of
which one may not claim, even in aclassical physics, that acceleration has no eect on obliquation.
Example 7-H. Contigency of obliquated light rays. If P and Q are two points on a ray, and




t , the angle between
these vectors in the limit as Q approaches P is called the contigency of the ray at P ([?], pg 14).
By denition, then,
d’ = K ds (7.25a)
where ds is an element of the ray and d’ is an element of the contigency angle. Observing that
ds=dt =  is the ray speed, the above equation can be rewritten as
_’ = K (7.25b)





as the variation of contigency for a light ray incident at right angles to the initial velocity of an
observer translating rectilinearly with constant acceleration. Moreover, comparing (7.26a) with
(7.19b), we get
2 _’ = _ 3 (7.26b)
which relates the variation of obliquation at any instant to the corresponding variation of conti-
gency at that instant.
Scholium 7-C. Deviation of obliquated light rays. Consider a point moving along a light ray
with the ray speed , and let this point be at position P at time tP and at position Q at time tQ.
If we integrate the variation of contigency _’ from t = tP to t = tQ, the result will be the angle
’ between the tangent vectors to the ray at P and Q. This so-called bending angle or deviation
constitutes a global measure of the ray curvature. It is a useful physical quantity when the ray
lies entirely in one plane between P and Q. If the ray does not lie entirely in one plane between
these positions, the physical usefulness of the bending angle is questionable. And even when the
ray lies entirely in one plane between these positions, the usefulness of the bending angle can still
be questioned on the grounds that ’ = 0 does not necessarily imply zero curvature everywhere
between the two positions, which may be interpreted as showing that the bending angle is too
crude a measure of curvature. Since the problems we are investigating in this work may admit
rays that are both curved and twisted, we shall not in general be concerned with the bending
angle in this work. The variation of contigency will be found to be much more suitable for our
purposes because it places more stringent constraints on conflicting kineoptical theories.
Art 32. On the apparent frequency of rays.
The apparent frequency of a light ray can be calculated for an observer translating with a constant
acceleration by substituting the appropriate value of R into (3.30). In this way we shall nd that
the apparent ray frequency !0 is aected in general by both acceleration and dispersion.
Art 32a. Apparent ray frequency for nonaccelerated observers.
When an observer translates without accelerating, R has the value given by (7.3c). Using this
value in (3.30) gives
(!0=!o)2 = 1 + 2o − 2o coso (7.27)
so that for coso = 0, which corresponds to the situation shown in Figure 5(a), we have
!0 = !o
p
1 + 2o (7.28a)
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and for coso = o, corresponding to the situation shown in Figure 5(b), we have
!0 = !o
p
1− 2o : (7.28b)
We conclude that in either of the transverse situations shown in Figure 5, the apparent ray
frequency depends on second and higher order terms in o when the observer translates without
accelerating [?, ?, ?, ?]. Also, for a light ray incident in a direction parallel to the observer’s
velocity (coso = 1), we get
!0 = !oj1− oj (7.29a)
while for a light ray incident in a direction antiparallel to the observer’s velocity (coso = −1),
we get
!0 = !o(1 + o): (7.29b)
We conclude that in either of these so-called longitudinal or radial situations, the apparent ray
frequency satises the usual classical formulae attributed to Doppler.
Art 32b. Apparent ray frequency for accelerated observers.
When an observer translates rectilinearly with a constant acceleration, R has the value given by
(7.5d). Substituting this value into (3.30) gives
(!0=!o)2 = d2 + 2 − 2d coso + ( − 2d coso + 2 cos 2o) (7.30)
where the various quantities have the values calculated in Art 28b.
Example 7-I. Transverse line of incidence. For a light ray incident at right angles to the
observer’s initial velocity (coso = 0), using (7.7a) in (7.30) gives
!0 = !o
p
1 + 2 (7.31)
where  satises (7.5b). Comparing this result with (7.28a), we conclude that in this situation, the
apparent frequency of the ray depends only on the instantaneous velocity of the observer and not
explicitly on the observer’s acceleration (cf. Example 7-A). We may also consider the situation
corresponding to coso = . But in this case we must bear in mind that since  varies with time
by (7.5b), the condition coso =  can be established only for a brief instant. Designating the
value of  at the instant when this condition holds good by t, (7.5c) and (7.30) give
















from which we conclude that, at this particular instant, the apparent ray frequency is aected by
both dispersion and acceleration.
Example 7-J. Longitudinal line of incidence. For a light ray incident in a direction parallel to
the initial velocity of the observer (coso = 1), we have by (7.5c) and (7.30) that
(!0=!o)2 = d2 + 2 − 2d + ( − 2d+ 2); # =  (7.33a)
while for a light ray incident in a direction antiparallel to the initial velocity of the observer
(coso = −1), we have
(!0=!o)2 = d2 + 2 + 2d + ( + 2d+ 2); # = − (7.33b)
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We conclude that acceleration and dispersion have eects on the apparent frequency of a ray
incident in a direction parallel or antiparallel to the observer’s velocity.
Example 7-K. Ultragamma approximation for longitudinal loi. When the quantity  is so small
that expressions containing its third and higher powers can be neglected (  1), we have by
(7.33a) or (7.33b) that the same condition holds good for the quantity #. Equation (7.33c) then
becomes
d  1 + #
2
8
;   #
4!o
(7.34a)
which upon substitution into (7.33a) gives




and upon substitution into (7.33b) gives




We conclude that in this approximation, the eects of acceleration and dispersion on the apparent
ray frequency are of second and higher orders in . Moreover, when the observer’s motion is
such that  < 1 at all instants, we see that the eect of acceleration is such as to reduce the ray
frequency regardless of whether the line of incidence of the ray is parallel or antiparallel to the
observer’s velocity.
Example 7-L. Infraradio approximation for longitudinal loi. When the quantity  is so large
that expressions containing its rst and higher powers are much greater than 1 ( 1), we have











which upon substitution into (7.33a) gives
!0  !o(b − ); b =
p
=8 (7.35b)
and upon substitution into (7.33b) gives
!0  !o(b+ ); b =
p
=8: (7.35c)
We conclude that in this approximation, the eects of acceleration and dispersion on the apparent
ray frequency manifest at rst order in the square root of . We conclude also that when the
observer’s motion is such that  > 8, the eect of acceleration is such as to enhance the ray
frequency regardless of whether the line of incidence of the ray is parallel or antiparallel to the
observer’s velocity.
8 Effects of centripetal acceleration
Art 33. On the apparent direction to a light source.
Throughout this section we consider a light ray incident in the plane of motion of an observer
moving with constant linear speed uo and constant angular speed Ωo in a circle of radius ro. Then
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at any instant t, the observer’s position r, velocity u and acceleration a are given by
r = ro(bκ cos  + b sin ); u = Ωoro(−bκ sin  + b cos )
a = −Ω2or = −Ωo(ubı ); (t) = Ωot (8.1a)
where b is a unit vector in the plane of the observer’s motion satisfying bκ  b = 0, while bı = bκ b
is a unit vector perpendicular to the plane of the observer’s motion, and  is the phase or azimuth
of the observer’s position with respect to bκ. Observing from these equations that
bκ  u = −Ωoro sin ; bκ u = bıΩoro cos 
u  a = 0; bκ  a = −Ω2oro cos ; bκ a = −bıΩ2oro sin  (8.1b)
we obtain (cf. Figure 1)
cos  = 0; cos = sin = − sin ; sin = − cos = cos : (8.1c)
Consequently, (4.2b) becomes
F = jd cos  +  cos 2j; G = − − d sin  −  sin 2
R2 = d2 + 2 + 2d sin  + ( + 2d cos + 2 sin 2) (8.2a)
while (4.2d) becomes







 = #=(1 + #2)1/2;  = =(4d!o); Y = c(d+ 2 cos ):
(8.2b)
Moreover, substituting the values of F and G from (8.2a) into (4.2c) gives the instantaneous
obliquation angle of the light source as
tan =
jd cos  +  cos 2j
− − d sin  −  sin 2 : (8.2c)
We shall nd it convenient to say that the observer is at new phase when cos = 1, at rst quarter
when sin  = 1, at full phase when cos  = −1, and at last quarter when sin  = −1.
Art 33a. Apparent direction for observers at new phase.
When an observer is at new phase, (8.2a) reduces to
F = j + dj; G = −; R2 = d2 + 2 + ( + 2d) (8.3a)
while (8.2b) reduces to

















; Y = c(d+ 2)
(8.3b)
where we have taken advantage of (1.6). The ray speed  and the angle  of obliquation are
obtained by substituting the value of R from (8.3a) into (3.5a) and putting cos = 1 into (8.2c)
to get
 = c[2 + ( + d)2]1/2; tan = −j + dj=: (8.4)
We conclude that when the observer is at new phase, acceleration and dispersion aect both the
ray speed and the angular displacement of the light source.
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Example 8-A. Ultragamma approximation. If  1, then to a second order accuracy in , we
have from (8.3b) that
d  1 + (2=8);   −=(4!o) (8.5a)
which reduces (8.4) to
  c













We conclude that in this approximation, the eects of acceleration and dispersion on the ray speed
and on the apparent position of the light source are of second and higher orders in .




=2;   −(4!o)−1
p
2= (8.6a)














We conclude that in this case the eects of acceleration and dispersion on the ray speed and on
the apparent position of the light source manifest at rst order in .
Example 8-C. Relevance to low frequency radio astronomy. To put some numbers into the
above calculations, let c  3  108ms−1 and take a  6  10−2ms−2 to represent the earth’s
acceleration towards the sun. Then we have !o  200pHz. For nanohertz infraradio waves with
!o  1nHz, we get   0:2  1 which indicates that (8.5b) gives a good approximation for
 . But for picohertz infraradio waves with !o  1pHz, we get   200  1 which indicates
that (8.6b) gives a better approximation for  . These numbers suggest that if the earth’s orbital
motion around the sun can be assumed to be circular and with constant speed, then the eect of
the earth’s acceleration on obliquation can be detected with reasonable certainty if an infraradio
survey of the sky is performed in the picohertz range, for in this range we should nd that tan is
about ve times larger than what would be expected on the basis of other theories. Thus we have
reasons to look forward to technological advances in extremely low frequency radio astronomy
which may one day make such surveys possible.
Art 33b. Apparent direction for observers at first quarter.
When an observer is at rst quarter, (8.2b) reduces to
# = 0; d = 1;  = 0;  = 0; Y = c (8.7a)
while (8.2a) reduces to
F = 0; G = −(1 + ); R = 1 + : (8.7b)
Substituting the value of R from (8.7b) into (3.5a) and putting sin  = 1 into (8.2c) gives
 = c(1 + ); tan = 0: (8.8)
We conclude that when the observer is at rst quarter, the ray speed is not aected by acceleration
and dispersion while the light source suers no angular displacement.
Art 33c. Apparent direction for observers at full phase.
When an observer is at full phase, (8.2b) reduces to



















; Y = c(d− 2)
(8.9a)
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while (8.2a) reduces to
F = j − dj; G = −; R2 = d2 + 2 + ( − 2d): (8.9b)
Substituting the value of R from (8.9b) into (3.5a) and putting cos  = −1 into (8.2c) gives
 = c[2 + ( − d)2]1/2; tan = −j − dj=: (8.10)
We conclude that when the observer is at full phase, acceleration and dispersion aect both the
ray speed and the angular displacement of the light source.
Art 33d. Apparent direction for observers at last quarter.
When an observer is at last quarter, (8.2b) reduces to
# = 0; d = 1;  = 0;  = 0; Y = c (8.11a)
while (8.2a) reduces to
F = 0; G = 1− ; R = j1− j: (8.11b)
Substituting the value of R from (8.11b) into (3.5a) and putting sin = −1 into (8.2c) gives
 = cj1− j; tan = 0: (8.12)
We conclude that when the observer is at last quarter, the ray speed is not aected by acceleration
and dispersion while the light source suers no angular displacement.
Example 8-D. Obliquation as a vector transport problem. The foregoing calculations show that
when the observer is at new phase, the light source is displaced at an angle  to the observer’s
velocity in accordance with (8.4). As the observer progresses to rst quarter, the displacement
of the light source reduces and nally vanishes when the observer reaches rst quarter, at which
point the apparent direction to the light source coincides with the true direction. As the observer
progresses further to full phase, the light source again suers a displacement which reaches a
maximum value when the observer is at full phase. This displacement in turn diminishes as the
observer advances to last quarter, at which point the apparent direction to the light source coincides
again with the true direction. As the observer nally moves from last quarter to new phase, the
light source again suers a displacement that reaches a maximum value when the observer is at
new phase. It appears therefore that one may treat obliquation as a problem of transporting the
ray velocity vector along the path of the observer. But while this mode of expression may be more
convenient for mathematicians, it seems to add nothing to the physics of the phenomena being
investigated, and will therefore not be considered further in this work.
Art 34. On the apparent drift of a light source.
For an observer translating with centripetal acceleration, the velocity and acceleration of the
observer are dependent quantities, the acceleration being related to the velocity as in (8.1a), so
that the formulae of Art 17 are not applicable. Since the applicable general formulae for this case
were not derived in that article, we shall not study the apparent drift of a light source for an
observer translating with centripetal acceleration in the present article. The results which ought
to have been derived here can however be obtained as a special case of the results obtained in
Art 39 where we study the same problem for a rotating or precessing observer.
Art 35. On the apparent path of a light source.
To calculate the apparent path of the light source, we rst note that by (8.1a),
_a = −Ω2ou; a¨ = Ω4or; ...a = Ω4ou (8.13a)
bκ  r = ro cos ; bκ r = bı ro sin ; u  r = 0; u r = −bıΩor2obκ  a = −ak; bκ a = −bı a?; bκ  _a = Ωoa?; bκ _a = −bıΩoakbκ  a¨ = Ω2oak; bκ a¨ = bı Ω2oa?; _a  a¨ = 0; _a a¨ = bı a2Ω3o
a  _a = 0; a _a = bı a2Ωo; a  a¨ = −Ω2oa2; a a¨ = 0
(8.13b)
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where we have introduced the convenient quantities
ak = a cos ; a? = a sin ; k =  cos 
? =  sin ; k =  cos ; ? =  sin :
(8.13c)
Substituting (8.13b) into (4.10a) and taking (8.1) into account, we get
&a = !oΩo?; &b = !oΩ2ok; &c = −!oΩ3o? (8.14a)
&d = 0; &e = −a2Ω2o; &f = 0; &g = a2Ω2o; &h = 0; &i = −a2Ω4o
&j = a2Ω4o; &k = 0; &l = a
2Ω6o; &m = 0; &n = 0; &o = 0
&p = 0; &q = 0; &r = 0; &s = 0; &t = 0; &u = 0; &v = 0
(8.14b)
where we have used the fact that !o = c;  = a=c;  = =!o by (1.2b) and (1.6). Putting these
values into (4.10g) gives %y = 0 which upon substitution into (4.25) yields T = 0. We conclude
that the apparent path of the light source is a plane curve. Moreover, since the various vectors in
the expression for `b in (4.25) are parallel or antiparallel to bı by (8.13b), we conclude also that
the apparent path of the light source lies in the plane of the observer’s motion.
Art 35a. Apparent path for observers at new phase.
When an observer is at new phase, we have ak = a; a? = 0 which reduces (8.14a) to
&a = 0; &b = !oΩ2o; &c = 0: (8.15a)
The various quantities dened in (4.10) become, in view of (8.3b), (8.14b) and (8.15a),
%a = (1 + 2)1/2; %b = 1− 42; %c = (1=%3a)− (=2d)2; %d = −1
%e = −(Ωo=%a)2; %f = 0; %g = −yΩo; %h = 0; %i = Ωoxy; %j = 0; %k = 0
%l = −yaΩo(2x− 1); %m = 0; %n = %l; %o = −ay2(2x− 1); %p = 1 + xy2
%q = a(1 + y2)1/2; %r = 0; %s = −a3Ω2o(1 + 3xy2); %t = 0; %u = a4Ω2o(1 + 3xy2)
%v = 0; %w = a4Ω4o(1 + 3xy
2); %x = a2Ωoj1 + 3xy2j; %y = 0
(8.15b)
where we have introduced the quantities
; y = xoyo; "1 =
1 + 3xy2
j1 + 3xy2j(8.16b)
 0if 2  3 < 0if 2 >
; y = xoyo; "1 = 1+3xy
2
j1+3xy2j





















3/2 ; T = 0; `t = bκ + b yp1 + y2 ; `b = "1bı
`n =
"1(b − bκ y)p
1 + y2








We conclude that at the instant when the observer is at new phase, the apparent path of the light
source will be a curved line if "1 6= ? and a straight line if "1 = ?.
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Example 8-E. Apparent path for small accelerations. When the acceleration of the observer is
so small as to be negligible (  0), we have in (8.16) that
x  1; y  0 (8.18a)




; `t = bκ; `n = b; `c = u`n: (8.18b)
We conclude that if the true position of the light source is considered to be at the center of
curvature of its apparent path, a vector drawn from its apparent position to its true position
will be of the same magnitude and direction as the observer’s velocity, a result that was rst
established with the greatest authority and originality by Hamilton [?]. We conclude further that
at the instant in question, the sense of the apparent motion of the light source is parallel to the
line of incidence of a light ray from the source to the observer, and therefore directed towards the
observer.
Example 8-F. Apparent path in the ultragamma limit. When the observer’s acceleration is not
entirely negligible but the quantities  and Ωo=!o are small enough that their third and higher
powers may be neglected, we have that (8.5a) holds. Substituting this equation into (8.16) gives
x  1− 5
2
4
; y  yo (8.19a)





















b− yo bκ; `c  u1− 3y2o2

`n: (8.19c)
We conclude that, strictly speaking, the vector from the apparent position of the light source to
its true position has a magnitude and direction which dier from those of the observer’s velocity
by small but nitesimal measures.
Example 8-G. Apparent path in the infraradio limit. When the observer’s acceleration is not
entirely negligible and the quantity  is large enough that its rst and higher powers dominate










































bκ ; `c  u1 + 3Ω2o8!2o

`n: (8.20c)
We conclude that in this approximation also, the magnitude and direction of a vector from the
apparent position of the light source to its true position dier from those of the observer’s velocity
by small but nitesimal measures.
Art 35b. Apparent path for observers at first quarter.
When an observer is at rst quarter, we have ak = 0; a? = a which reduces (8.14a) to
&a = !oΩo; &b = 0; &c = −!oΩ3o: (8.21a)
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In view of (8.7a), (8.14b) and (8.21a), the various quantities dened in (4.10) become
%a = 1; %b = 1; %c = 1; %d = yo − 1; %e = 0; %f = −Ω3o(1 + 32)
%g = 4d!2oy
2
o ; %h = 0; %i = 0; %j = −yoΩ2o(1 + 32)− 12y3o!2o ; %k = 0
%l = −3ayoΩo; %m = 0; %n = 3ayoΩo(yo − 1); %o = 0; %p = (yo − 1)(2yo − 1)
%q = ajyo − 1j; %r = a3Ωo(y2o − 1); %s = 0; %t = −a3Ω3o(y2o − 1)
%u = −a4Ω2o(y2o − 1); %v = 0; %w = −a4Ω4o(y2o − 1); %x = a2Ωojy2o − 1j; %y = 0
(8.21b)
where yo is given by (8.16), and we shall introduce for convenience 14
"2 = ugn(yo − 1): (8.6)
In view of (8.21), (8.13) and (8.1), (4.25) becomes
K =
jy2o − 1j
ujyo − 1j3 ; T = 0; `t = −"2b; `b = −"2bı (8.22a)
`n = −"22bκ; `c = u jyo − 1j3jy2o − 1j

`n: (8.22b)
We conclude that at the instant when the observer is at rst quarter, the apparent motion of the
light source may be prograde ("2 = −1), retrograde ("2 = +1) or stationary ("2 = ?).
Art 35c. Apparent path for observers at full phase.
When an observer is at full phase, we have ak = −a; a? = 0 which reduces (8.14a) to
&a = 0; &b = −!oΩ2o; &c = 0: (8.23a)
The various quantities dened in (4.10) become, in view of (8.9a), (8.14b) and (8.23a),
%a = (1 + 2)1/2; %b = 1− 42; %c = (1=%3a)− (=2d)2; %d = −1
%e = −(Ωo=%a)2; %f = 0; %g = −yΩo; %h = 0; %i = −xyΩo; %j = 0; %k = 0
%l = yaΩo(1 + 2x); %m = 0; %n = %l; %o = −ay2(1 + 2x); %p = 1 + xy2
%q = a(1 + y2)1/2; %r = 0; %s = a3Ω2o(1− xy2); %t = 0; %u = a4Ω2o(1− xy2)
%v = 0; %w = a4Ω4o(1− xy2); %x = a2Ωoj1− xy2j; %y = 0
(8.23b)
where x and y are given by (8.16), and we shall nd it convenient to introduce
"3 = ugn(1− xy2): (8.23c)




; T = 0; `t =
−bκ + b yp
1 + y2
; `b = "3bı
`n =
−"3(b + bκ y)p
1 + y2







14We define the function ugn(x) to be such that
(8.21e)
+1
if x > 0
-1
if x < 0
if x = 0
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We conclude that at the instant when the observer is at full phase, the apparent path of the light
source will be a curved line if "3 6= ? and a straight line if "3 = ?.
Art 35d. Apparent path for observers at last quarter.
When an observer is at last quarter, we have ak = 0; a? = −a which reduces (8.14a) to
&a = −!oΩo; &b = 0; &c = !oΩ3o: (8.25a)
The various quantities dened in (4.10) become, in view of (8.11a), (8.14b) and (8.25a),
%a = 1; %b = 1; %c = 1; %d = −1− yo; %e = 0; %f = Ω3o(1 + 32)
%g = 4d!2oy
2





o ; %k = 0
%l = −3ayoΩo; %m = 0; %n = −3ayoΩo(1 + yo); %o = 0; %p = (1 + yo)(1 + 2yo)
%q = a(1 + yo); %r = −a3Ωo(y2o − 1); %s = 0; %t = a3Ω3o(y2o − 1)
%u = −a4Ω2o(y2o − 1); %v = 0; %w = −a4Ω4o(y2o − 1); %x = a2Ωoj1− y2o j; %y = 0
(8.25b)
where yo is given by (8.16), and we shall nd it convenient to introduce
"4 = ugn(1− yo): (8.25c)




; T = 0; `t = −b; `b = "4bı




We conclude that at the instant when the observer is at last quarter, the apparent path of the
light source will be a curved line if "4 6= ? and a straight line if "4 = ?.
Example 8-H. Elongation in the apparent path of a light source. Let "3 > 0 and "1 > 0. Then








where `Fn and `
N
n are unit vectors drawn from the apparent position of the light source to the
center of curvature of its apparent path at full phase and new phase respectively. It follows that,
unless y = 0, the angle ’ between these vectors will be dierent from 180. To calculate the










; yo  Ωo4!o (8.27c)
from which the elongation 180 − ’ can be easily calculated. We conjecture that when the light
source is not stationary but moving, either inherently or as a result of observational errors, elon-
gation may induce a precession in the apparent path of the source since the center of curvature of
the path will no longer be xed in space 15.
15To examine this question more rigorously, it is necessary to first consider the problem of whether or not the
velocity of a light ray may depend on the velocity of its source, a problem that is outside the scope of this work
but will be treated in detail when we study the kineoptics of intrinsic redshifts.
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Art 36. On the apparent geometry of rays.
To study the apparent geometry of obliquated rays for an observer in circular motion, we substitute
(8.1) and (8.13) into (4.26) to get, in view of (8.14),
Ha = 0; Hb = 0; Hc = 0; Hd = 0; He = 0
Hf = 0; Hg = Ωoa?; Hh = −Ω2ou2
(8.28a)
Ka = Y%d; Kb = 0; Kc = 0; Kd = 0; Ke = 0
Kf = [Y%da? + Ωo(Yak − a2)]2; Kg = a2u2%2d
Kh = au%d[Y%da? + Ωo(Yak − a2)]
(8.28b)
where we have used the fact that in all the cases we shall be considering, %k = 0 by (8.15b),
(8.21b), (8.23b) and (8.25b).
Art 36a. Apparent ray geometry for observers at new phase.
When an observer is at new phase, we have ak = a; a? = 0 by denition while %d = −1 by (8.15b).
Equation (8.28b) becomes, in view of (8.3b) and (8.16),
Ka = −c( − y); Kb = 0; Kc = 0; Kd = 0; Ke = 0
Kf = (cay)2; Kg = (au)2; Kh = au(cay)
(8.29a)
where we have introduced, with y and d given by (8.16),
 = d− y; "5 = ugn( + y) (8.29b)
so that by using (8.3), (8.29) and (8.15b) in (4.31), we get
K = =(cR3); T = 0; `t = ( bκ− b )=R; `b = "5bı (8.30a)
 = j + yj; R2 = 2 + 2: (8.30b)
We conclude that at the instant when the observer is at new phase, the ray is curved but lies
entirely in a plane.
Art 36b. Apparent ray geometry for observers at first quarter.
When an observer is at rst quarter, we have ak = 0; a? = a by denition while %d = yo − 1 by
(8.21b). Equation (8.28b) becomes, in view of (8.7a) and (8.16),
Ka = c(yo − 1); Kb = 0; Kc = 0; Kd = 0; Ke = 0
Kf = c2a2(yo − 1)2; Kg = a2u2(yo − 1)2; Kh = ca2u(yo − 1)2:
(8.31)
Using (8.7), (8.31) and (8.21) in (4.31), we get
K = =(cR2); T = 0; `t = bκ; `b = −"2bı (8.32a)
 = jyo − 1j; R = 1 +  (8.32b)
where "2 is given by (8.6). We conclude that at the instant when the observer is at rst quarter,
the ray is curved even though the observer is moving along the line of incidence of the ray.
Art 36c. Apparent ray geometry for observers at full phase.
When an observer is at full phase, we have ak = −a; a? = 0 by denition while %d = −1 by
(8.23b). Equation (8.28b) becomes, in view of (8.9a) and (8.16),
Ka = −c( − y); Kb = 0; Kc = 0; Kd = 0; Ke = 0
Kf = (cay)2; Kg = a2u2; Kh = au(cay)
(8.33)
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where  is given by (8.29b), and by using (8.9), (8.33) and (8.23b) in (4.31), we get with "5 given
by (8.29b),
K = =(cR3); T = 0; `t = ( bκ + b )=R; `b = "5bı (8.34a)
 = j + yj; R2 = 2 + 2: (8.34b)
We conclude that at the instant when the observer is at full phase, the ray is curved to the same
extent as when the observer is at new phase.
Art 36d. Apparent ray geometry for observers at last quarter.
When an observer is at last quarter, we have ak = 0; a? = −a by denition while %d = −(yo + 1)
by (8.25b). Equation (8.28b) becomes, in view of (8.11a) and (8.16),
Ka = −c(yo + 1); Kb = 0; Kc = 0; Kd = 0; Ke = 0
Kf = c2a2(yo + 1)2; Kg = a2u2(yo + 1)2; Kh = −a2uc(yo + 1)2:
(8.35a)
Introducing the quantity
"6 = ugn(1− ) (8.35b)
and using (8.11), (8.35) and (8.25) in (4.31), we get
K = =(cR3); T = 0; `t = "6bκ; `b = −"6bı (8.36a)
 = R(yo + 1); R = j1− j: (8.36b)
We conclude that at the instant when the observer is at last quarter, the ray is curved provided
 6= 1. For  = 1, we see that the ray will not propagate relative to the observer and the light
source will therefore be imperceptible to the observer at last quarter.
Art 37. On the apparent frequency of rays.
To calculate the apparent frequency of a light ray for an observer in circular motion with constant
speed, we substitute the value of R from (8.2a) into (3.30). In this way we shall obtain
(!0=!o)2 = R2; R2 = d2 + 2 + 2d sin  + ( + 2d cos + 2 sin 2) (8.37)
which shows that the apparent ray frequency !0 is aected in general by both acceleration and
dispersion.
Example 8-I. Ray frequency for observers at new phase. For an observer at new phase, R has
the value given by (8.30b). Putting this value into (8.37) yields
!0 = !o
p
2 + 2 (8.38)
where  is given by (8.29b). We conclude that at the instant when the observer is at new phase,
the eect of the observer’s motion is to enhance the ray frequency.
Example 8-J. Ray frequency for observers at first quarter. For an observer at rst quarter, R
has the value given by (8.32b), and by substituting this value into (8.37), we get
!0 = !o(1 + ) (8.39)
from which we conclude that at the instant when the observer is at rst quarter, the apparent
frequency of the ray depends only on the instantaneous speed of the observer and not on the
observer’s acceleration.
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Example 8-K. Ray frequency for observers at full phase. For an observer at new phase, R has
the value given by (8.34b). Substituting this value into (8.37) leads to
!0 = !o
p
2 + 2 (8.40)
where  is given by (8.29b). We conclude that at the instant when the observer is at full phase,
the eect of the observer’s motion is to enhance the ray frequency by the same amount as when
the observer is at new phase.
Example 8-L. Ray frequency for observers at last quarter. For an observer at last quarter, R
has the value given by (8.36b). Using this value of R in (8.37), we get
!0 = !oj1− j (8.41)
from which we conclude that at the instant when the observer is at last quarter, the eect of
the observer’s motion is to reduce the ray frequency if  < 1 and to enhance the ray frequency
if  > 1. For  = 1, the ray does not propagate relative to the observer and the ray frequency
therefore vanishes.
9 Effects of precessional acceleration
Art 38. On the apparent direction to a light source.
Throughout this section we consider an observer rotating with a constant angular speed Ω about
an axis which precesses at a constant rate jΓj about a xed direction bΓ so that
 = ΓΩ; _ = (Γ Ω)Γ− Γ2Ω; ¨ = −Γ2(ΓΩ); ... = −Γ2(Γ Ω)Γ + Γ4Ω (9.1)
where Γ is a vector with magnitude jΓj parallel to bΓ for Γ > 0 and antiparallel to bΓ for Γ < 0.
Considering a light source whose rays are incident in a direction bκ parallel to bΓ and are linearly
polarized in a direction bp perpendicular to bΓ, we introduce a coordinates system with bκ, bp andb = bp bκ as basis vectors. Then we have
bΓ = bκ; Ω = Ω(b sin " cos$ + bp sin " sin$ + bκ cos ")
r = r(b sin  cos’+ bp sin  sin’+ bκ cos ) (9.2a)
0  $ < 360; 0  ’ < 360; 0  "  180; 0    180 (9.2b)
where " is the angle between bκ and Ω,  is the angle between bκ and r, $ is the angle between b
and the projection of Ω on the plane of b and bp, while ’ is the angle between b and the projection
of r on the same plane. In this coordinates system (9.1) becomes
 = ΩΓ(bp sin " cos$ − b sin " sin$); _ = −ΩΓ2(b sin " cos$ + bp sin " sin$)
¨ = −ΩΓ3(bp sin " cos$ − b sin " sin$); ... = ΩΓ4(b sin " cos$ + bp sin " sin$) (9.3a)
while the angle A between r and Ω is given by the cosine law
cosA = cos " cos  + sin " sin  cosB; B = $ − ’; 0  A  180: (9.3b)
These equations are however much too general to be useful for the purposes of illustration. We
shall suppose therefore in the sequel that
cos " = cosA = 0; cosB = 0; cos’ = sin$; sin’ = − cos$ (9.3c)
since the loss of generality incurred with this supposition is more than balanced by the instruc-
tiveness of its results.
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Art 38a. Effects of polarization.
It was noted in Section x1 that the propagation condition κ (bpΩ) 6= 0 needs to hold in order for
the light rays to propagate relative to the rotating observer as regular rays. When this condition is
violated, the rays degenerate into a mode where they either cease to propagate or propagate with
a velocity that is no longer given by (1.1). In terms of the particular situation being considered
here, this condition requires that the angular velocity Ω be noncollinear with the polarization
direction bp. More generally, as the axis of rotation of the observer precesses about the line of
incidence of the rays, it will be carried into the plane of bκ and bp at two instants corresponding to
$ = 90 and $ = 270. At these instants the rays will no longer propagate as regular rays. We
conclude that if light rays from the cat’s eye nebula are linearly polarized and incident at right
angles to the ecliptic, then observational astronomers will do well to study the photometry of light
from this nebula when the earth’s axis of rotation lies in a plane determined by the polarization
direction of the rays and the normal to the ecliptic.
Art 38b. Effects of acceleration.
To study the eects of acceleration on the obliquation angle of the light source, we use (9.2) and
(9.3) to get
bpΩ = −bκΩ cos$; bp = bκΩΓ sin$
 r = rΩΓ(b cos$ cos  + bp sin$ cos )
Ω r = rΩ(−bκ sin  − bp cos  cos$ + b cos  sin$) (9.4)
which upon substitution into (5.1) yields
"a = 0; "b = 0; "c = Ω sin$; "d = r cos ; "e = 0
"f = r sin  sin’; "g = 0; "h = −rΩΓ sin ; "i = ΩΓ cos$
"j = −Ω cos$ 6= 0; "k = −rΩ sin ; "l = −rΩ cos  cos$
"m = rΩ2Γ cos ; "n = 0; "o = rΩΓ sin$ cos 
(9.5a)
’a = rΩ; ’b = rΩ2; ’c = 0; ’d = −rΩ2 cos ; ’e = 0; ’f = 0; ’g = 0
’h = −Y=(2!2oΩ2 cos2$); ’i = (YΓ)=(2!2o); ’j = 0; ’k = −2rΩ2 cos 
’l = 1; ’m = 0; ’n = 0; ’o = 0; ’p = (rΓ2Ω2Y cos )=(2!2o)
’q = −(YΓΩ)=(2!2o); ’r = −4Ω sin  cos ; ’s = 2Ω(Y + cd) sin  cos 
’t = − sin ; ’u = −(cos )=; ’v = 0
(9.5b)
where, by using (9.5) in (5.12d), we have
~Ω = Ω=!o; ~Γ = Γ=(2!o);  = Γ=Ω;  = (1 + 2 cos2 )1/2















} = Ω cos ; d = d+ 2}; Y = cd; S = ~Γ(4d} + ~Ω2d2)1/2:
(9.6b)
Accordingly, (5.12a) and (5.12b) become
L = −2} sin ; P = S2 + 4}(d+  sin )
N = S2 + 4}(d cos2  − } sin2 ) (9.7a)
G = − − d sin 
R2 = S2 + 22 + d2 + 2 + 4}(d+  sin )− 2d(}−  sin )
F2 = S2 + 22 + d2 cos2  + 4}(d cos2  − } sin2 )− 2d}
(9.7b)
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which upon substitution into (5.12c) yields
tan =
[S2 + 22 + d2 cos2  + 4}(d cos2  − } sin2 )− 2d}]1/2
− − d sin  : (9.8)
We conclude that the obliquation angle of the light source depends in general on the precession of
the observer and the frequency of the light rays.
Example 9-A. Selfconsistency of classical kineoptics. When the observer’s axis of rotation does
not precess (Γ = 0), we have by (9.6) that ~Γ = 0;  = 0;  = 1;  = Ω; and S = 0. Under
these conditions, (9.7) reduces | as it should | to the corresponding equation for an observer in
centripetal motion that was treated in Section x8. Considering that the formulae which describe
the propagation of light rays for observers in translation and rotation dier greatly from one
another as described in Section x1, we have here a ne indication of the selfconsistency of our
treatment of classical kineoptics.
Art 38c. Obliquation at transverse position.
When the observer’s position is at right angles to the axis of precession (sin  = 1), we have by
(9.6) and (9.7) that
 = 1; # = 0;  = 0;  = Ω;  = 0; d = 1
 = 0; } = 0; d = 1; Y = c; S = ~Γ~Ω
(9.9a)
G = −  1; R2 = ~Γ2 ~Ω2 + (1  )2; F2 = ~Γ2 ~Ω2 (9.9b)
where the upper signs correspond to sin  = +1 and the lower signs correspond to sin  = −1. By
(9.8), (3.5a) and (9.9b), we obtain
 = c
h
~Γ2 ~Ω2 + (1 )2
i1/2





from which we conclude that the apparent angular displacement of the light source depends on
the precession of the observer as well as on the frequency of the light rays.
Art 38d. Obliquation at longitudinal position.
When the observer’s position is parallel or antiparallel to the axis of precession (cos = 1), we
have by (9.6) and (9.7) that
 =
p
1 + 2; # =  ~Ω;  = Ω!o;  = Ω (9.11a)
 = (~Ω=x); d =
p
(1 + x)=2;  = =(4d!o)
} = Ω; d = d+ 2}; Y = cd; S = ~Γ(4d} + ~Ω2d2)1/2
(9.11b)
G = −; R2 = 2 + y2 + (d+ })2; F2 = y2 + (d+ })2 (9.11c)
where, with the upper signs corresponding to cos  = +1 and the lower signs corresponding to
cos  = −1, we have introduced
x =
q
1 + 2 ~Ω2; y =
p
S2 + }22: (9.11d)
Thus by (9.8), (3.5a) and (9.11c), we obtain
 = c

2 + y2 + (d+ })2
1/2
; tan = −
p
y2 + (d+ })2

(9.12)
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from which more convenient approximations may be obtained.
Art 39. On the apparent drift of a light source.
To calculate the apparent drift of the light source, we assume for simplicity that sin  = +1 so
that (9.9) holds. Substituting (9.2) through (9.7) into (5.13) under this assumption then gives
a = 0; b = ΩΓ sin$; c = 0; d = cΩ~Ω~Γ; e = 0; f = 0; g = 1
h = 1=(4!3o); i = 0; j = −Ω2Γ cos2$; k = 0; l = 0; m = 0
n = 0; o = 0; p = 0; q = 0; r = 0; s = 0; t = 0; u = 0
(9.13a)
}a = r; }b = 0; }c = rΩ~Γ~Ω; }d = 0; }e = 0; }f = 0: (9.13b)
Substituting (9.13) into (5.22b) in view of (3.7c) and (3.13b) leads to
{0 = −cX ; {1 = 0; {2 = 0; {3 = 0; {4 = −cY
{5 = 0; {6 = 0; {7 = 0; {8 = 0; {9 = Z
(9.14a)
where we have introduced, with F given by (9.9b),




F + 1 + F

; Z = − (1 + ) + F
2(1− )
F : (9.14b)
Taking (9.2) and (9.4) into account, we substitute (9.14) into (5.22a) and (5.22c) to get
X = − 1
cR2

(X + Z)bκ + YΩ(b cos$ + bp sin$);  = 0; _ = 0 (9.15)
from which we conclude that at this particular instant, the apparent angular displacement  of
the light source is not varying with time.
Art 40. On the apparent path of a light source.
The contents of this article have been omitted in so far as I have not been able to put the formulae
into a form that is suciently simple, general, and illustrative of some pertinent principle.
Art 41. On the apparent geometry of rays.
The contents of this article have been omitted in so far as I have not been able to put the formulae
into a form that is suciently simple, general, and illustrative of some pertinent principle.
Art 42. On the apparent frequency of rays.
To study the apparent ray frequency for the precessing observer, we substitute the value of R
from (9.7b) into (3.30) to get
(!0=!o)2 = S2 + 22 + d2 + 2 + 4}(d+  sin )− 2d(}−  sin ) (9.16)
where S; ; ; d;  and } are given by (9.6). We conclude that the apparent ray frequency !0 is
aected in general by both dispersion and precession.
Art 42a. Apparent ray frequency at transverse position.
When the observer’s position is at right angles to the axis of precession (sin  = 1), the various
quantities dened in (9.6) have the values given by (9.9a). Putting these values into (9.16) gives
!0 = !o
q
~Γ2 ~Ω2 + (1  )2 (9.17)
as the apparent ray frequency for the observer. In particular, if the observer were to rotate without
precessing, the problem will reduce to that of an observer in centripetal motion at rst or last
quarter, and the apparent ray frequencies given by (9.17) will coincide with those obtained in
Art 37.
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Art 42b. Apparent ray frequency at longitudinal position.
When the observer’s position is collinear with the axis of precession (cos = 1), the quantities
dened in (9.6) have the values given by (9.11). Using these values in (9.16) gives
!0 = !o
p
2 + y2 + (d+ })2 (9.18)
as the apparent ray frequency for the observer. If the observer rotates without precessing, the
problem reduces to that of an observer in centripetal motion at new or full phase, and it is not
dicult to show that the apparent ray frequencies obtained from (9.18) agree with those obtained
previously in Art 37.
10 Effects of gravitational acceleration
Art 43. On the apparent direction to a light source.
Throughout this section we consider a gravitating observer and a light source whose rays are
linearly polarized in a direction that lies in the orbital plane of the observer’s motion and are
incident in a direction perpendicular to this plane. Thus if bz is a unit vector directed from the
dynamical focus of the orbit towards perihelion while by is a unit positive normal to the plane of
the orbit and bx = by bz, then
z = zbz; h = −hby; r = r(bz cos  + bx sin )
κ = −by; bp = (bz cos o + bx sin o) (10.1a)
r h = rh(bx cos  − bz sin ); z h = zhbx; bκ z = −zbxbκ bp = bz sin o − bx cos o; bκ r = r(bz sin  − bx cos ); bp z = byz sin o (10.1b)
where the true anomaly  is the instantaneous angle between br and bz, and the polarization anomaly
o is the constant angle between bp and bz.
Art 43a. Effects of polarization.
We have remarked earlier in Section x1 that the propagation condition bp  (r  h) 6= 0 must hold
in order for the light rays in consideration to propagate relative to a gravitating observer. If
the rays are polarized in a direction that lies in the orbital plane of the observer, then there are
two positions in the observer’s orbit at which the vectors br and bp are parallel or antiparallel.
When the observer is at either of these positions, the propagation condition is violated, the light
rays will not propagate relative to the observer and the light source will be imperceptible to the
observer. Assuming therefore that light rays from the cat’s eye nebula are linearly polarized and
incident nearly perpendicularly to the earth’s orbital plane, their polarization direction will lie
in this plane and there should be two positions on the earth’s orbit at which these rays will not
propagate relative to an observer on the earth. Observational astronomers are therefore advised
to pay close attention to the photometry of light from this nebula as a function of the earth’s
position in its orbit.
Example 10-A. Permanently imperceptible light rays. For light rays that are linearly polarized
in a direction normal to the orbital plane of a gravitating observer, the propagation condition is
violated at all instants. Hence at no instant will the light rays propagate relative to the observer,
from which we conclude that the light source will be permanently imperceptible to the observer,
all other things being equal.
Example 10-B. Transmission of radio signals to artificial satellites. When a linearly polarized
radio signal is transmitted to an articial satellite, it is essential that the propagation condition
holds in order for the satellite to receive the signal. If this condition is violated, say by making
the signal’s polarization direction to be nearly perpendicular to the satellite’s orbital plane, then
the satellite should nd it quite dicult to receive the signal, all other things being equal.
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Art 43b. Effects of acceleration.
To study the eects of acceleration on obliquation for a gravitating observer, we observe that on
account of (10.1), the various quantities dened in (6.1) become
"a = 0; "b = 0; "c = cos$; "d = z cos ; "e = 0
"f = −rh sin$ 6= 0; "g = 0; "h = zh sin ; "i = zh sin o
(10.2a)
’a = =r; ’b = ; ’c = 0; ’d = −1; ’e = 1; ’f = c=(2rh sin$)
’g = 0; ’h = ~q~"; ’i = 0; ’j = (~e sin )=~"; ’k = 0
’l = 0; ’m = 0; ’n = 0; ’o = 0
(10.2b)
where we have introduced [?, ?]
 = q=r; a = q=r2; $ =  − o; ~e = z=q; ~q = q=h; ~z = z=h
~p = h2=q = r(1 + ~e cos ); ~" = (~e2 + 2~e cos  + 1)1/2
(10.3a)
and used the fact that by (6.9c),
 = 0; γ = 1; # = 0;  = (~q~")=c
 = =(rc); Y = c;  = 0;  = 0; d = 1:
(10.3b)
In view of the foregoing equations, the quantities featured in (6.9a) reduce to
L = 0; P = 0; N = 0; G = −; R = (1 + 2)1/2; F = 1 (10.4a)
which upon substitution into (6.9b) and (3.5a) yields
 = c(1 + 2)1/2; tan = − 1

: (10.4b)
We conclude that the obliquation angle of the light source depends only on the instantaneous
speed of the observer and not explicitly on the observer’s acceleration.
Art 44. On the apparent drift of a light source.
To calculate the apparent drift of the light source, we substitute (10.1), (10.2), (10.3) and (10.4a)
into (6.10) to get
a = h; b = 0; c = 0; d = z cos o; e = 0; f = −z sin  (10.5a)
}a = 0; }b = q + z cos ; }c = z cos o + q cos$; }d = c=h; }e = 0; }f = 0
}g = −q; }h = 0; }i = 1; }j = 1=!o; }k = 1=(4!3o); }l = 0; }m = 0
(10.5b)
}n = 0; }o = 0; }p = 1=(c2); }q = 1=h2; }r = −(~q2~"2)=c
}s = (~z sin )=r; }t = 0; }u = 0; }v = 0; }w = 0; }x = 0:
(10.5c)
Using (10.4a) in (6.20c) leads to
X1 = 0; X2 = 1; X3 = −2; X4 = 1 + 2 (10.6a)
while using (10.2), (10.3), (10.5) and (10.6a) in (6.20b) yields
{0 = 0; {1 = 0; {2 = 0; {3 = 0
{4 = 1=~p; {5 = (~z sin )=(4r3!3o); {6 = h
−2:
(10.6b)
By substituting (10.2a), (10.3b), (10.4a), (10.5) and (10.6) into (6.20a) and (6.20d), we obtain
X =
bx (~z + ~q cos ) + byc− bz ~q sin 
c2(1 + 2)
;  = − ~e sin 
~"c(1 + 2)
; _ = − ~e sin 
~"(1 + 2)
(10.7)
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from which we conclude that dispersion and polarization have no eects on the slope and variation
of obliquation for the observer.
Art 45. On the apparent path of a light source.
To study the eects of acceleration, dispersion and polarization on the apparent path of the light
source, we substitute (10.2), (10.3) and (10.5) into (6.21) to get 16
&a = −r sin$; &b = 0; &c = −z sin o
%a = q=r3; %b = (~z sin )=r; %c = 0; %d = q2(cos$ + ~e cos o − 3~e sin  sin$)=r3
%e = 0; %f = 0; %g = 0; %h = 0; %i = 0; %j = 0; %k = (~q~")=r
%l = (2 + 15~z2 sin2  − 3~q2~"2)=r2; %m = q(9~q~"r2 − 8q − 45r~z2 sin2 )=r6
%n = 15(q~z sin )(2q − 3~q~"r2 + 7r~z2 sin2 )=r7; %o = 0; %p = 0; %q = 0
%r = 0; %s = 0; %t = 0; %u = 0; %v = 0; %w = 0; %x = 0
(10.8a)
xa = 0; xb = 0; xc = 0; xd = 0; xe = 0; xf = 0; xg = 0; xh = 0; xi = 0
xj = 0; xk = >; xl = >; xm = >; xn = 0; xo = 0; xp = 0; xq = 0
xr = 0; xs = 0; xt = 0; xu = 0; xv = 0
ya = 0; yb = 0; yc = 0; yd = −1; ye = −1; yf = −1; yg = 0; yh = 0
yi = 1; yj = q2(2− 3~z2 sin2  − 3~q2~"2)=r8; yk = 0; yl = 0; ym = 0
yn = 0; yo = 0; yp = 0; yq = 0; yr = 0; ys = 0; yt = 1; yu = 0
yv = 0; yw = 0; yx = 0; yy = %2a; yz = qz(~e+ cos )
(10.8b)
κa = 0; κb = 0; κc = 0; κd = 0; κe = 0; κf = −q=r3; κg = 0
κh = −q2=r6; κi = q=r2; κj = 0; κk = −h2q2=r6; κl = 0; κm = 0
κn = 0; κo = −(q2zh sin o)=r6; κp = −(q2h sin$)=r5; κq = −(q2zh sin )=r5
κr = 0; κs = q3(cos$ + ~e cos o)=r6; κt = zq3(~e+ cos )=r6; κu = (hq2)=r6
κv = −(hq2)=r6; κw = 0; κx = 0; κy = 0; κz = 0
va = 0; vb = 0; vc = 0; vd = 0; ve = 0; vf = −q2=r6; vg = 0:
(10.8c)
Substituting (10.8) into (6.50) and taking (10.1), (10.2), (10.3) and (10.5) into account, we obtain
K = 1=~q; T = 0; `t = bz cos  + bx sin ; `b = by
`n = bx cos  − bz sin ; `c = ~q`n (10.9)
from which we conclude that the apparent path of the light source is a circle with a radius equal
in magnitude to the quantity ~q and lying in a plane parallel to the orbital plane of the observer.
Scholium 10-A. Interpretation of the true position of a light source. If we consider the center of
curvature of the apparent path of a light source to represent the true position of the light source,
it follows from (10.9) that a vector drawn from the apparent position of the light source to its true
position does not have the same magnitude as the speed ~q~" of the observer. On the other hand, if
we consider the true position of a light source to be such that a vector drawn from the apparent
position of the light source to its true position necessarily has the same magnitude as the speed of
the observer, as Hamilton seemed to have supposed, then it will follow from (10.9) that although
the apparent path of the light is an exact circle, the true position of the light source will not be
at the center of this circle unless the observer’s orbit is exactly circular (~" = 1), a conclusion that
was rst established by Hamilton [?].
16We use > to denote values that are not needed for the calculations and are therefore not evaluated for conve-
nience.
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Art 46. On the apparent geometry of rays.
To study the apparent geometry of the light rays, we substitute (10.2), (10.3), (10.5) and (10.8)
into (6.51) to get
Ka = 0; Kb = 0; Kc = 0; Kd = 0; Ke = ~a=h2; Kf = 0; Kg = 0
Kh = −c; Ki = 0; Kj = 0; Kk = ~ac; Kl = 0; Km = 0; Kn = −~a
Ko = 0; Kp = −~a; Kq = 0; Kr = 0; Ks = 0; Kt = 0; Ku = −~ah2
Kv = acz sin ; Kw = 0; Kx = c; Ky = acz cos ; Kz = ac cos$
(10.10a)
Ha = a~p~q sin$; Hb = −a~p~z sin o; Hc = −az~p~q sin ; Hd = acK; He = −h~a
Hf = −hc~a; Hg = ac sin$; Hh = −hc; Hi = −hc~a2; Hj = −=h2
(10.10b)
where we have introduced the convenient quantities


















bz ~q sin  − bx (~z + ~q cos )− by c; `b = 1
rK
bz r sin  − bx r cos  + by b (10.12b)
where R is given by (10.4a). We conclude that the light ray has both a curvature and a torsion
neither of which is aected by polarization or dispersion.
Example 10-C. Apparent ray geometry for observers in circular orbits. When an observer is in
a circular orbit, the quantities r and  have constant values by (10.3). The curvature and torsion
of the light ray then have constant nonzero values by (10.12a), and we conclude therefore that the
light ray is a circular helix. Moreover, since b > 0 by (10.11), we have T < 0 by (10.12a). We
conclude also that the light ray is a left handed helix.
Example 10-D. Some clouds may be kineoptical illusions. When we consider a multitude of
light rays each of which is in the form of a circular helix, it would seem that when the light source is
suciently distant from the observer, that these rays may give the illusion of a cloud surrounding
the light source. If this be so, then perhaps it may not be entirely without merit to conjecture that
such apparent clouds do exist, and that such a cloud can in fact be perceived in popular images
of the cat’s eye nebula.
Scholium 10-B. Acceleration-induced light bending is kineoptical. It is often said by those who
ought to have reasoned better that when an observer in accelerated motion perceives a light ray
to be curvilinear instead of rectilinear, that the curvature of the ray is indeed due the observer’s
acceleration, but that since gravitational and nongravitational accelerations are indistiguishable,
that the curvature of the ray can be ascribed to gravity. These careless minds spare no eort
to assure us that gravity and the curvature of the ray are a manifestation of the geometry of a
\spacetime" continuum, nor do they show kind regards towards anyone who dares to voice an
objection to their immaculate doctrines, however reasoned such objections may be. It will suce
for us to say that the curvature of the ray is a kineoptical eect due to the acceleration of the
observer, and that it makes no dierence whatsoever to the phenomena whether this acceleration
is caused by the action of gravity or by the action of fairies 17. From the kineoptical viewpoint,
17So long as the dependence of the acceleration on time and position remains the same.
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therefore, to ascribe the curvature of the ray in principle to a particular cause of acceleration is
to indulge oneself in profound nonsense.
Art 47. On the apparent frequency of rays.
To study the apparent ray frequency for the observer, we substitute the value of R from (10.4a)
into (3.30) to get
!0 = !o
p
1 + 2 (10.13)
where  is given by (10.3b). We conclude that the apparent ray frequency !0 depends only on the
instantaneous speed of the observer and not explicitly on the observer’s acceleration.
Example 10-E. Effects of eccentricity on apparent ray frequency. Substituting the value of 


























1 + ~e cos 

(10.14c)
which permits the eects of eccentricity on the apparent frequency of the light ray to be determined.
Example 10-F. Apparent ray frequency at perihelion. When the observer is at perihelion, we






; p = ~q2(1 + ~e) (10.15)
where !0p and p are respectively the values of !0 and  when the observer is at perihelion.
Example 10-G. Apparent ray frequency at aphelion. When the observer is at aphelion, we have






; a = ~q2(1− ~e) (10.16)
where !0a and a are respectively the values of !0 and  when the observer is at aphelion.
Example 10-H. Frequency shift for observers in eccentric orbits. From (10.15) and (10.16), we
nd that the apparent ray frequencies at aphelion and perihelion dier by a small amount given







where ! = !0p − !0a. We conclude therefore that if the frequency of light rays from the cat’s
eye nebula is measured when the earth is at perihelion and when the earth is at aphelion, the two
measurements should dier by the amount given by (10.17), all other things being equal.
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A Appendices
A.1 Vector Identities (Algebra)
Let a;b; c;d be vectors. Then,
a (b c) = b(a  c)− c(a  b) (A.1)
(a b)  (c  d) = (a  c)(b  d)− (a  d)(b  c) (A.2)
(a  b)2 + (a  b)2 = a2b2 (A.3)
a  (b c) = b  (c a) = c  (a b) (A.4)
(a b) (c d) = c[d  (a b)]− d[c  (a b)] (A.5)
A.2 Vector Identities (Calculus)
Let a;b; c;d be vector elds with respect to a vector u. Let ;  be scalar elds with respect to
u. Let n be an integer. Then,
ru  u = 3 (A.6)
ru  (ru  a) = 0 (A.7)
ru  (a b) = b  (ru  a)− a  (ru  b) (A.8)
ru  u = 0 (A.9)
ru  (ru) = 0 (A.10)
ru  (ru  a) = ru(ru  a)−ru2a (A.11)
ru  (a) = (ru  a)− a (ru) (A.12)
ru  (a b) = a(ru  b)− (a  ru)b + (b  ru)a− b(ru  a) (A.13)
ru(un) = nun−2u (A.14)
ru[( )] = (d=d )(ru ) (A.15)
ru( ) = (ru ) +  (ru) (A.16)
ru(a  u) = a + (u  ru)a + u (ru  a) (A.17)
a(rua) = a (ru  a) + (a  ru)a (A.18)
ru(a  b) = a (ru  b) + (a  ru)b + (b  ru)a + b (ru  a) (A.19)
ja uj[ruja uj] = u2a(rua) + a2u− (a  u)ru(a  u) (A.20)
(a  ru)u = a (A.21)
(a  ru) (b) = b[a  (ru)] + [(a  ru)b] (A.22)
(a  ru) (b c) = b [(a  ru) c]− c [(a  ru)b] (A.23)
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A.3 Important Riders
For the convenience of the reader, we state here the conditions under which (1.1) was derived [?].
This equation assumes that the strengths or intensities of electric and magnetic elds are charac-
terized by vector quantities, that magnetic and electric fluxes (or charges) and currents are dened
and measured in accordance with Hertz’s theory, and that in the space region of interest,
 the Gauss-Ostrogradsky divergence theorem holds for the eld vectors,
 there is conservation of magnetic and electric fluxes or charges,
 there is a stationary, homogeneous and isotropic medium with no boundaries,
 the light waves are plane, monochromatic, linearly polarized, have a complex frequency with
a real wave vector,
 the observer is in accelerated translational, rotational or gravitational motion.
When any or some of these conditions are not satised in a space region, the calculations in this
monograph may need to be reworked in the appropriate manners.
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